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1. Introduction

For many governments, debt and tax policies are conditionduy the possibility of sovereign
default. For emerging economies, sovereign default is a weent event, and is typically
followed by a lengthy debt restructuring process, where thgovernment and bond holders
engage on a renegotiation process that concludes with thevgonment paying a fraction of
the defaulted debt?

Emerging economies exhibit lower levels of indebtness andylter volatility of the gov-
ernment tax policy than industrialized economies { where,antrary to emerging economies,
default is not observed in the dataset £ Also, emerging economies, exhibit higher interest
rate spreads, especially for high levels of domestic delat-butput ratios, than industrialized
economies. In fact, industrialized economies exhibit intest rate spreads that are low and
roughly constant for di erent levels of domestic debt-to-atput ratios. Moreover, for emerg-
ing economies, the highest interest rate spreads are obsshafter default and during the
debt restructuring period?

These empirical facts indicate that economies that are morgrone to default display
di erent government tax policy, and also di erent prices ofgovernment debt { before default
and during the debt restructuring period {. Therefore, the ption to default, and actual
default event, will a ect the utility of the residents of the economy; indirectly by a ecting
the tax policy and debt prices, but also directly by not sernging the debt in the hands of
the residents of the economy during the default evenit.

My main objective is to understand how the possibility of defult and the actual default
event a ect the optimal tax policy, debt prices { before and diring default {, and welfare of
the economy. For this purpose, | analyze the dynamic optimahxation problem of a benev-

olent government in a closed economy under incomplete marke The government chooses

1See Pitchford and Wright (2008).
2To measure \indebtness" | am using government domestic debto-output ratios, where domestic debt is
the debt issued under domestic law (see Panizza (2008)). | amsing domestic and not total government
debt because my model will be a closed economy. As a proxy ofxgolicy | am using government revenue-
to-output ratio and in ation tax.
3Throughout this paper | will also refer to the restructuring period as the default period.
“For Argentina's default in 2001, almost 50% of the face valueof debt to be restructured (about 53% of the
total owed debt from 2001) is estimated to be in the hands of Agentinean residents; Local pension funds
alone held almost 20% of the total defaulted debt (see Sturzsegger and Zettelmeyer (2006)).
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distortionary labor taxes, non state-contingent debt, andvhether to default, so as to maxi-
mize the representative household's life-time expectediliti, and subject to the equilibrium
restrictions imposed by the households' optimal decisionsnarket clearing conditions and
feasibility. If the government defaults, the economy entertemporary nancial autarky and
faces exogenous o ers to pay a fraction of the defaulted debtat arrive at an exogenous
rate.> The government has the option to accept the o er { and thus exi nancial autarky

{ or to stay in nancial autarky until a new o er comes. Since these o ers may not arrive
immediately, during temporary nancial autarky the defauted debt still has positive value
because it is going to be paid in the future with positive prodbility. Hence, households can
trade the defaulted debt in a secondary market from which thgovernment is excluded; the
equilibrium price in this market is used to price the debt dung period of default.

In the model, the government has three policy instruments:1{ distortionary taxes, (2)
government debt, and (3) default decisions that consist ofta) whether to default on the
outstanding debt and (b) whether to accept the o er to exit tenporary nancial autarky.

The government faces a trade-o between levying distorticary taxes to nance the sto-
chastic process of expenditures and not defaulting, or iseg debt and thereby increasing
the exposure to default risk. The option to default introdues some degree of state contin-
gency on the payo of the debt since the nancial instrument &ailable to the government
becomes an option, rather than a non state-contingent bond:his option, however, does not
come for free: in nitely lived households accurately predt the possibility of default, and the
equilibrium incorporates it in the pricing of the bond. Thismechanism hinders the ability of
the government to smooth shocks using debt, renders tax pofi more volatile, and implies
higher interest rate spreads. Hence the possibility of defth introduces a trade-o between
the cost of the lack of commitment to repay the debt, re ectedn the price of the debt, and
the exibility that comes from the option to default and partial payments, re ected on the
pay-o of the debt.

In a benchmark case, with quasi-linear utility, i.i.d. proess for the government expen-
diture, | characterize, analytically, the determinants ofthe optimal default decision, and
its e ects on the optimal taxes, debt and allocations. For tis purpose, | assume nancial
ml, nancial autarky is understood as the period during which the government is precluded of

issuing new debt/savings.
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autarky forever after default. First, | show that default is more likely when the govern-
ment's expenditure or debt are higher. Second, | show how tlew of motion of the optimal
government policy is a ected, on the one hand, by the bene trbm having \more state-
contingency” on the payo of the bond; but, on the other hand,by the cost of having the
option to default. Finally, since the \cost" of exercising he option to default is in terms of
allocations (i.e., autarky forever), | study how the optionto default a ects the allocations
implementable to the planner with respect to an economy witbut this option. In particular,

| show that, for positive initial debt, none of the allocatilms implementable to the planner
in a risk-free debt economy can be implemented in mine.

Finally, | calibrate a more complete model, with an auto-caelated process for the gov-
ernment expenditure and a exogenous process for the arrival o ers of partial payments
to exit nancial autarky; the model is qualitatively consigent with the di erences observed
in the data between emerging and industrialized economiel terms of welfare policy, the
numerical simulations suggest a nonlinear relationship tveeen welfare and the probability
of receiving an o er of partial payments. In particular, inaeasing the probability of receiving
o ers for exiting autarky decreases welfare when this probdity is low/medium to begin
with, but increases it when the probability is high.

The paper is organized as follows. | rst present the relateliterature. Section 2 presents
some stylized facts. Section 3 introduces the model. Sectid presents the recursive equilib-
rium and section 5 presents the Ramsey problem. Section 6 fes analytical results that
characterize the government policy for a simple example. @&®n 7 contains some numerical

exercises, and nally section 8 brie y concludes. All proaf are gathered in the appendices.

1.1. Related Literature. My paper builds on and contributes to two main strands in the
literature: optimal taxation and endogenous default.

Regarding the rst strand, | based my paper on Aiyagari et al(2002), where in a closed
economy the benevolent in nitely lived government choosedistortionary labor taxes and
non state-contingentrisk-free debt, taking into account restrictions from the competitive
equilibria, to maximize the households' life-time expecteutility. By imposing non state-
contingent debt, the authors reconciled the behavior of ophal taxes and debt observed

in the data with the theory developed by the seminal paper of ucas and Stokey (1983),
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in which the government had access to state-contingent debtThese papers assume full
commitment on taxes and risk-free debt. My paper relaxes thilast assumption and endows
the government with a third policy instrument: the option to default on its debt; this new
instrument creates endogenous debt limits, re ected in thequilibrium prices. That is, the
option to default is a way of endogeneizing thexogenouslebt limits presented in Aiyagari
et al. (2002).

Regarding the second strand, | model the strategic defaultedision of the government as
in Arellano (2008), which in turn is based on the seminal papeéy Eaton and Gersovitz
(1981)¢ My model, however, diers from theirs in several ways. Firstl consider distor-
tionary taxation; Arellano (2008) and references thereimiplicitly assume lump-sum taxes.
Second, my economy is closed, i.e., \creditors" are the reggentative household; Arellano
(2008) and references therein, assumes open economy witkifm creditors. Note that under
the closed economy assumption, the default decision has aedt e ect on the households'
wealth, and thus welfare, because the government does notnloo the debt in the hands of
the households. Third, in my model the government must pay aeast a positive fraction
of the defaulted debt to exit nancial autarky through a "debt restructuring process”; in
Arellano (2008) and references therein the government iseerpt of paying the totality of the
defaulted debt upon exit of autarky. Note that in my economythese payments of defaulted
debt might not occur immediately; thus households trade clas of defaulted debt during the
period of default in a secondary market from which the govement is excluded. This yields
an equilibrium price of the defaulted debt and allows me to jxe the debt during default. |
model this \debt restructuring” process exogenously, indéng it by two parameters, because
| am only interested in studying the consequences of this press on the optimal scal policy
and welfare. As explained below, these parameters are chose re ect the results in Yue
(2005), and Pitchford and Wright (2008): debt restructurirg is time consuming but at the
end a positive fraction of the defaulted debt is paid.

Finally, in recent independent papers, Doda (2007) and Cuaaland Sapriza (2008), study
the procyclicality of scal policy in developing countriesby solving an optimal scal policy
problem. Their work di ers from this paper in two main aspecs. First, they assume an open
small economy (i.e., foreign lenders) and more cruciallyorsecondary markets. Second, in

6See also Aguiar and Gopinath (2006).



their model the household's problem is static in the sensedhthe household does not have

access to any savings technology.

2. Stylized Facts

In this section, | present stylized facts regarding the donséic government debt-to-output
ratio and central government revenue-to-output ratio of seeral countries for industrialized
economies (IND, henceforth), emerging economies (EME, loeffiorth) and a subset of these:
Latin American (LAC, henceforth).?

As shown below, my theory predicts that endogenous borrovgrimits are more active for
high level of indebtedness. That is, when the government deis high (relative to output),
the probability of default is higher, thus implying tighter borrowing limits, higher spreads
and higher volatility of taxes. But when this variable is low default is an unlikely event,
thereby implying slacker borrowing limits, lower spreadsrad lower volatility in the taxes.
Hence, implications in the upper tail of the domestic debtd-output ratio distribution can
be di erent from those in the \central part" of it. Therefore, the mean or even the variance
of the distribution are not too informative as they are a eced by the central part of the
distribution; quantiles are better suited for recovering e information in the tails of the
distribution. °

Figure G.2 presents quantile-quantile plot (QQplot) of thedomestic government debt-
to-output ratio and the real spread for three groups: IND (khck diamond shape), EME
(blue box shape) and LAC (red triangle shape}** The X-axis plots the values of the time
series average domestic government debt-to-output rati@nd the Y-axis plots the values

of the real spread. For each group, the last point on the rightorrespond to the 95%

’Aguiar et al. (2008) also allow for default in a small open ecnomy with capital where households do not
have access neither to nancial markets nor to capital and povide labor inelastically. The authors' main
focus is on the capital taxation and the debt \overhang" e ect.
8For the latter ratios | used the data in Kaminsky et al. (2004), and for the rst ratio | used the data in
Panizza (2008). See appendix B for a detailed description ahe data.
9 refer the reader to Koenker (2005) for a thorough treatmentof quantiles and quantile-based econometric
models.
10| constructed the spread using the EMBI+ real index for countries that is available and using the 3-7 year
real government bond yield for the rest.l also studied the donestic debt net of foreign reserves; the e ects
present in gure G.2 are the same or are even enhanced.
1This type of graphs is not the conventional QQplot as the axishave the value of the random variable
which achieves a certain quantile and not the quantile itsel. For my purposes, this representation is more
convenient.
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guantile, the second to last to the 90% quantile and so on; tee are comparable between
groups as all of them represent a quantile of the correspondi distribution. EME and
LAC have lower domestic debt-to-output ratio levels than IND, in fact the domestic debt-
to-output ratio value that amounts for the 95% quantile for BME and LAC, only amounts
for (approx.) 80% quantile for IND? Additionally, the graph exhibits a "cone pattern"; i.e.,
for lower/mid values of domestic debt-to-output ratio (e.g 50% quantile and below) the
spread corresponding to EME and LAC is comparable to the oneresponding to IND, but
for higher level of domestic debt-to-output ratio EME and LAC display higher levels, than
those corresponding to IND.

Figure G.3 (top) compares the standard deviation of the cerdl government revenue-to-
output ratio across di erent quantiles, between IND (blackdiamond shape), EME (blue box
shape) and LAC (red triangle shape); for all the quantiles,specially for the mid and upper
ones, the two latter show higher values than the formér.

Figure G.3 (bottom) shows the interest rate spread (computkusing the EMBI+) for three
defaulters during the period 1997-2006: Argentina (defael in 2001), Ecuador (defaulted
in 1999) and Russia (defaulted in 1998). We can see that thevéds of spread during the
period of default (denoted by the darker portions of the lin® are much higher than for the
rest of the sample.

Finally, gure G.2 shows that the interest rate spread for IND is low and almost constant
for di erent levels of debt-to-output ratios. Thus, throughout this paper, | assume that the

IND group has access to risk-free debt, and the EME and LAC gups have not.

3. The Model

3.1. The Setting. Lettime be indexed ag =0;1;:::. The government expenditure process
(o)t is an exogenous stochastic process such tiga2 G with G a compact and convex subset
of R. Letg' (go;:::;9)2G ::: G G'! be the history of government expenditures
until time t. Let G F (g) be the -algebra generated byg, and similarly let G F (g')
be the -algebra generated by'. Let ((g.1jg') be the conditional probability of g..; 2 G,
m by projecting the 95% quantile point of the EME a nd LAC onto the X-axis and comparing
with the 80-85% quantile point of IND.

13| looked also the in ation tax as a proxy for tax policy; results are qualitatively the same.
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conditioned ong' 2 G™!. Finally, let o(g) be the unconditional probability of go; this
probability can be degenerate at a point.

At each time t, the government can levy distortionary labor taxes, ", or allocate one
period, non state-contingent bonds to the households to cavthe expensegy. | denote
BC 2 B as the government bonds, where the s& is a compact interval onR. A quantity
B > 0 means that the government has to pay to the household&® units of consumption
at time t. The government, after observing the present government ganditure and the
outstanding debt to be paid this period, has the option to defult on 100% of this debt, i.e.,
the government has the option to refuse to pay the totality othe maturing debt.

As shown in gure C, in case the government opts to exercise éhoption to default on
100% the debt (node (A) in gure C), nature plays immediatelyand with probability 1
sends the government to temporary nancial autarky, wherehe government is precluded
from issuing bonds that period. With probability the government enters a stage in which
nature draws a fraction 1 (with distributed according to the probability function ( ))
of debt to be repaid and the government has the option to accepr reject this o er. If the
government accepts, it pays the new amount (the outstandindebt times the fraction that
nature chose), and it is able to issue new bonds for the followg period. If the government
rejects, it goes to temporary nancial autarky (bottom brarch in gure C).

The parameters (; ( )) de ne the "debt restructuring process". These parametes cap-
ture the fact that debt restructuring is time consuming but,generally, at the end a positive
fraction of the defaulted debt is honored (see Yue (2005) amitchford and Wright (2008)).%4

Finally, if the government is not in nancial autarky { because it either chooses not to
default, or it accepts the partial payment o er { then next period it has the option to default,
with new values of outstanding debt and government expendite. If the government is in
temporary nancial autarky, then the next period it will face a new o er for partial payments
with probability

14The exogenous probabilites and are set to be constant but | can also allow for probabilities hat
depend on the state. For instance | can have (by; di) denoting that possible partial payments depend
on the credit history and level of debt. See Reinhart et al. (D03); Reinhart and Rogo (2008) and Yue (2005)
for an intuition behind this structure. Numerical simulati ons allowing for this structure are qualitatively the
same as those shown in this paper and are available upon regste

8



Remark 3.1. | also consider an alternative option for the government toxg nancial
autarky. At the end of the period of nancial autarky, with pobability , the government
receives the option to leave autarky by paying 100 % outstamyddebt (this is depicted in the
bottom branch of gure C)!°

The parameter conveys the idea that the government should be able to exiangial
autarky by paying 100% of the defaulted debt at any time, bbete are transaction costs
or other type of nancial frictions that only allow the govemment to exercise this option

occasionally*®

Households are price takers and homogeneous; at each petiaglven their initial nancial
wealth z;, they decide how much to consume;, how much to allocate to leisurd; =1 n;
(which yields an after tax labor income (1 )n;) and how much to save®, (if the economy
is not in nancial autarky) or how many shares,L, of defaulted debt to trade (if the economy
is in nancial autarky).

Letd; 2 D[f 1g f Og[ [f 1lgbe a state variable that, at each time, indicates whether
the government has paid 100%, a part or 0% of the debt. That isk = 0 means that the
government is not in default and fully honored its outstandig debt, d. = 1 means that the
government defaulted in the totally of the debt, and nally f 4;:::; gwith ; 2 (0;1]
is a set of all possible fractions of debt that the governmertould (partially) default. For
instance d; implies that the government partially defaulted upon a fraton of the
outstanding debt. | refer tod; as the \default indicator". Finally, let X G f D[f 1gg,
Xe (g d) 2 XYY

Finally, throughout the paper | assume thatg, is a Markov process. This is required to

write the problem recursively. That is,
Assumption 3.1 (Markov) (Gjdg')= (Gjg), 8G2G.

15n the numerical simulations | studied both options separatly, and their consequences in optimal policies,
allocations and welfare.
18How to model this process of partial payments explicitly, isoutside the scope of this paper. See Pitchford
and Wright (2008) and Yue (2005) for two alternative ways of modelling this process as renegotiation between
the government and the holders of the debt.
17The model could also alow for a \credit history", i.e., & (di «;:::;d) where & is the "credit history"
of the last K periods of the economy. For simplicity in this version | setK = 0.
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3.2. The Household Problem.  The bellman equation of the household is

1) V(z; )= Cm:?%( ) fu(c;l n)+ E[V(zie1; w1)]9
(2) with ¢ (x;BS):

Where z is the initial nancial wealth at the beginning of time t. The value function is also
a function of the perceived law of motion of the householdsrfthe government expenditure,
\default indicator" and debt:  (g;d;BE).

| summarize some standard conditions fdd(c;;1 n) in the assumption below

Assumption 3.2 (i) U:R;: [0;1]! R is twice continuously di erentiable; (i) r (U > 0O,
rzv oOr,Uu 0r?2J Oandlim, ;rUu=1.

Due to the asymmetry between the nancial assets described section 3.1 | write the

constraints for the household problem for the cases2 D, and d = 1 separately.

3.2.1. Household's budget constraint for the case of no default apakrtial default: d; 2 D. For

this case the agents solves the problem in equation 1 subjéct

(3) G+ p? G+1 @ Mne oz

4) Zis1 (Oe1) = (1 Gt ) 80t 2 D

wherep? is the price of the government bonds and..; (d) is de ned as the nancial wealth

of household at the beginning of + 1 when di+; = d. If dyp =1

Z41(1) = Qn tﬁ-l ;

where .1 is the secondary market price of defaulted government debt.
If div; =  then the household acknowledges that it receives only a paof their asset
and if di+; = 1 the initial nancial wealth of the household at t + 1 is whatever value the

household can get out of their assets in the secondary markee., g1 b, .*8

18The household also faces borrowing limits; but | assume thathe exogenous borrowing limits for the
household are always less stringent than those for the govement and thus in equilibrium the household
problem is always an interior solution regarding their choce of assets.
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3.2.2. Household's budget constraint for the case of total defaudt, = 1. Under this node, the

government is in temporary nancial autarky, i.e., does nohonor the outstanding debt to-
day and is also precluded from issuing new debt. Although thgovernment is excluded from
the nancial markets the households can trade the debt thatlie government owes them but
is not honored today. Even though the households are homogemis and thus no trade takes
place in equilibrium, this secondary market yields an equiirium price which re ects the
fact that some fraction of the defaulted debt is going to be pa with positive probability
at some point in the future. If the probability of the governnent repaying the debt in the
future is naught, then the value of this secondary markets ast is also naught; in this case
| can, without loss of generality, close this market, e.g. Atlano (2008).

| assume that households cannot issue debt. Thus, denotihg as the shares of defaulted

debt the household can trade in the secondary markets, it folvs
(5) L, 1

Therefore the budget constraint is given by

(6) a+alBF (T MOne z

Note that, BE and not kf is in the budget constraint, because unded, = 1 the defaulted
debt is exogenous for the household, and the only variableetthousehold controls is the
shares they tradet®

At t +1 the initial nancial wealth of the household is given by

(1 dt+l)|—tBtG; 801 2 D;

Zi+1 (Chie1)

Zi41 (1)

G LB

3.3. The Government Problem. The government nances its stream of expenditureg);

by levying time-varying taxes on labor, " and issuing government debBS, in d; 2 D such

19The model could also encompass the case where, during naradi autarky, the defaulted debt evolves
according to a function :B! B,ie.,B&; = (Bf). See Yue (2005) where () =1+ r with r being an
exogenous risk free rate.
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that they satisfy its budget constraint for d; 2 D
(7) G+ Ze= {ne+ By

and the budget constraint ford; = 1,

(8) = (nNg

where

9) Zi+1(de1) = (1 0i1)BSy; 8y 2D
(10) Zy1(1) = 0:

Finally, as in Aiyagari et al. (2002), | assume that the goverment is subject to exogenous

borrowing constraints,

(11) MSE BS, M., st

Remark 3.2. The upper bound in this model is not important, because { as@hin below {

the option to default generategndogenousiebt limits. The lower bound does not a ect the
results qualitatively, insofar as it is above the naturalriit, otherwise combined with lump
sum subsidies the economy could build a "war chest" and namnall future expenditures with
that; see Aiyagari et al. (2002).

4. The Recursive Competitive Equilibrium

The main goal of this section is to de ne a (recursive) equbrium for this model. In order
to achieve this goal, some intermediate de nitions are need. First, let by = B§ = & the

initial debt of this economy.

De nition 4.1. A government policy is a pair of sequence$;; BS,); such that for eacht
he (g M d), where " :flbhg G'! [0;1]is G-measurableid; : fbhg G'! DJ[f 1gis
G'-measurable; anB8&, :flhg G'! B R is G-measurable withB a compact interval in
R. And nally fhy;(hy;BS;).g satis es the government budget constraint in equations 7-1
for eacht.

Henceforth letH, G [0;1] f D[f 1ggand H! QLO H .
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De nition 4.2. A feasible allocation is a sequence vect{t;; n;; g;); such that

nt.
1+ 7

(12) G+ G =
with ¢ : flpg H'! R, is G-measurablen, : flhg H'! [0;1]is G'-measurable.

The government policy only depends on the exogenous histony shocks and the initial
government debt; but, in the de nition of feasible allocaton | de ne household consumption
and labor as functions of the exogenous government policyhi§ asymmetry arises from the
assumption that, in my model, household's behavior is norrategic; their behavior does
not a ect the aggregate quantities and prices. Thereforesinot necessary to keep track of
their actions. The government, however, is modelled as aneg that behaves strategically
and can a ect prices through its decisions of default and débthus | need to keep track of
the past history of government actiong® Finally, the parameter represents direct cost of
defaulting, e.g. 0 if the government decides to default and zero otherwise. Fgimplicity,
| take 0 and only consider a di erent scheme in the numerical simuians.?

| now present the de nition of recursive competitive equibrium in this economy.

De nition 4.3.  In this economy a (recursive) competitive equilibrium is: minitial ky; a set
of value functionsV (); a set of policy functions(c( ); n(); b, (); L()); government policies;
prices (p°(); q()); a perceived law of motion and actual law of motion for= ( g;d;B°);

such that
a. Given the initial tuple, prices, government policies and peeived laws of motion; the
policy functions and value functions solve the householg®mblem.
b. Prices are such that the allocation is feasible and
(13) b° = B® b; ford2D;

(14) L

1; ford =1:
c. Given a. and b. the actual and perceived laws of motion coideli

Henceforth, 1 will continue to use sequence notation (ind@g variable by t) for simplicity.

20see Phelan and Stacchetti (2001) for a detailed discussion.
21see Arellano (2008), Aguiar and Gopinath (2006), and Mendoa and Yue (2008) for a discussion about .
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4.1. Equilibrium Taxes and Price of Government Debt. | can obtain expressions for
the equilibrium price of the government debtf,, the equilibrium price of one share of
defaulted debt ;) traded in the secondary market, and for the labor taxes by st solving
the household problem presented above and then substitugjrthe equilibrium conditions in
de nition 4.2 and the market clearing conditions in equatia 13. | am going to impinge the
\correct" or actual law of motion for the . In order to do this, | introduce two new objects
D{G] D(g;d;BE)G] GandDi] D(g;d;BE)G] . The rstone is the set of
government expenditures at timet such that the government does not pay the outstanding
debt, i.e.,fg2 G : d(g' ;g) 6 0g. The second object can be described as a set function
that takes values @; di; BE) and maps into a subset of of rejected o ers, i.e., if 2 D[]
the government rejects such o er.

The expression for the taxes directly comes from the ratio tiie rst order conditions for
¢ and nq,

riuc;l ny).
rcu(a:l ng)

(15) 1 M=

Let  be the lagrange multiplier associated to equation 3. Thenrdm the rst order

conditions of the household problem with respect tbg, , it follows

(16) OZp? t+ E¢ f1  1fDwy[Glogr zv(tﬁl; t+1)
X

+  flfDw[Glg 1 )@ 1fDwall @) ()gr V(@ Il )
2

( X ! ) #

+ IfDwa[Glg (1 )+ Dl g () Gu 1 V(Gably; )
2

wherelf Ag is an indicator function that takes value one if the sefA occurs.

By the envelope condition it follows that
(17) r ZV(Zt; t) = t-

LetP:G f D[f 1gg B! R, suchthatP; P ( ) pPU. . From equations 16 - 17,

the rst order condition with respect to ¢ (which implies that r (Ui(c;1 ny)  Ugr = o),
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the aggregate equilibrium conditions imply that

(18)
b :_t: E, f1 |th+1[G]gguc;Gl(o)
it ., ct #H
X t
(19) + Ey f(1 )IfDw[Glg (I 1fDwil] 9 ()g Uc'uj-t()
% y L) #
(20) + E¢ IfDm[Gg (1 )+  1fDwll g () aa UciJiit(l)

2
where U1+, (d) denotes the marginal utility of consumption at timet + 1 when d4; = d.

A few noteworthy remarks are in order. First, each term in thequation above corresponds
to a \branch" of the tree depicted in gure C. The rst line rep resents the value of one unit
of debt in the case the planner chooses to honor the totalityf the debt. The second line
represents the value of the debt if the planner decides not foay the debt, but ends up
in partial defaults. The third line captures the value of thedebt when the planner default
in 100 % of the debt but the households can sell it in the seccamy markets. Second, if

=0 and U, = 1 then the last two terms vanish and the price is analogous tthe one
obtained in Arellano (2008).

| now compute the expression fog. Firstlet Q: G f D[f 1gg B! R.: be such that
Q: Q ( 1) = qU.. The rst order condition and envelope conditions are basally the
same as before, the di erence lies in the law of motion fak.; . Following the same steps as
before but replacing for the \correct" law of motion ford., it follows that the secondary

market price is

" #
X Uc:t+
6 =B 1@ )@ Dl g (gl
c;t 2 c;t
“( X ! ) 0 (1)#

+Ec (@ )+ IfDwllg () a

2 c;t

If autarky is an absorbing state, i.e., = =0 it follows that
UC't+l (1)
= E + .
G t G+ Uer

Which by substituting forward and standard transversality conditions it yields g = O.
15



Remark 4.1. If | also allow for > 0 (see remark 5.1) then the pricey is given by

G GL=Eof @ 1Dwcle #
X Ucts1 ()
+ E fa )a + 1fDwa[Glg) (1 1fDwaf] 9) ( )QT
" 2 o
( X | Uct+1 (1)
+ E¢ (1 + I1fDw1[Glg) (1 )+ 1fDwal]l 9 () aw T

2

5. The Ramsey Problem

| de ne the Ramsey problem as

De nition 5.1. Given an initial §f = B§ by the Ramsey problem is to choose the

(recursive) competitive equilibrium with the highestV (ky; go; do; ky) with dg = 0.

5.1. Primal Approach.  As pointed out by Kydland and Prescott (1980) in order to wrie
the Ramsey problem recursively, the addition of a new (coyte variable is needed. The
authors noted that the policy functions in the Ramsey proble are not continuous on the
\usual state" because the households current decision araded upon beliefs of government
future actions, and the government has to validate these beliefs.ehRce the new (co)state
variable must convey this information. By inspecting the st order conditions of the house-
holds, it is su cient to set the (co)state variable, denotedas ¢, to be the marginal utility
of consumption of the household at timd. That is, at time t the planner needs to keep
track of the \promised" marginal utility of consumption at timet + 1; the planner, however,
only has to do this when the forward looking constraints of th households, embedded in the
pricing equations, are at play, i.e., ; does not change when the government is in autarky.
Denote U(b; g; ;d) as the value function of the economy (i.e., the planner wha isolving
the primal approach) with nancial wealth b, government expenditureg, a (co)state variable
(which is de ned below) and default indicatord (i.e., either no default, partial default or

autarky).

2235ee also, Werning (2001), Phelan and Stacchetti (2001), anBarhi (2007), amongst others. An alternative
approach is by using the recursive contract approach in Maret and Marimon (1998) and Aiyagari et al.
(2002).
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In the cased; = 1 then the government's budget constraint is given byg = ['n¢; from

this equation, equation 15 and the feasibility constrainttifollows

(21) Ue(ne g1 nd(ne @) Ul g;1 ngng=0;

where = U.(ny ¢g;1 n)andU, r U. I can solve forn;, and then plug this solution

in the household's value function, thereby obtaining

(22) Uh;g; 1)=U(c;l no)+ Ee UP(B;gea; o)

where

X
UB(b;g; )= maxfU (1 )big;; s U(big ;g ()+(@  )HU(big; ;)

2
and U°(b;g; ) =max U(b;g; ; 0);UB(b;g; ) .

The function UB (b; g; ) is the value function of the planner before nature plays ansend
him to autarky with probability 1 or to the o er of partial payment (node(B) in gure
C) with expenditure g, outstanding debtb, and (co)state variable . The function U°(b; g; )
is the value function of the planner which has the option to dault (node (A) in gure C)

with expenditure g, outstanding debtb, and (co)state variable .

Remark 5.1. If we allow for > 0 (see remark ), equation 22
Ub;g; 1) = Ul n)+ E ([U(k;geas Ol+ (1 )Ee UP(k;Geas o)

In the above equations, the government default decisionseaconstructed using the "max”
operator. The intuition behind this construction stems fron the assumption that the gov-
ernment is benevolent; it only opts to pay the debt inasmuchsait is in the best interest of
the representative household® So, the setsD[G] and D[ ], which characterize the default

decisions, are constructed as follows

(23) DGl D(b; YIG]= g2 G:U(h;g; ;0)< UB(h;g; o) ;

(24) D] D(gshb; Jll= f 2 U@  )Hbias o )< Ul e v 1)g:

23This functional form is analogous to Eaton and Gersovitz (181), Arellano (2008) and references therein.
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It now remains to construct U(k; g:; +;d); d 2 D. From the rst order conditions of
the household with respect to consumption and labor (equath 15), the expression for the
prices derived in section 4.1, the government budget conaint and feasibility constraint the

implementability condition at time t is
(25) Ust(ne @) Ugelr = Uene P oglg; with ¢ = Ugy;

note that under equilibrium the beliefs embedded ifP; must be exactly those coming from
the exogenous laws,; ; ; , and the endogenous government policies.
The value functionU(h; g; +;d) for d; 2 D is thus given by
U g d)= max fu(ne g;1 n)+ E[U(Bea5Geas 141)]0;

fnebi+r; tv1 9
subject tofny; gy 192 (N B41; 1) 2[01] S0 = Ue(ne g;1 ny)gand the

exogenous debt limits 11. The se®; is de ned as a xed point, of the operatorSy:
Sg(Q) = f(h; ) 2B R: :9(he; 1) 2 Q such that eqn: (25) holds with g; = gg
and has to be computed recursivekf

6. Analytical Results

In this section | de ne a set of assumptions that constituteshe benchmark case; | char-
acterize analytically the default sets, policy and pricingmplications of the model, and
implementable allocations.

Let the following hold
Assumption 6.1 (i) =0; (i) U 1.

Part (i) states that o ers of partial payments do not occur. Part (ii) implies that prices do
not depend on marginal utilities. Aiyagari et al. (2002) arge that by settingU..; 1 they are
impinging a competitive behavior on the planner as it is undb to control the (implied) prices;
thereby drawing an analogy between this problem and the stdard incomplete markets
consumption-smoothing problent> In my case, the planner is still able to a ect prices

245ee Kydland and Prescott (1980), Chang (1998), Werning (200) and Phelan and Stacchetti (2001).
291t is clear that the planner's problem prices do not show up, hut they are implicit on budget constraint.
These \implied prices" are the ones | am referring to here.
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through the probability of default, thus the analogy to the competitive) representative

agent in the consumption-smoothing problem does not hold ymore.

6.1. Characterization of Default Sets. The results obtained in this section show that
the decision to default follows a debt-dependent thresholdile; these results are similar to

the one obtained in Chatterjee et al. (2007) and Arellano (ZIB) without distortionary taxes.
Assumption 6.2 (i) [ 2 [0;1].

Proposition 6.1 Under assumptions 3.2-6.1(ii) and 6.2(i), ifD[G](ky) 6 ; then there does
not existsh+; : b P (ki+1)b+s O

The proposition above implies that if default occurs (with psitive probability) then it
must be true that the government is unable to roll over the debh otherwise it would simply
keep the option to default this period, and default tomorrowon a higher debt; thus default
never occurs today.

The next proposition states that under additional assumptns the decision of default is
equivalent to a threshold rule that, i.e., the government daults if g is above somg(b) given

a level of debtb
Assumption 6.3 () =0; (i) g @id:; (i) Yy( n) Uy(@ nong O

Proposition 6.2 Under assumptions 3.2 - 6.2 and 6.3, it follows that: @, 2 D[G] then
forgi G, G2 2 D{[G].

Remark 6.1. Under assumption 3.2 a su cient condition for assumption &3(iii) is Uy ()
0.

Assumption 6.3(ii) is also imposed by Arellano (2008) and u(2005). This assumption
is crucial for characterizing the default sets. Ify is positively correlated with g+; then low
expenditure today implies (probably) low expenditure tomoow and in the future, therefore
autarky looks better now. In fact, intuitively, the impact of a low expenditure today has a
relatively larger e ect under autarky than under the no-deéult regime because in the latter
regime you have debt/savings to smooth them; thus, the gowement might have incentives

to default when g; is low, contradicting the aforementioned results.
19



Proposition 6.2 implies that if D{[G] 6 f;g thend, = 1fg2 G:g > g(h)g, whereg(h) :
U(k;g(k); 0) = U(g(h); 1).
The next proposition establishes that default sets are ineasing in the debt level, or given

my previous proposition, thatg( ) is a decreasing function.

Proposition 6.3 Under assumptions 6.1, 6.2 and 6.3(i) it follows that iy b then
D[G](b:) DI[G](kxy).*°

Remark 6.2. In appendix A.1 | discuss the consequences of relaxing theramentioned
assumptions on the characterization of the default sets. lready noted that propositions 6.1
and 6.3 do not depend on the assumption of i.i.d. expendityseocess, thus | focus on the
latter two assumptions: marginal utility of consumption agal to unity and taking autarky as

an absorbing state.

6.2. Implications on the optimal government policies and alloca tions. By the re-

sults in sections 4.1 and 6.1 it follows that

P(a.)= E [Ifg 9g(k:1)al= (9(bs)); andg =0

R
where ( G) g G (dg).
The debt value such thatr ,[P(b)b] =0 is given by
o . (gb)y
@(b))r s9(b)
Dening b argsudb2 B: ( g(b) =109, i.e., the maximum debt level such that default

never occurs, it follows that the regionlj ; b ], which can be empty, is the region where risky
borrowing takes place?’

| can now give a sharp characterization for the law of motionféhe optimal taxes and debt.
In order to achieve this, following Aiyagari et al. (2002), Icharacterize the law of motion

of the lagrange multiplier associated to equation 25. | detethis lagrange multiplier as ;.

26Note that | do not impose g i:i:d: or any other restriction over g other than the Markovian one.
27see Arellano (2008) for su cient conditions that ensure this region is not empty. In this section | assume
that[b;b]6 ;
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First, by the envelope condition, it follows
t= 1 pU(;g;0)

i.e., t is the marginal cost of debt in terms present value utility. hus, by studying the law
of motion of ¢, | can study the law of motion of the optimal debt by invertingthe previous

equation. Moreover as the rst order condition with respecto n; is given by
(1 U@+ o= Upng

the tax, [, is also a nonlinear increasing function of;. Therefore, by studying the law of
motion of ¢, | can also study the law of motion of the optimal taxes.

Under assumptions 6.1 and 6.3D.; [G] is characterized by all theg 2 G such that
g > 0., thus, assuming natural debt limits (i.e., interior solution for the debt), the rst

order condition with respect toh,; is given by?®

t(r p[P(Bs1)]e1 + P(bs1))+ E [(1 IfDa [GlO)r pU(Brs1; Geeas 0)]

= E [r plf D1 [Glg(U(Qi+13;1) U (Bea; Qe 0))]:

The rst expectation equals E [(1 [fD1[G]g) +1] by the envelope condition. The de-
rivative in the second expression is taken in theveak sense; the expression is basically
U(g+1;1) U (bs1;Ge+1;0) evaluated atgs 2 @Bi1 [G] (i.e., the boundary of D4, [G])
which consists of a singleton such that)(g+1;1) U (B+1;0+1;0) =0. Thus I obtain

t(r p[P(B+1)]41 + P(R41)) = E[(1 1fD41[G]Q) t41]:

Finally note that r yP(be1)= 1 o[E 1fg:0 Guad] 1 o[ ( Tua)]=  (Gua)r old(Ber)]
where the last term is well de ned by a direct application of mplicit derivative theorem,

insofar the value function is di erentiable. Therefore

( Gisa)
(O )T bl0(B+1)]Be1 + ( Giiq)

(26) t = El ta];

28D erentiability of P, with respect to h.; follows from applying the implicit function theorem. | am
assuming though that U(b; g;0) is di erentiable. This is neither necessary for my generh analysis nor
for computing the solution in the numerical analysis; but provides better intuition for understanding the
problem.
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with E being the expectation with respect to the default-adjustedneasure% (dg);

i.e., the possibility of default inserts a wedge that slantshe probability measure (dg).
Henceforth, | denote the rst term in the right hand side asM (ky+1) with
(1) 1 P (Ben)]ppts

The lagrange multiplier associated to the implementabilit condition is constant in Lucas

1
1 (bea)’

and Stokey (1983), and thus trivially a martingale. In Aiyagri et al. (2002) the lagrange
multiplier associated to the implementability condition s a martingale with respect to the
probability measure .2° Equation 26 implies that the law of motion of the lagrange mtiplier
di ers in two important aspects. First, the expectation is @mputed under the default-
adjusted measure; this stems from the fact that the option talefault adds "some" degree
of state-contingency to the payo of the government debt. Smnd, the aforementioned
expectation is multiplied by M (h+;) which can be interpreted as the \markup" that the
planner has to pay for having this option to default. Of cours this only holds when the
government is taking debt (in the case of savings the price efuals ).

The proposition below, rst provides conditions to estabkh which of these opposite terms
dominates, and second it explores how the law of motion foréHagrange multiplier  relates
to the one presented in Aiyagari et al. (2002) and theiexogenousborrowing limits. | also
provide su cient conditions such that, conditional on not defaulting, ( {); converges with

positive probability.

Proposition 6.4 Under assumptions 6.1 - 6.2 and 6.3,

(1) if
(27) rglr o[U(b;g;0)]] O

then ; > E [ 1] a.s., conditional on no defaulting. Moreover if( g(k)) expf C=t’g

then (! 1 w.p.p.

29Proposition A.1 in the Appendix summarizes some propertieof M .
39The martingale property is also preserved if capital is adde to the economy, see Farhi (2007). This
property, however, changes if | allow for ad-hoc borrowingilmits (see Aiyagari et al. (2002)). The proposition
below shows how the results in Aiyagari et al. (2002) { with exogenous debt limits {, relate to the results in
my model { with only the option to default {.
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(2) if
(28) rglr o[U(b;g:0)]] O;

then:

Cov(Ifg g(ha)g, )
(9(k )@ (B1))
with E[ ¢+1](M (b+1) 1) Oand Wlﬂ))Cov(lfg g(b+1)g 1) O.
(@) If r §[U(b;g:0)] Oandr pllog(r sllog(( gl DD+ 51 O,
then: E[ +1](M (+1) 1) is increasing inb.; .

(b) If r 3[U(b;g:0)] O, then: SXU8 T X in) s decreasing inb.s .

(29) t TE[ 1]+ fE[ a](M (B42)  1)g

The rst part of the above proposition implies that the marginal cost of the debt (in terms
of present value utility) behaves like a submartingale (pnaded that default does not occur);
this result is analogous to the one in Aiyagari et al. (2002)i with exogenousborrowing
limits. This result hinges on the marginal cost of the debt (i terms of present value utility)
being a decreasing function of; which in turn implies that ., is decreasing ing.; . Since
the default adjusted measure weighs relatively more low wads ofg, the expectation term
on equation 26 is lower than the expectation under the probdly ; this e ect is reinforced
by the term M (ha+1).

Since the submartingale result in the proposition can onlydused for paths such that this
economy does not default, | need to ensure that the probaltyliof no default is positive; the
inequality ( g(h)) expf C=t?g provides a su cient condition for this to hold.

Equation 27 implies that the cost of the debt is less severe @ government expenditure
increases. This is counterintuitive as one would expect th&aving a certain level of debt
becomes more costly as the government expenditure is higluere to concavity of the utility
of the agents.

The second part of the proposition handles the case where thearginal cost of debt is
increasing ong, i.e., r yU(b; g;0) is decreasing ing. Under more regularity conditions over
the behavior of the curvature ofU(b; g;0) and ( g(b)), the rst term in the curly brackets
of equation 29 is increasing im.; . Hence this term can be seen as a "continuous" lagrange

multiplier of a debt limit; i.e., is positive (with a negative sign in front), and increases
23



continuously in b ; a lagrange multiplier would be zero and then jump to posite values
when the bound is active. The second term is decreasing, arfils acts as a "continuous”
lagrange multiplier of a "savings" limit, provided the assmption about the third derivative
of the value function is added.

Although, equations 27 and 28, and some of the rest of the asgptions, are somewhat
unsatisfactory because they impose ad-hoc restrictions apan endogenous object, they can

easily be checked in numerical simulations and have a cleaoaomic interpretation.

6.2.1. Restrictions over the allocations.The recursive competitive equilibrium de nes a set
of implementable sequence of allocations from which the goament or planner selects the
optimal one, given some initial conditions

The option to default allows the government to evade payingeabt once, provided it pays
a "cost" in terms of allocations: autarky forever. In an ecoomy like Aiyagari et al. (2002)
this technology is not available because debt has to be riflee. The proposition below sheds
light on how the possibility of default a ects the implementble allocations.

| already showed that the default rule is given byd; = Ifg: g > g(h)g which is a random
variable measurable with respect t&z'. | can dene T infft : d, =19 2 G' such that for

allt T my economy is in autarky and for allt < T it is not.>2

Proposition 6.5 If by > 0, pry fT <1g > 0,and8 T : ( g) > 0, then the sets of

implementable(c; n; @), under my economy and Aiyagari et al. (2002) are disjoint.

Remark 6.3. The condition: ky > 0 rules out autarky for allt = 0;:::. The condition:
pr; fT < 1g > 0 assumes that default occurs with positive probability, @iwise the prob-
lem is trivial. The condition: 8¢ T : ( g,) > O states that default never occurs almost
surely; studying optimal allocations this assumption is ffocuous as( @;) = 0 never occurs

because is not optimal to choode such that ( g;)h = 0.

The intuition of this result is as follows. In Aiyagari et al. (2002), if the government

has to run a balance budget for some histories for a time onwards, then this allocation

3limplementable allocations are those which satisfy the cometitive equilibrium restrictions. For a precise
de nition see the proof of proposition 6.5. See also Lucas ahStokey (1983) and Aiyagari et al. (2002) for
a thorough discussion of this solution approach. Q
32The probability measure pr is the one induced by , i.e, prifg i Gig ~ ., ( G); 8t.
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must imply a non-positive debt; otherwise the government &to run a Ponzi scheme. In
my economy, however, this type of allocation can allow for gaive debt; this is the case
of default. Therefore, since debt is non-state contingenst time T debt is non-positive in
Aiyagari et al. (2002), but positive in my economy.

If T is the rst time default has positive probability, then the price of debt in both
economies is exactly the same for all< T because default occurs with zero probability in
this spell of time. Hence, if both economies share the saméoahtions, the sign of the debt
at T must coincide as well. This contradicts the conclusion in #hprevious paragraph, and

hinges on the assumption that there exists an allocation sted by both economies.

7. Numerical Simulations

Given the complexity of the model it is di cult to characteri ze the Ramsey policy ana-
lytically when | include options to exit autarky. Hence in ths section | present a series of
numerical simulations that account for these features.

Throughout this section | compare my ndings with an economyin which the option to
default is not present; this is precisely the model considst in Aiyagari et al. (2002). |
denote the variables associated with this model with a (subjiperscript \AMSS"; variables
associated to my economy are denoted with a (sub)supersd¢rfED" (short for Economy
with Default).

The utility function is given by

¢t 1 n)?
U(c;1 n):1 C+C1(17n);

and (g;); follows a linear process
O+1 = g(l 1)+ 10+ g 1 Ent+1; Y1 N (0; 1):

| de ne g and g as the lower and upper bound fog; b and b are de ned analogous for the
debt.

7.1. The i.i.d. Shocks case. In this subsection | study the case where; =0, i.e.,

G+1 = gt glter:
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Table 1 presents the parameter values for the benchmark mddeérhe goal of this section
is, rst, to verify the analytical results obtained in the previous sections, and second, to
compare the debt policy functions for the ED and the AMSS ecomies.

Under this speci cation, the household has quasi-linear ity and in order to facilitate
the comparison with Aiyagari et al. (2002) | choose the paraeters associated to the utility
function and discount factor equal to theirs>® Since, | am only interested on the dynamics
when the government can default, the exogenous bounds on tlebe such that the govern-

ment is precluded from saving. Finally, under this parameization autarky is assumed to

be an absorbing state (= =0).3
Parameter Value\ Parameter  Value
(Discount Factor) 0:97 | (Persistency of gov. process) 1 0
(Utility of leisure) C; 0:01 (Mean of gov. process) g 0:20
(Utility of leisure) 2 (Vol. of gov. process) g 0:05
(Utility of consumption) . 0 (Range of gov. process)d;g) (0;0:325)
(Prob. of o er for partial payment) 0 (Range of gov. debt) ;b)  (0;0:3)
(Prob. of escaping autarky) 0

Table 1. Parameter values for the benchmark model

Figure G.5 presents the policy functionb(b; g for the ED model (black dots), and for
the Aiyagari et al. (2002) model (red dots); default regions represented by yellow bars.
Obviously, the debt policy function when the government isn default, is redundant. The
rst row shows the policy function as a function of the goverment expenditure for low level
of debt (rst panel), mid level of debt (second panel) and hig level of debt (third panel)
The second row shows the policy function as a function of thaucent debt level for low
government expenditure ( rst panel), mid level governmenexpenditure (second panel) and
high level government expenditure (third panel). This lastow also presents the 45 degree
line (solid) for better comparison.

Although in all cases, higher level of current debt or highelevel of current government
expenditure imply higher level of debt tomorrow; in the ED eanomy the option to default

33In their paper C; = 1, but they assume that n 2 [0;100] as opposed to my casen 2 [0;1] hence their
constant C; should be re-scaled to 100 =0:01.
34 refer to Aiyagari et al. (2002) the implications when "natu ral" savings limits are imposed.
35Throughout this section when describing the gures the numbering of the panels increases from left to
right and the numbering of the rows does it from top to bottom.
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generates endogenous debt limits that produce lower leval§ debt. In particular, for the
case of high level of debt the government decides to default@most any value ofg ( rst
row, third panel).

Figure G.6 shows the equilibrium default set (bottom paneland the price as a function
of (b; 9 (top panel). The area in blue (or lighter area) are the pair®of (g; D for which the
government opts to default. As predicted in the theoreticakection the set increases as the
government expenditure increases and as the debt level inases and is convex acrogqi.e.,
for a given level of debt | look at the projection oveg which is characterized by an interval).

Finally gure G.7 presents the value functions for the AMSS eonomy and for ED economy
(continuation and autarky). For high values of @; B the value function of autarky in ED
economy is over the value function for the AMSS economy; tresre the values where the
planner opts to exercise the option to default. For lowd; B (in particular low Q) either
the value functions are close to each other (the cost of hagrthe option to default is not
too high) or the value functions for the AMSS economy is highahan the ones for the ED

economy (bottom left panel), re ecting the cost of having tle option to default.

7.2. Impulse Response Functions.  Before looking at the Monte Carlo results, it is useful
to look at the dynamics of one particular realization of ¢);. | solve the model (see table 4

for the parameter values), then | draw a particular path forg, given by

8
2 g ift=T;T+1
(30) gt=§g:2 ift =T+2

g ift=T+3;T+4

This choice is completely arbitrary, chosen to showcase #tle features of the model. | also
choose = 0:30, and = 0; this choice is solely done to allow for default and secoad/
markets, which are novel features of this model, while keeg the model as simple as possible.
Figure G.4 presents the results. The dotted line in all the pzels is the pathd;. For the rst
half of the sample the economy is not in default, immediatelgfter the second government
shock (upper right panel) the economy enters autarky, and #n exists autarky until the
end of the sample. The upper left panel depicts the spread, wwh should be taken as the

envelope of £ 1 (solid) and 1=q 1 (dashed); the high level of %q ! observed
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during nancial autarky is qualitatively consistent with t he spreads we see in the data (
gure G.3). The middle left panel shows the debt l§) for both economies; the endogenous
borrowing limits present in the ED economy render lower levef debt during "bad times".
During autarky, since we keep track of the defaulted debt, Imee we have a plateau iffP ;
then the economy exists default by paying the outstanding &¢, and thus bF® plummets to
zero. The right middle panel shows the!" path for both economies; for the ED economy the
path is more volatile and has an additional "spike" to coverdr the payment of defaulted
debt. Finally the last row presents the path forc; and I, respectively.

In brief, the aforementioned gures show a summary of the dymics generated by this
model: endogenous debt limits, higher volatility of taxesand higher spreads due to default
risk, in particular, during default period. Additionally, gure G.4 shows that consumption
allocations of both economies are closed to each other; tissconsistent with the ndings in

Ramsey theory under incomplete and complete marketg.
7.3. Monte Carlo Simulations.

7.3.1. Linear utility on consumption case. In this subsection, | run a battery of Monte Carlo
(MC) simulation exercises, allowing government expendita to be auto-correlated, and also
allowing either or to be nonzero. I, however, still maintain the linear utility on con-
sumption assumption®’

| perform 1000 MC iterations each of them consisting of samgpaths of 1000 observations
for which the rst 900 observations were taken out in order t@liminate the e ect of the initial
values. Government expenditures are assumed to be AR(1) tvinoments ( 1; 4; ¢) chosen
to match the autocorrelation, mean and volatility of the gemrral government expenditure-
to-output ratio for Argentina during the period 1993-2003.These values are (approx.) G0,
0:20 and QO05, respectively.

Table 2 presents the parametrization for the case in which ers for partial payments are
allowed, i.e., > 0, and = 0. | constructed a grid of 3 elements for (; ), with equal
probability weights. | choose , and to match: a probability of default with range [3 4]
365ee Alyagari et al. (2002) and Farhi (2007).

S’Experiments with . = 0:5 present the same thresholds than in the quasi-linear caseub with lower

probability of default; they are available upon request.
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Parameter Value \ Parameter Value

(Discount Factor) 0:9875| (Persistency of gov. process) 1 0:30

(Utility of leisure) C; 0:01 (Mean of gov. process) ¢ 0:20
(Utility of leisure) 2 (Vol. of gov. process) g 0:05
(Utility of consumption) . 0 (Range of gov. process)d;g) (0;0:325)
(Prob. of o er for partial payment) 0:08 (Range of gov. debt) b))  (0;0:3)

(Prob. of escaping autarky) 0:0 | (Range of recovered debt) (; ) (0;0:95)
(Direct cost of default) 0:021

Table 2. Parameter values for the case with = 0:08.

percent, \autarky spell* in a range of [515] periods, and a default recovery rate of 45%.
The parameter is the direct cost of default, which yields an output offnt the rst period
in which the government decides to default, and is chosen taeyd a reduction in output of
1-4% with respect to the mear?

In gure G.11 we can verify the results obtained in the theorywhich predicted that the
acceptance region has the shape bf 2 (g;bg.

Averages across MC simulations of some statistics for: thénale sample, the \no default”
sample, and the \autarky or default" sample are presented itable 3. | constructed these
latter subsamples by separating, for each MC iterations, thperiods where the ED economy
was in autarky from those where the economy was not.

The average debt-to-output ratio (row 1) for the whole samg@ is around 12 % for the
AMSS economy; in the ED economy, however, is around 2% becausf the presence of
the endogenous borrowing limits arising from the possiltiji of default. This level is low
compared to what is observed in the data: a ratio of approxintely 23% for Argentina
(1990-2005Y° For the default sub-sample, however, the average debt-tasput ratio in the
ED economy is only 4 % lower than in the AMSS economy. Since imi$ part of the sample the
average debt-to-output ratio is actually thedefaulteddebt-to-output ratio; higher quantities
of debt-to-output ratios denote higher likelihood of defalt; this provides additional evidence
of endogenous borrowing limits being \active" in higher lesls of debt.

38The default recovery rate is taken from Yue (2005) where 30%si the recovery rate for Argentina and 60%
is the recovery rate for Ecuador. So | took the average of both
39pitchford and Wright (2008) report that, on average, for their dataset default began when output was
(approx.) 1.5% below trend; Reinhart and Rogo (2008) report a decline in output of (approx.) 4% (with
respect to past levels) at the time of default.
40For the default period (2001-2005) this ratio was (approx.) 45%.
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Sample All No Default Default
AMSS ED |AMSS ED |AMSS ED

E (b=n) (%) 12.65 1.87Q 12.43 1.196 22.70 17.19

std(bi=n,) (%) 9.290 3.42Q0 8.600 1.41Q 5.611 0.580

E(v) 0.218 0.21§8 0.219 0.218 0.218 0.235

std( ) 0.030 0.051 0.027 0.049 0.019 0.053

E(ny) 0.194 0.193 0.193 0.194 0.194 0.200

std( ¢ny) 0.026 0.045 0.023 0.043 0.016 0.046

E (spread (%) 5.660 0.820 119.3
E(Default Spell) 11.12
E(Recovery Rate) (%) 46.50
Pr(Default) (%) 4.120

Table 3. MC results for the case = 0:08. In the table E and std denote
the mean and standard deviation across time, respectivelll quantities are
averaged across MC simulations.

The volatility (as standard deviations) of the debt-to-ouput ratio is higher in the AMSS
economy for all three samples (row 2).

Although the average tax rate (row 3) is similar in both econmies across all three samples,
the volatility of the tax rate (row 4) is higher in the ED econamy; especially in the default
sub-sample. This is a consequence of the endogenous bomgwimits which imply that the
debt is not as good of an instrument to smooth shocks as it is the AMSS economy. In
particular, when the ED economy is in autarky, the planner igrecluded from issuing debt
rendering taxes more volatile than in the other sub-samples

| compute the spread as 10064 1= ) for the "no default” sample, and as 100(q 1= )
for the "default” sample. Note that | use the secondary markeprice to compute the spread
during the "default" period. The spread (row 8) is around 7%dr the whole sample, and
around 1% for the "no default” sample. This is below the 5% (gpox.) registered for
Argentina (1997 - 2000 and 2005-2006) using the EMBI+. Durgnthe "default” period, the
spread is around 12094

Figures G.12 and G.13 present the box-plots, which allow me tonclude whether the MC
average present statistically signi cant di erences; forall quantities except average taxes

this is the case.

4IFor Argentina during the default period (2001-2005) the spead using the EMBI+ was of about 55%.
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Value

0:30
0:20
0:05

(0;0:3)

Parameter Value \ Parameter

(Discount Factor) 0:9825| (Persistency of gov. process) 1

(Utility of leisure) C; 0:01 (Mean of gov. process) g

(Utility of leisure) 2 (Vol. of gov. process) g

(Utility of consumption) . 0 (Range of gov. process)d;9) (0;0:325)

(Prob. of o er for partial payment) 0 (Range of gov. debt) (o, b)
(Prob. of escaping autarky) 0:30
(Direct cost of default) 0:021

Table 4. Parameter values for the case with =0:30
Sample All No Default Default
AMSS ED |AMSS ED |AMSS ED
E (b=n) (%) 12.64 5.820 12.41 5.520 29.70 18.20
std(bi=n,) (%) 9.290 5.10Q 8.490 4.59Q 0.033 0.001
E(v) 0.219 0.218 0.219 0.218 0.264 0.247
std( ¢) 0.030 0.040 0.027 0.038 0.023 0.049
E((ny) 0.194 0.193 0.194 0.193 0.233 0.218
std( ¢ny) 0.027 0.035 0.023 0.032 0.020 0.042
E (spread (%) 0.410 0.13 10.30
E(Default Spell) 5.694
E(Recovery Rate) (%) -
Pr(Default) (%) 3.300
Table 5. MC results for the case = 0:30. In the table E and std denote

the mean and standard deviation across time, respectivelll quantities are

averaged across MC simulations.

Table 5 presents the case where | only have the possibility ekiting autarky by paying

100% of the debt, i.e., =0 and > O0; table 4 contains the parameter values. | choose

and
of [5;15] periods.

to match: a probability of default with range [3 4] percent, \autarky spell” in a range

The MC mean of average debt-output ratio is higher in AMSS thain my default economy

(row 1). The ratio in the former economy is approximately 13%whereas in my economy

this ratio is about 6%. For the default sample, however, thevarage debt-to-output ratio in

the ED economy is much higher, around 18 %.

The ip side of the endogenous borrowing limits, a higher valility in the taxes, can be

seen in rows 3-4 (tax) and 5-6 (tax revenue) across all threebsamples.
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In the ED economy the average spread is de ned as the spreacsasiated topP in times
of \no default" and to g in \default"; the value of this quantity (row 8) is 0.4%. For the
default sample, however, the spread is around 11%; althougtill low, it is much higher than
for the \no default" sample.

Figures G.9 to G.10 present box-plots of the statistics prested in the table for the whole
sample case. In each panel, the rst box-plot belongs to theMSS economy; the second one
belongs to the ED economy. From the rst gure we can see thatlathe di erences between
both economies are signi cant (except for the average taxfrom the second gure we can
infer that this model can generate spreads as high as 5% (ftvetwhole sample), and average
default spells as long as 25 periods.

We observe that the results inthe (> 0; =0)and ( =0; > 0) experiments are
gualitatively similar. Both cases have lower debt-to-outpt ratio, and more volatile taxes (or
revenues). In both cases theefaulted debt-to-output ratio is higher than the ratio for \no
default” samples, and the spread is also higher in this pedo These similarities notwith-
standing, there are some notable di erences. First, debiBtoutput ratio in the economy
with > 0 and = 0 is higher on average than in the economy with =0 and > 0.
Second, the autarky spell is higher in the (= 0; > 0) experiment and also the probability
of default presents higher "outliers” ( gure G.13 left-toppanel). Finally, the spread for all
three sub-samples is higher in the (= 0; > 0) experiment, moreover the spread can be as
high as 120 % (gure G.13 left-bottom panel).

The last fact is driven by two e ects. First, the probability of default is slightly higher in
the ( =0; > 0); also this experiment exhibits higher "outliers”. Secad, the autarky spell
is lower in the economy with > 0 and = 0. Given that p® conveys information regarding
\distant" defaults and autarky spells through the price g; a lower autarky spell translates

into a higher probability of getting paid at some point in the future

7.3.2. Welfare Comparison. In order to assess the welfare implications of my model, let

be the increment of labor income in thenitial period, i.e.,c, (1+ ) ng @, such that
Z Z
UAMSS (b; @ g (db;dg; d) = U (b;g; ) b (db;dg;d)
B G I[fig B G [f1g
32



where UAMSS (b; g is the present value expected utility in the AMSS economy ahU is the
value function with ¢ instead ofc, for the initial period. Doing Taylor approximation of U

and doing some algebra it follows

R
pBG I lgUAMSS (b’@ U (b,g,) bg (db,dg,d)

o o 110N (0;0;) )N (b;g;) b (db;dg;d)’

wheren is the policy function. The measure 4 is computed as the frequency across 1000

Monte Carlo repetitions at time T = 1000 so as to avoid any dependence on the initial
values??

| study the welfare implications for ( =0; > 0)and ( > 0; =0) separately; gures
G.15 and G.14 present the results. For 2 (0;1) and =0, as increases the option value of
defaulting increases, prompting the Ramsey planner to defth more; the planner, however,
receives the repayment o er more often and thus the likelitmd of repayment increases. For
low values of the former e ect dominates and the likelihood of being in awdrky is high
(dashed line in gure G.15). For high values of the latter e ect dominates and the likelihood
of being in autarky is low (dashed line in gure G.15). The sad line in this gure shows for

2 (0;1)and =0. For =0 default does not exist. As increases, default becomes more
probable; activating the cost of having the option, buriedn the pricing functions. There is
another e ect, however, for which autarky becomes more atictive; this e ect dominates
when is high.

For the case of 2 (0;1) and =0, if increase the value option of defaulting also
increases but the government always has to sperd least one period under autarky; this
non-vanishing cost implies that even for = 1, the probability of autarky is not zero (dashed
line in gure G.14). The solid line in gure G.14 show for 2 (0;1)and = 0;its behavior
is similar to the one in the previous case.

Although these results are small in magnitude (at most, thegent is willing to give/receive
1% of consumption at the initial period), depend on the partular partial payments pro-

tocol { which is exogenous { and on implicit underlying assuptions (e.g. homogeneity of

42Another measure is given by 5
W(; ) UAMSS (b;g U (b;g; ) by (db;dg;d)
B G [f 1g
but as it gives qualitatively the same results | do not report it.
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households), they o er a good guideline for policy. For lowhedium probabilities of receiving
the o ers, the cost of default { paying higher returns { domirmates; for high probabilities,
however, the bene t of default { allowing for contingent pay s in the "e cient directions"
(see Zame (1993)) { dominate&®

8. Conclusion

First, this paper provides a plausible explanation for thedwer debt-to-output ratios and
more volatile tax policies observed in emerging economiegg-a-vis industrialized economies.
This stems from the fact that the benevolent government notrdy chooses distortionary labor
taxes and one period non state-contingent debt, but it alsodas the option to default on its
debt. This option to default does not come for free: the houkelds in this economy { who
are the holders of government debt { forecast the possibiitof default, imposing endogenous
debt limits. These limits restrict the ability of the governrment to smooth shocks using debt,
thus rendering taxes more volatile.

Second, this paper proposes a device to price the debt duritggnporary nancial autarky.

If the government defaults, it can only exit nancial autarky by paying at least a positive

fraction of the defaulted debt; the possibility of paymentsarrive at an exogenous rate and
may not arrive immediately. Therefore, during temporary rancial autarky the defaulted

debt has positive value and households trade its shares in @endary market. In contrast

with existing literature, | can compute interest rate spreds during the default period, using
the equilibrium price in this market. Numerical simulatiors show that the spread during the
default period is higher than for the rest of the sample; thisharacteristic is consistent with

data for defaulters, e.g. Argentina, Ecuador and Russia.

Third and last, the numerical simulations suggest that inagasing the probability of re-
ceiving o ers for exiting autarky decreases welfare when i probability is low/medium to

begin with, but increases it when the probability is high. Tis non-monotonicity arises from

43| minor remark is that given the design of the timing there might be ex-post ine ciencies as the \third
player" in this economy, nature, is not optimizing. That is, it might be the case that the government chooses
to declare default and thus goes to the node where he awaits fanature to play (node (B) in gure C)
but once there, when and are realized the government would nd optimal not to default. In the case

and were endogenous these ine ciencies might not arise as these quantities wil not be chosen by a
non-optimizing player but will be functions of the state of the economy, which arise as outcomes of some
decision problem involving the government and the househals.
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the interaction of two dichotomous e ects; on the one hand th positive e ect of having
more state-contingency on the debt, and on the other the netige e ect of endogenous debt
limits.

Although this model does a good job in explaining qualitatiely the facts observed in the
data, it does not do very well in matching the data quantitatvely. A line of future research
is to delve further into the production side of this economyrad its driving shocks** Another
line of research that | am pursuing is to study how (a) houselws heterogeneity and (b)
endogenous debt renegotiation schemes, a ect the trade uate in the secondary markets
and consequently the welfare. Finally, this model, as welkaArellano (2008) and references
therein, produces "nonstandard" pricing kernels; | am cuently working on estimating these
pricing kernels using nonparametric methods. This is imptant because it quanti es the

pricing implications of these model$®

445ee Aguiar and Gopinath (2006) and Mendoza and Yue (2008).
“This project is joint with Xiaohong Chen, and it's based on our previous work (Chen and Pouzo (2008)).
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Appendix A. Proofs

Proof of proposition 6.1. First | need to show that (1 U (1 n¢))n; is decreasing, for optimally
chosenn;. Under assumption 3.2 the government optimal tax revenue isgiven by A(n) (1
U@ ny))ng; which A(O)=0and A(1)= 1 (by assumption 3.2). Moreover it follows that

ra[A(N)1=0 0 (@ U@ n)= U n)n

thereby implying A(n )= Uy(L n )(n )% > 0 by assumption 3.2. So by continuity A(n) has
to decrease for a nontrivial interval included in [n ;1). Since under assumption 3.2 the utility:
ng ¢+ U ny)is increasing overny, it is optimal for the government to choose n; on the
decreasing part of the tax revenue; otherwise the governmérachieves the same tax revenue but
for a low level n; yielding lower utility. Hence (1  U;(1 n¢))n; is decreasing, for optimally chosen
Ng.

| show the result by contradiction. Assume that there existsab+1 suchthathh P (b+1)bs1 O
then it follows from the implementability conditions and assumption 6.1(ii)

@ U@ n)n g=h P (ha)b O

hence denotingn¢ as the optimal choice underd; = 0 and n# as the optimal choice underd; = 1
it follows that

@ U@ nfYnc @ Y@ nf)nd:
Since (1 U(1 n))n is decreasing,n® nf, thus it follows that the immediate utility under
d: = 0 is higher than under autarky (d; = 1). This result, plus the fact that the continuation utilit y

is always higher underd; = 0 (the planner has the option to go to autarky) yields that no default
is always preferred to autarky; thus D[G](k) = f;,g , a contradiction.

Proof of proposition 6.2. De ne BL (n¢; ;) U@ ngdn¢+ ng  g. Notice that
raBL(;g) =1 U@ n)+ Uil nong
Moreover notice that, for gy gy *°
BL(NfiGt) BL(NGigu) = bt P ()b i
and
BL(NS:01t) BL(NS;iGi)= 1 P (B )B5sn

with lq?t 4+ and n,Ct being the optimal policy function under g . It thus follows that there exists a
N2t such that

BL (M2t; O1:t) = BL(ng;t;gz;t);
ie., (Cz;t;ﬁz;t;bg;m) is feasible underg;t. Given that at gi the government defaults, it must
be true that the immediate utility under default exceeds the immediate utility of the bundle
(Cot; M2t; D541 ), i€,
(31) U(C'lA;t;l nf\;t) U(CTyt; 1 Tipy):
Moreover it follows that

(32) Ut nf)+ E UgiBL) U@l M)+ E UG L) ¢

46Throughout this proof | implicitly use a key implication of a ssumption g ii:d: : prices do not depend
on current g; directly.
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To show that the government chooses to default undeig, | need to verify that 4/

Ukl ng)+ E [U(@:D] U(S:l n§)+ E UQithy) ¢
Invoking equations 32, and that the government defaults uneer g;.; it su ces to show that
(33) U(C'lA;til n'lA;t) U(@;t;l né;t) <U(Cat; 1 Mpy) U(Cgt;l ng;t):
Thus | need to show that the di erence on the right is \less negative”, than the one on the left.
| already showed in the proof of proposition 6.1 that BL (n; Q) is decreasing inn; thus since
Ot Ot it follows that nf;t né;t, and by the same argumentng;t N2t. By proposition 6.1 |
know that b P (bi+1)b+s  Othusgi + b P (be1)bea g implying
BL (M21;011)  BL(Nfy:011); and BL(NSy;02t)  BL (n5y; G2i)
sofy; npyandn§, np.
| need to analyze two cases. First case, |e1£j.;t n’z*;t Mot nf;t anddeneV(n) = BL(n;g)+ g
then

V(ng;t) \ (nét)z bh P (b(2:;t+1)b(2:;t+1 = V(Nat) V (nf\;t):
Since | am under the caseng;t né\;t No:t n’f;t and V(ny) is decreasing and concave (assumption

6.3), the di erence n5, n$, is greater thannf, ;. %8
By my assumptions U is increasing and concave, thus it follows that

Uy, o:1 n3) UMNS a;1 n§) UML o;1l nf) UMz 051 Ny)
Ny, ng ney Mo '

which implies that U(n%, &;1 n%,) U(MS, &;1 n§,)isgreater thanU(nf, g1 nfy)
U(mat ;1  Npt) and doing some algebra it is easy to verify that this impliesequation 33.

In the casen§  mp; n%, n%, | can show the desired result using an analogous argument
and is not be repeated here.

Proof of proposition 6.3. Take g 2 D[G](by.t) then it must be true that
UcE;il nf)+ E U(Bfug;9ig <U(gh1 nf)+ E [U(g:)ig]

wheren',; ci.; B4, With i 2 f C;Ag denotes the policy functions given by;; g) for "continuation”
and "autarky", respectively. First note that the right hand side is constant as a function ofhy.
Second note that, asb;+ by, then (using the notation in the proof of proposition 6.2)

BL(NS; )+ P(Be1)bs = by bpy = BL(NS; ) + P(Be1)ber; 8bag 2 B:

Given that BL (n; g:) is decreasing as a function oh by proof of proposition 6.1, then it must follow
that n§, n§;. Giventhat U(n g;1 n)is increasing it must follow that

U(nf: gl nf)+ E [V(aigigd UG ol ng)+ E [U(bea;g)iad:
Given that U(c?;1 nf)+ E [U(g;1)ja] is constant as a function of the debt it must follow that

U1 nft)+ E [U(@:Djgl>U (S, g;1 ng)+ E [U(be1;Q)ig]
and thus g: 2 D[G](Ip:t).

Proposition  A1. M (b+1) 1

1 : .
T b) is such that:

47Abusing notation | excluded b from the value function of the planner under autarky as it is not needed
anymore and | denote it asU(g(h); 1).
“8For concave and decreasing functiorf (x) with a < b < c < d, it follows H& L0 1O T g4 jf
f(a f(=f(c) f(d)itmustholdthat b a d vc
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1) M(b+1) 1forall b+ 2[b;b]JandM (0)=1.
(2) M (b+1) is increasing (decreasing) i  (b+1) is increasing (decreasing).
(3) (1) is increasing (decreasing) i T p[log (r pllog(( GBI+ 55

Proof of Proposition A.1. (1) It su ces to show that (b+1) 2 [0;1]. By de nition
(b) = (@(b))r plg(b)]b
( g(b)

and | already showed thatr y[g(b)] is decreasing, thus (b) 0. Also note that (b) 1 if and only
if

()0

0 (g(k)+ (@b)r plg(b)]b
which has the same sign as the derivative o (b)b with respectto b2 [b ;b ]. The latter expression
is hon-negative by optimality of the choice of b, otherwise the planner could perceive higher debt
income by lowering the debt, and that contradicts optimality of the debt.
(2) It is easy to see that

M O] = e

and thus the desired result follows.
(3) | show this for the increasing part, the decreasing is anbgous®® Note that

) L () ?

ol (B] = 1 L
_ (bl rd(bl, rd(b]

(b T (b
Crel(B] r 2] (B,
= 7(p  ro(bl° Yt (p 2

Given that "2l 0, thenr o[ ()] O
rof( D] rE(h] 1

(b rof(B] b

0 r  pllog(( )] r pllog(r o[ ( B %
r o[ ( D] 1
0r log ) b
0 r  pllog(r pllog(( b)N] %:
The expression in part (3) imposes restrictions on () and g(). For instance, if ( g) = 9 9 and

g

(=]

g(b) = Ciexpf CobPgthenr pllog (r sllog(( gDl + g =0.%

Proof of Proposition 6.4. (1) First note that under equation 27 and the enyelope conditon is a

Ifg:g Ty .
decreasing function ofg. Second, note that the default adjusted measure,ggl(gg# (dg) is

49 omit the t + 1 subscript and denote F(b)  F(g(b)) for generic function F, for the sake of keeping the

notational burden low.

S0Where the constantsC;; i = 1;2 are derived from integrating the PDE r p[log (r p[log( ( b)])] + =0
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rst order dominated by
E[ t+1]
The expression for ; can be written as
Bl talM (t41) E[ e ]t
As M (b+1) 1itfollows that is bounded from below by

E[ t+1] E[ t+1]

which by my previous result | know it is positive; hence { > E[ t+1]. This implies that
converges almost surely to some limit, ;1 (see Billingsley (1995)) for all the historiesg® such that
the planner does not default. Therefore in order to prove tha (! 1 w.p.p. it suces to show
that Pr( No default) c¢> 0. It is easy to see that

Pr(No default until t ) =Pr( No default at t ) Pr(No default until t 1);
and by my previous results Pr(No default at t ) =X( g(b)). Therefore iterating, it follows

log(Pr(No default)) = log(1=( g(h))):
t
So a su cient condition for Pr( No default) c¢ > Oisthat log(1=( g(kx))) decays faster than
C=t?. The condition in the proposition ensures that this holds.

. 1 —_ M (b1)
(2) First note that (G d B = (abe) 0, and

_— (dg). Thus putting both results together it follows that E[ t+1]

1 PN . |
mCov(lfg 9(B+1)g: t+1) = (g(hﬂ))Cov(lfg o(+1)9 1, t+1)

o1 o5
= (g(b(+1))cov( Ifg  O(b+1)9 t+1)

1
B WE[(( g(b+1)) 1fg  9(b+1)g) 4]

=(E[ t+1] E[ t«))
Where the rst equality holds because the covariance of randm variable and a constant is zero,
and the second equality follows from 1 =Ifg g(h+1)g+ Ifg g(b+1)g. The third equality
is true because, for generic random variablesX;Y ), Cov(X;Y ) = E[(X E[XD(Y E[Y]]=
E[(X E[X])Y]. By equation 28 and the envelope condition is a increasing function ofg, thus

the last term is positive. The term E[ +1]J(M (b+1) 1) is positive by the properties presented in
proposition A.1.

(@ r plE[ t+1 (M (r+1)  1)]] is given by
M oM (B1))IE[ 2]+ 1 p[E[ t+2[I(M (br+2)  1):

By proposition A.1(3) and my assumptions the rst term is positive. Invoking the envelope condi-
tions, the second terms is givezn by

Fol (B+1;9)1( dg) (M (b+1) 1)

By assumptionr [ (b+1:;0)] = r g[U(le ;10;0)] 0, and thus the rst term is positive; implying
that r y[E[ t+1]] O.
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(b) De ning ., (dg) as the \default-adjusted" pdf, it follows
Z

FoE[ 1] E[wall=T0p 5 (Be1;9)(dg) r b (B+130) b (dg)
z

(O(b+1))

= +1; 1 d +1, +1)) 7T — W«

;b (+159)( (@ b (9))dg (B T(Be1)) (o))
(O(b+1))

+1, —_— ¥ d

fgg g(be1)g (B179) (( 9(bt+1)))2r o[9(2)] - (g)dg

Since (b+1;0) is positive, and r y[g(b+1)] O it follows that third term is positive. Similarly,
the second term is also positive. | already showed that the dault probability measure is rst
order dominated by ( g). Moreover, r g[ (b+1;9)] = r g[U(le;g;O)], and by assumption is
negative. Thereforer [ (k+1;0)] is a decreasing function ofg, which implies that the rst term
of the equation above is also negative. Therefore y[E[ t+1] E[ t+1]] is negative; automatically

i i Cov(lfg g(b+1)g: t+1) ; i
implying that (b.)d () S decreasing.

Proof of Proposition 6.5. First, | de ne fhy;(nt; o), g as being implementable in the Aiyagari
et al. (2002) (AMSS, herein?fter) economy if

yd yd
X
flo; (Nt &)z 9 2 AMSS flo; (N5 )iz 92 So + tsypre(dgh) + ) Thrprr(dg') = b; 8T;
gt g
Z t<T )
and s; + 'sipre(dg) = b 2G"

t=i gl
wheres; =(ny U ny)) g. Similarly, | de ne fhy;(nt; a)io g as being implementable in the
economy with default (E(D, hereinafter) if

Z Z
X
flo; (N &) 2ED  fho; (Ne; 0)io 9 So + Cspri(dd)+ T rbrprr(dgh) = bo;8T;
t«T O g
R Z )
s;=0 8ft:d,=1gands; + tspri(dg)= b 2G 1
t=i 9

where Q}:O (1 dj). Thatis, a sequence 01; &), and an initial debt by are implementable
in ED if they satisfy the measurability constraints of Aiyag ari et al. (2002), the Lucas and Stokey
(1983) implementability condition, and the fact that in def ault the debt is not honored and after
that s; = 0.1

Second, | deneT suchthat T =infft> 0:d; =1; w:p:pg; the assumptionpr, fT < 1g >0
implies that | consider only the sequencesd'); such that T < 1 because otherwisd = 1) d; =
O, as: Gt ) pryfT <1g =0

| show the proposition by contradiction; | take any fhy;(nfP;g)ig 2 ED and assume that
SAMSS = gD e, flp; (nEP ;g)tg 2 AMSS , and then | arrive to a contradiction. %2

It follows that ( sEP )¢t =0 for all (g') such that g" : fdr =1g. If S?MSS = sEP it must be
true that BfMSS 0 because (a)f sPMSS =0; 8(g)ct :gr Tr > Og, and (b) the government
cannot roll over debt forever, i.e.,btMSS O forgr :gr oy > 0, but as ™SS 2 GT 1 it must

51For simplicity, | leave the exogenous debt limits implicit; all the results follow by adding the corresponding
restrictions.
52For a generic variablex,, xEP and xAMSS denote the value of such variable in the ED and AMSS economies
respectively.
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hold fMSS 0 for all gr (not only the ones the government defaults). SimilarlybEP > 0, because
if the government defaults with some probability, by construction it implies that it owes positive

debt, and sinceEP 2 GT 1 the aforementioned inequality must hold. Thus, by de nitio n of the
set AMSS | it must hold that

Z
X X
0 tb SSMSS tS{AMSS prt(dgt) — tb SED tStED prt(dgt)
T 9 T _9
X Z
0 b sg° b seC pre(dg)
7 t«T 9
0 T rBPprr(dg’);
g

where the rst inequality follows from bfMSS  0; the rst equality follows from sfMSS = ED;
the second equality follows from the fact that ; = 1 because, sinceT is de ned as the rst time
that d; > O with positive probability, it must be true that d; = 0; a:s;, for all g'; t< T; the last
inequalityzfollows from the restrictiozns over EI% Moreover, it follows

0 T 1P prr(dg’) = T (1 dr)prr(dg’) 1 1BFPprr 1(dg" 1)
ZgT gT 1 gT

0 Tf(grgbCprr a(dg" 1) >0
9
where the rst equality follows from the fact that b 2 G' ! for all t; the last inequality follows
from ( gr) > 0 and BEP > 0. This last equation yields a contradiction thereby implying that
ED\AMSS =fg.

A.l. Default Sets Characterization: Extensions. If 1 allow for Uc(c) 6 1, then a version of
proposition 3.2 still holds,

Proposition  A.2. Under assumption 6.1(ii) and
Assumption A.1. (i) Us(ny ag)(ne o) U@ n¢)n; is decreasing,
if D[G](ky) 6 ; then there does not existdy+1 : Uc(ny )by P (b+1)b+r O for all by

Proof of Proposition A.2. | show the result by contradiction, as | did for proposition 6.1. Assume
that there exits b+, such that Uc(n; o)l P (b+1)b+1 0. This implies that

(Ue(n® &) U@ nE)nE  Uene g)g = Ue(n® gl P (Be1)Ba O

which, by assumption A.2, this implies that n&  nf.

The current utility under d; = 0 is given by U(n¢ g;1 nf), with derivative Ug(nE @)
U1 nf). This last expression is positive (as it has the same sign agl ") which is positive),
therefore the current utility under d; = 0 is higher than the one under d; = 1. The continuation
value of the former case is always higher than in the latter cae as the option to default has not
been exercised. This implies that default is never chosen,mal thus | arrived to a contradiction.

Remark A.l. If U(c)=c candU(l n)=(1 n) then a su cient condition for assumption
Alto holdis > 1

The result in proposition A.2 is in some sense related to the esults in Lizarazo (2007). In
that paper the author allows for risk averse investors and etends the results in Arellano (2008),
conditional on the investors level of wealth. In my paper, investors are the households and the
planner has to incorporate the consumption level, or ratherthe marginal utility of consumption,
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in the pricing of the debt. Unfortunately | was unable to characterize the default sets any further
because, as opposed to the results in Lizarazo (2007), lenmdemarginal utility of consumption is
endogenous for the planner.

Now | study the case that autarky is not absorbing, i.e., | allow for future repayments of the
defaulted debt. First lets take, > 0, which implies that the secondary market price, ¢ is not
zero. The characterization of the default sets also changesThe intuition behind proposition 6.1
was that if the government had the option to roll over the debt then it simply keeps the option to
default this period, default tomorrow on a higher debt, and thus default never occurs today. This
results holds because the value function for autarky (or defult) remains unchanged with the level
of debt; fact that does not necessarily hold anymore. | can sethis by decomposing the di erence

U(b;g;1) U (k;g;0) as®
um® g;1 n®) Uumn® g;1 nd)

(34) E Uligil) U (Bigl) + (L )E U(BG;0:) U °(KRqig)
in which the superscripts \A" and \C" denote the optimal poli cy functions under autarky and
no-default, respectively.

Tax income is decreasing orty.; (the more debt the government takes, the less tax income he
needs to cover expenses), which given my assumptions over (1U;(1 n))n implies that the policy
function n¢ is increasing onhb.;. This result, monotonicity of U(n  g;1 n) on n, and that
un? g;1 nf)is constant (as a function of b and b+ ) imply that the rst term inside the
curly brackets is decreasing orty+1, and it is naught if P(b+1 )b+ = b,

The second term in curly brackets, which was not present when =0 and is basically the term
that prevents me to extrapolate the previous results to this case, is increasing orly+; because
U(b; g;1) is decreasing inb and is naught if b+, = b.

The third term in curly brackets is always negative, and intuitively as b1 increases is going to
be eventually zero as default will be optimal.

Consequently, for levels of debt such thatP(h+1)b+1 = b+ for a small > 0 the nega-
tive eect of U(N® g;1 nf) UME g:;1 nf) might be oset by the positive e ect of
E U(h;g;1) U (B5;;9;1) and moreover if (1 )E U(b5;;9;1) U °(bG,;0) is negligible,
U(h; ;1) U (b;g;0) can be positive for levels of debt such thatP (b+1 )b+1 > by.

Finally, for the case with > 0 and = 0 the government can receive o ers for partial defaults
and has to decide whether to accept such o ers. The followingproposition is stated without proof
(the proof is completely analogous to the proof of propositbn 6.3) and characterizes the decision
of rejecting/accepting the o er for partial defaults.

Proposition  A.3. Under assumptions 6.1(ii), 6.2 and 6.3(i) it follows that if for 1: U((1
1)b;g9; 1) < U(b;g;1), then for all » 1t U((Q1 2)b;g; 2) < U(b;g;1), given(b;g 2B G.

Appendix B. Quantitative Part

B.1. Description of the Data. In this section | describe how | constructed the gures presated
in section 2.

The industrialized economies group consists of AUSTRALIA (990-1999), AUSTRIA (1990-
1999), BELGIUM (1990-2001), CANADA (1990-2003), DENMARK ( 1990-2003), FINLAND (1994-
1998), FRANCE (1990-2003), GERMANY (1990-1998), GREECE (190-2001), IRELAND (1995-
2003), ITALY (1990-2003), JAPAN (1990-1993), NETHERLANDS (1990-2001), NEW ZEALAND
(1990-2003), NORWAY (1990-2003), PORTUGAL (1990-2001), ®AIN (1990-2003), SWEDEN

53This result follows from: U(b;g;1) U (bp;g;1) = E [U°(bi;g) U °(x;0)] + (1
) E [U(bg;0;1) U (bp;9;1)], and by taking expectations | can solve for the dierence of U° in
terms of the di erence of U( ;1).
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(1990-2003), SWITZERLAND (1990-2003), UNITED KINGDOM (19 90-2003) and UNITED STATES
(1990-2003).

The emerging economies group consists of ARGENTINA (1998-2003), BOLIVIA! (2001-2003),
BRAZIL  (1997-2003), CHILE! (1993-2003), COLOMBIA? (1999-2003), ECUADOR! (1998-2003),
EL SALVADOR ! (2000-2003), HONDURAS" (1990-2003), JAMAICA?® (1990-2003), MEXICO!
(1990-2003), PANAMA?! (1997-2003), PERU (1998-2003), VENEZUELA! (1997-2003), ALBA-
NIA (1995-2003), BULGARIA (1991-2003), CYPRUS (1990-2003, CZECH REPUBLIC (1993-
2003), HUNGARY (1991-2003), LATVIA (1990-2003), POLAND (1990-2003), RUSSIA (1993-
2003), TURKEY (1998-2003), ALGERIA (1990-2003), CHINA (1997-2003), EGYPT (1993-2003),
JORDAN (1990-2003), KOREA (1990-2003), MALAYSIA (1990-2003), MAURITIUS (1990-2003),
MOROCCO (1997-2003), PAKISTAN (1990-2003), PHILIPPINES (1997-2003), SOUTH AFRICA
(1990-2003), THAILAND (1999-2003) and TUNISIA (1994-2003. The LAC group is conformed
by the countries with \ ",

For section 2 | constructed the data as follows. First, for eah country, | computed time average,
or time standard deviations or any quantity of interest (in p arenthesis is the number of observations
use to construct these). Second, once | computed these aveyes, | group the countries in IND, EME
and LAC. | do this procedure for (a) central government domesic debt (as % of output) ; (b) central
government expenditure (as % of output) ; (c) central govermrment revenue (as % of output) , and (d)
Real Risk Measure. The data for (a) is taken from Panizza (208) ; the data for (b-c) is taken from
Kaminsky et al. (2004) ; nally the data for (d) is taken from www.globalfinancialdata.com .>*
55 56

Appendix C. Figures

S4For Greece and Portugal | use central government public debtecause central government domestic debt
was not available. For Sweden, Ecuador and Thailand | use gesral government expenditure because central
government expenditure was not available. For Albania, Bubaria, Cyprus, Czech Rep., Hungary, Latvia,
Poland and Russia no measure of government expenditure was/ailable and thus were excluded from the
sample for the calculations of this variable. The same cavda apply to the central government revenue
sample.
59 gratefully acknowledge that Kaminsky et al. (2004) and Parizza (2008) kindly shared the dataset used
in their respective papers (see references).
S6For Argentina, Brazil, Colombia, Ecuador, Egypt, Mexico, M orocco, Panama, Peru, Philippines, Poland,
Russia, Turkey and Venezuela | used the real EMBI+ as a measwg of real risk. For the rest of the countries
| used government note yields of 1-5 years maturity, dependig on availability.
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oG. Solve Household's, Gov.'s problem
(gt, Bt : O) and feasibility constraints

. oG. \ Solve Household's, Gov.'s problem
(9:; B{®; ) and feasibility constraints
[

Gov. accepts 1

. fraction of debt to be defaulted

t+1
Gov. rejects fraction 1 0N

\ et
<

® 1 (or; BE; 1) Solve Household's,Gov.'s ¥

I problem and feasibility

constraints

Option to repay w/ prob

Figure G.1. Timing of the Model. g;: government expenditure;h: govern-
ment equilibrium debt; : Prob. of receiving an oer; 2 : Fraction of
defaulted government debt; : Prob. of having the option to leave autarky.

46



Real Spread (%)

30

25

N
(@]

N
[6)]

N
o

m EME A LAC + IND
A 0.95
A
o095
A
|
A
s A4 l
A |
AA pu B =
0.50 *A | " » - ® 505
m Wos50 0.50 22 Sad
# Q’ ' T T T T T T
10 20 30 40 50 60 70 80
Domestic debt-to-output Ratio (%)
Figure G.2. QQplot of avg. debt-to-output ratio and Real Spread.

47

90



3.5

2.5

1.5

0.5

%

Ctral. Gov. Revenue-Output Ratio (Stdev.)

I I I I I
¢ IND m EME A LAC -
[ T s
* u A
[
- | A A A *
4 A L 2
m f a ¢
A
n ¥ .« * v
2 o ¢ o o
= 5 ¢ o
— : ‘
s & "
u *
.
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
Quantiles
Spread (EMBI+)
70 ‘
--+--ARG --=--RUS --«--ECU
| / ,\\\
50 / \\
40 - ‘
30 -
20
S ,'A~‘
\ |
10 - = N
s . -® - . &AL
!’-' BERRAR LERRS * " --. Lo ‘:-.
0 - e - ¥
1997 1998 1999 2000 2001 2002 2003 2004 2005 2006
Figure G.3. (Top Panel) Quantiles of stdev. Ctral. gov. revenue-to-oytut

ratio; (Bottom Panel) Spread for three defaulters (Argenta, Russia and
Ecuador) during the period 1997-2006.

48




(Wp°- b (solid); (g - b) (dashed); d (doted)

g (solid); Prob. of defauIE (dashed); dt (dotted)

m 1 et m T T 1
n 3 "
0.08 i i 8 '

0 jha
T hl 1
- wl o1 »
0 1, 050
. ] 1
o 1
o 1
O eecenccdd -

950

06
940

49

960 970 950 960 970 980
b (soid) "1™ (dahsed); d (doted) tE2 (soli); 1" (dashed); d (doted)
0.4 € 1
1
R R ad I R
Qo 05T «" 02 \ 050
; 0 ( )
940 950 960 970 980 940 950 960 970 980
c:” (sold); ™" (dashed); d (dotted) ne" (solid); "*>® (dashed); d (dotted)
1 €0 \ 1 0.9 1
= IR \ ™~
¢ 05 c 088 \ 05T
05
) 800
940 950 960 970 980 940 950 960 970 980
t t
Figure G.4. Impulse Response functions.



Byow Mhgh BiaMgh
[ Default Area
ED
025 e bR 0.25 ot
AMSS °_000
o2f ° Py 0.2 3
0.15 0.15
(] @
) L)
01 o 0.1 &
stt' o
0.05 0.05
... ..Sr
o .- o
0 0.1 0.2 0.3 0 0.1 0.2 0.3
g g
glow’n}\gh gmid'rq]gh
0.25 0.25
s
0.2 0.2 .:‘,t"'
0.15 0.15 ‘:"30
0.1 C 3 0.1 Od
@ @
Od %
0.05 0.05 o
@ ...
.“
o o
0 0.1 0.2 0.3 0 0.1 0.2 0.3
b b
Figure G.5.

(red dot) and default region (yellow area).

p°(b,g)

0.15

b

Default Set

0.25

0.2

0.15 i
0.1!!"aﬁ’

0.05
0
(o] 0.1 0.2 0.3
g
Gngh'Mhgn
e e
....
0.25 K
..
R
0.15 ,;3‘“.
l..
0.1
0.05
(0]
(0] 0.1 0.2 0.3

Policy function of debt for ED Economy (black dot), AMSS

o 0.05 0.1 OBS 0.25
Figure G.6. Top Panel: Price function p®(b; g for ED Economy. Bottom
Panel: Default set for ED Economy. l.i.d. Case and = =0.

50



blow’n?‘lgh bhgh’n?‘lgh

1 20.2 1
20.1
— . 120
g 0.5 20 ) g 0.5 o
19.9
19.8 0O 0.05 0.1 0.15 0.2 0.25 0.3
9
Ihgh'Mhgh
20.142 1 19.82
420.14
4120.138 Dg 0.5 = ~119.8 D
:20.136
CO- o -0;5- o (-);I.- o :).‘1-5‘ sos ‘0-.2‘- s (;2; s -0.3 0-134 CO 0.05 0.1 0.15 0.2 0.25 0.319.78
b
Figure G.7. Value functions for i.i.d. Case and = = 0. UAMSS(b;g
(solid), U(b; g;0) (dashed),U(g;1) (dot-dashed) andd(b; g (dotted)
Byow Mhgh BiaMgh By ghMhgh
[ Default Area .."
0.25 e b0 0.25 o 025 Iy
pAMSS ..' ..'
0.2 w1 0.2 “.° 0.2 _.'
0.15 0.15 ..::.“““"" 0.15 M
()
ol ‘HH,A" e
0.1 0e® 0.1 0.1
0.05 ‘!F\"l“ 0.05 .....330 0.05
0 . 0% 0
0 0.1 0.2 03 0 0.1 0.2 03 0 01 0.2 0.3
9 9 9
90w Mhgh Yrmia’Mhgn Gngh'Mhgn
0.25 0.25 3 0.25 ...'".
0.2 0.2 ..-'. 0.2 ...0"
0.15 0.15 o 0.15 ..:::.-
ot pocd
0.1 e 0.1 aﬂ'.m—l'l.‘ 0.1
0.05 o3° 0.05 0.05
= -
0 o 0¢ 0
0 0.1 0.2 03 0 0.1 0.2 0.3 0 0.1 0.2 03
b b b

Figure G.8. Policy function of debt for ED Economy (black dot), AMSS (red
dot) and default region (yellow area). MC Experiment. AR(1)(with = 0:30)
Caseand = =0.

51



n(t) (whole sample)

s(t) (whole sample)

r (t,g/n) (whole sample)

+ +
0.24 | * 0.055 % 0.0 E
! 0.05
| | I | 0.85
0.23 0.045 = ’
- w 0.04 | w» 0.8 -+
£ 022 < ooss : | !
s s 9 S o075
0.21 | ‘ 0.03 |
| | 0.025 -+ 0.7
0.2
-+ a4 0.02 ‘ 0.65 I
+ L
0.19 ¥ * 0.015 L 0.6 =

1 2
AMSS AND ED

1 2
AMSS AND ED

1 2
AMSS AND ED

m(b/n) (whole sample) s (b/n) (whole sample) r (b/n,g/n) (whole sample)

+ 0.12 + 0.8 T
02 T . | o i‘ ‘
| . 0.3 |
8 0-15 E 8 o.0s E 8 o2 ‘ E
s o1 | i = 0.06 i * ! E |
-+ o |
0.05 ‘L % 0.04 N g o1 : =+
L -
AI\}ISS AND 2ED AI\jISS AND 2ED AI\;ISS AND 2ED
Figure G.9. Box-plots of government policy for the whole sample.
Pr(default) Avg. def. spell (Conditional)
0.35} N 25| 1
0.3 20l -+
0.25 *
% 0.2 %15— i‘
= oasf = 10} I
L | —
0.05F
ol ] ol —
ElD ElD
spread(p*)
0.04 N
0.03 -
0.01 |
of —
ElD
Figure G.10. Box-plots of prob. of default (top-left), Avg. default spel

(top-right) and spread of "envelope" price (bottom-left) for the whole sample.

MC experiment: AR(1) (with

=0:30) Case and =0 and
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Figure G.12. Box-plots of government policy for the whole sample.
Pr(default) Avg. def. spell (Conditional)
o8t T 80
f +
L, oser = . eor .
TE 0.4 § 40 ;\
|
o2} 20t %
o Or
1 1
ED ED
spread(p*) Avg. recovered debt
1.2f T 1F E—
ir % 0.8 ‘
0.8 %
(;% 0.6 = § 06
- 0.4l = o4l
0.2 0.2
o
1 1
ED ED

Figure G.13.

Box-plots of prob. of default (top-left), Avg. default spel

(top-right) and spread of "envelope" price (bottom-left) for the whole sample.
MC experiment: AR(1) (with

=0:30) Case and =0:08 and
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Figure G.14. (solid) and probability of autarky (dashed).
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Figure G.15.

(solid) and probability of autarky (dashed).
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