Chapter 1
Stochastic Dependence

In almost all interesting stochastic processes that arise in practice, what will happen
in period t depends in some probabilistic manner to what has happened in periods
before t. So, to study such processes, one needs a method of understanding how cer-
tain random events affect the occurrence of other random events. The systematic
development of this method is the subject matter of the first half of this chapter.
We begin with discussing at length the idea behind conditioning on a o-algebra and
that behind defining the notion of conditional expectation of a random variable itself
as a random variable. These concepts may appear rather strange to the novice, so
our exposition is particularly leisurely at the outset. Once the formal definitions are
introduced and some examples are worked out, however, it becomes more stream-
lined. At this point we derive several useful properties of the conditional expectation
operator, and establish the existence of this operator. Our existence proof is based

on Hilbert space methods (which were reviewed in Appendix B).!

1 Conditional Expectation

1.1 Conditioning on a Countable Decomposition

Let = be an integrable random variable on a probability space (X, 3, p). (That is,
r € LY%X,Y) and E(|z]) < oo, or put differently, z € £L}(X, %, p).) For any event
C € X with p(C) > 0, the conditional expectation of = given C'is defined as

E(z|C) = %C’) /dep. (1)

The idea is simple. When it is known that the event C' has occurred, one is less
uncertain about the outcome of the underlying experiment. The relevant probability
space in this case can be thought of as (C, ¥ NC,q), where XNC := {ANC: A€ X}

'A formal development of the conditional expectation operator can be found in any of the
(measure-theoretic) probability texts I have mentioned in the earlier chapters. However, it is my
experience that economics students often find these expositions not so easy to follow. This is why
the pace of analysis is rather slow earlier in this chapter.



and
1
q:= mphmc-
Consequently, we compute the conditional expectation of x given C' simply as the
expectation of x|c on this space.

Precisely the same intuition tells us that we should define the conditional prob-
ability of an event A € X given C as p(A|C) := p(ANC)/p(C), a definition which
you have undoubtedly come across before. This concept is closely linked to that of
the conditional expectation. Just as the probability of an event is the expectation
of the indicator function of that event, the conditional probability of an event is the

conditional expectation of the indicator function of that event:

pP(ANC)

p(A|C) = (C)

=E(14]0C).

These notions are only partly satisfactory, however. They apply only when we
know that an event has already occurred. In most cases, we need to talk about
the conditional expectation of a random variable before the ambient experiment is
performed, but given that we will get some information after the experiment is run.
A gambler, for instance, would like to have a strategy which is contingent on what
will happen through the sequence of games she will repeatedly participate in.

To be more precise, let us first agree on some terminology. In what follows, by a
countable (finite) ¥-decomposition of X we mean a countable (finite) partition
C of X such that C C ¥ and p(C) > 0 for all C' € C. Now take any countable -
decomposition of X, and suppose that once the experiment underlying the probability
space (X, X, p) is performed, we will be told which of the events in C has actually
occurred. For instance, if C = { X}, then we will get no information whatsoever under
this scenario. At the opposite extreme, if ¥ = o{{w;} : i =1, ..., k} for some positive
integer k, and C = {{w1},..., {wk}}, then we will be given all the information that
can be deduced from the experiment.? This prompts us defining the conditional
expectation of z given C (that is, given that we will observe which member of
C has occurred once the experiment is performed) as the discrete random variable
E(xz|C): X — R with

E(z |C)(w) := B(x | C), (2)

2Recall that what one may observe in the experiment is given through the o-algebra X. That is,
an “event” that can be deduced to occur in the ambient experiment is a member of ¥ which may

or may not contain all subsets of X.



where C,, is the member of C that contains the outcome w. (This well-defines E(x | C)

precisely because C is a partition of X and p(C') > 0 for each C' € C.) More compactly,

E(z|C) : ZEx|C’

cec
The conditional probability of an event A in ¥ given C is similarly defined as the

discrete random variable p(A|C) : X — R with

(4] C)w) i= PR,

we may write

or equivalently,
p(A|C):=> p(A|O)1
cec

Of course, we have p(A|C) =E(14|C).

The conceptual point here is that we are modeling conditional expectation not as
a number, but as a random variable. On a closer inspection this makes good sense.
For instance, p(A |C) is a random variable, because we do not know a priori (that is,
before the experiment is performed) which of the events in C will occur. (By contrast,
p(A|C) is a number that tells us the probability of A given the information that C
has actually occurred.) If the outcome of the experiment is w, then we are pointed
to “the” event in C that contains w (that is, C,) — we learn that “something in C,,”
has occurred. Since the event that we will be informed to have occurred depends on
w — remember, the experiment is not run yet — we should indeed think of p(A|C)
as a random variable, and set p(A |C)(w) equal to p(A | C) whenever the outcome of
the experiment w belongs to C. (The “randomness” of p(A|C) thus arises from the
fact that we will never observe an outcome w once the experiment is run (unless, of

course, {w} € C), but we will observe the event in C that contains w.)
Example 1.1. Let (X,X,p) be a probability space, and take any A,C € ¥ with
p(C) > 0. If C := {C, X\C}, then

) p(A]0O), ifweC
PAIOW) '_{ p(A| X\O), ifwdC

In particular, p(C'|C) = 1¢ = E(1¢ | C). (Interpretation?) O

Example 1.2. An urn contains four balls labeled 1,2, 3,4, respectively. Consider the
experiment of simultaneously drawing two balls from this urn at random. The prob-
ability space of the experiment is (X, 2%, p), where X := {{1,2},{1, 3}, {1,4},{2, 3},
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{2,4},{3,4}} and p(w) := 1/6 for each w € X. Suppose, once the two balls are drawn,
we will be informed if “one of these balls is 1,” and if “none is 1 but one is 2,” and
if “none is 1 or 2.” So letting C := {{1,2},{1,3},{1,4}}, Cy :={{2,3},{2,4}} and
C5 := {{3,4}}, we understand that the information that we will be given (once the ex-
periment is run) will let us find out which of the events in the finite 2X-decomposition
C :={C1,Cy,C5} of X has occurred. Therefore, if A is the event that the product of

the numbers on the balls drawn is a prime number, we have

2/3, ifwe O,

A10)(w) =
p(4[C)(w) {Q ifwe CyUCs

If the real map = on X is defined as z({i,j}) := ij, and if w € C}, then

1
E(z|C)(w) = /xd =2(2+24+4)=3.
(#10)) = oy [ o =20+ 44D
Similar computations yield E(z |C)(w) = 7 for w € Cy, and E(z|C)(w) = 12 for
w € Cg. U

Example 1.3. Let x be an integrable random variable on a probability space (X, 3, p),
and y a discrete random variable on (X, ¥, p) such that p,{a} > 0 for every a € y(X).
Suppose that once the experiment is performed, we will learn the value of y. This
means that if the outcome w € X occurs in the experiment and y(w) = a, then we will
know that the event {y = a} has occurred (but we won’t know that the outcome is
w), and compute the expectation of = accordingly. Since C := {{y = a} : a € y(X)}
is a countable ¥-decomposition of X, it is then in the nature of things to define the
conditional expectation of = given y as the discrete random variable E(x | y) on
(X, ) with E(z|y) := E(z|C). That is, for any given w € X, we have E(z |y)(w) :=
E(xz|{y = a,}), or put more explicitly,
1

E(z |y)(w) = bt} o }xdp, (3)

where a,, := y(w). O

Example 1.4. Let y be as in the previous example. What is E(y|y)? Think about
it intuitively first. If w € X comes up in the experiment, we will be told that the
value of y is a := y(w). So what would we “expect” the value of y to be in light of

this information? The answer is, of course, a. If we are told what value of y has come
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up, the uncertainty about y resolves completely — that value is our expectation of .
That is, E(y|y) = y. (Does (3) agree with this intuition?)

More generally, we have E(f(y)|y) = f(y) for any real map f on y(X). And
conversely, if z is a discrete random variable on (X, ) and E(z |y) = z, then we
understand that the occurrence of y gives us full information about the occurrence
of 2.3 O

Example 1.5. Consider the probability space ([0, 1), B|0, 1), ¢), and define the random

variables x and y,, on this space by z(w) := 2w and
Ym(Ww) =14, L<w<E i=0,...,m-—1,

where m is a positive integer. Let us compute E(xz |yy,) for an arbitrarily fixed m.
Since y,, may assume the values 0,...,,m — 1 with positive probability, the relevant
events here are {y,, = 0}, ..., {y,, = m—1}, and clearly, we have ¢{y,, =i} = 1/m for
eachi =0,...,m—1. Thus, E(x | y,,) is the simple random variable on ([0, 1), 5[0, 1), ¢)
given by

1
E(z|ym)(w) = — xdl
L/m Jiifm 1) jm)
(i+1)/m
= m 2wdw
21+ 1

?

m

for any w in the interval [i/m, (i + 1)/m) and any nonnegative integer i less than
m — 1. Notice that y; is a constant random variable, so learning its value cannot
possibly give us any information about the outcome of the experiment. In accordance
with this intuition, we find here that E(z|y;) = 1 = E(x). On the other hand, for
large m, learning the value of y,, gives us a lot of information in the sense that
with this information we understand that the actual outcome of the experiment lies
in a particular interval of length 1/m. Clearly, the higher m, the more refined the

conditional expectation E(x | y,,) becomes. O

3 Quiz. Show that, for any discrete random variable z on (X,Y,p), E(z|y) = = implies that
x = f(y) for some real map f on y(X).



Exercise 1.1. Consider the probability space ([0, 1], B[0, 1], £) and consider the following func-
tions defined on [0, 1]:

1, f0<w<1/4

2, if1/4<w<1/2

3, if1/2<w<3/4

4, if3/4<w<1,

z(w) :=

Y= 1p,1/2) + 21[12,1), and 2 := 31jg1/2) + 41[1/2,1]-
(a) What is E(y | z)? (It should take you at most 30 seconds to answer this.)
(b) Compute E(z |y) and E(z | 2).

Exercise 1.2." Let F be the distribution function such that F(t) = ¢2 for every real number ¢
in [0, 1]. Consider the probability space ([0, 1], B[0, 1], pr), where pg is the Lebesgue-Stieltjes
measure induced by F, and define

1, f0<w<1/4

0, if1/4<w<1/2
~1, if1/2<w<3/4

0, if3/4<w<1.
Compute E(z | 1jg,1/2)) and E(z? |1 1/2)).

Exercise 1.3 In the setup of Example 1.3, show that E(z | y) is o(y)-measurable and

/ E(z |y)dp = / xzdp  for every B € o(y).
B B

1.2 Conditioning on an Arbitrary c-algebra

So far so good, but the development of the conditional expectation above allows us to
model the information that we will be given (once the experiment is performed) only
through a countable Y-decomposition of the sample space. This is too restrictive. For
instance, consider the probability space ([0, 1], B[0, 1], ¢). Since B|0, 1] is not countable
— it is not even generated by a countable partition of [0, 1] — presently we cannot talk
about the probability of the occurrence of A € B0, 1], given that we will be told
in the aftermath of the experiment which members of 5[0, 1] have occurred. This is
pretty silly, for it is obvious what probability to assign to A conditional on knowing
B[0,1]. After all, B[0,1] contains all the information that can be deduced through
the experiment, that is, we will learn all there is to know once the experiment is run.
Formally, if w € A (we will learn this), we should naturally say p(A |B[0,1])(w) = 1,
and let p(A|B[0,1])(w) = 0 otherwise.

Let us elaborate on this point a little further, this time using the random variable

terminology. You probably know already that the most common way of receiving
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information about the outcome of an experiment with the probability space (X, X, p)
is through learning the value of a random variable y € £°(X,Y). This means that,
once the experiment is performed, we will learn the value of y, that is, prior to the
experiment, we know that we will be told which one of the events in {{y = a} : a €
y(X)} has occurred. But what if p{y = a} > 0 does not hold for some a € y(X),
as it does not in many interesting cases? For instance, in Example 1.5, what would
we understand from E(z |y) if y was the identity function on [0, 1]? Surely, learning
y would give us a lot of information — this would tell us the exact outcome of the
experiment — but we still cannot talk about E(x |y) by means of a definition like (3)
since {y = a}, that is, {a}, is a zero probability event for any a € [0, 1]. Yet, it is
intuitively clear that E(x | y)(w) must equal x(w) for every w € [0, 1] — if we are told

7 we would surely “expect” that the value of x

that “w comes up in the experiment,
is z(w)!

To give another example, consider the following experiment that is to take place
in two stages. In the first stage, a real number a between 0 and 1 will be randomly
selected, and in the second stage a lottery that pays 1 with probability o and —1
with probability 1 — a will be played. Suppose y corresponds to the outcome of the
first stage of the experiment — it is uniformly distributed on [0, 1] — and x that of the
second. What would be your expectation of x conditional on learning that y = %?
The answer seems straightforward. Given y = %, the second stage lottery is one that
pays 1 with probability 1/2 and —1 with probability 3 — obviously, given y = 1/2, we
expect the value of = to be 0. But, formally speaking, we have no way of concluding
this from our definitions so far, since y is not discrete. To make matters worse, we
cannot even write a formula for E(z | {y = 1}) in a natural way, for p{y = 1} = 0.

All this is to say that we need to improve upon our current definition of the
conditional expectation. Okay, then let’s recall that, in probability theory, we think of
“information” about an experiment as a particular o-algebra that tells us which events
can be understood to have occurred once the experiment is performed. Therefore,
what we should be after is a notion of conditional expectation that will correspond
to the idea that “getting some information about the experiment” is to learn which
events in a o-algebra Yy (contained within the original o-algebra of the experiment)
have occurred after the experiment is run. That is, we need to find a way to condition

on an arbitrary o-algebra.? Unfortunately, this is not at all a trivial matter. After

4The notion of “learning the values of y” is equivalent to “learning o(y)” for a discrete random

”

variable y, and the notion “learning o(y)” is actually meaningful for any random variable y. So



all, since numerous events in a o-algebra may have zero probability of occurring, we
cannot use a formula like (2) for this purpose.

So, what do we do? Well, let us ask ourselves what we would require of this object,
call it, E(x | ¥y). We certainly want it to be a random variable on (X, ¥), that much
follows from the discussion of the previous subsection. But in fact this is not good
enough; we actually need the statements like “E(z|Xq) = 1”7 or “1 < E(x|3,) < 27
correspond to events in Y. After all, we would like to be able to compute the values
of E(z|Xy) using only the information in ¥y, or put differently, we would like to

“know” E(z | Xo)(w) once we are told which events in ¥y contains w. This means that
E(z| %) is Yp-measurable. (4)

Intuitively, this means that E(z| %) does not contain more information than that
contained in 3. For instance, if {E(x | Xy) = 1} ¢ ¥, was the case, then we could not
decide whether or not E(z | Xy) = 1 even after we observe ¥ (that is, after we learn
which members of ¥y have occurred) — this would mean that somehow E(x | %) uses
more information than what is contained in Y. It is precisely this sort of an oddity
that we avoid by positing that E(z | X) is Yp-measurable.?

Okay, (4) is in the pocket, what else? Well, we wish to define E(z|%y) via
something like (2), but we cannot in general do this directly because of the division-
by-zero problem (unless, of course, ¥ is generated by a countable 3-decomposition
of X). Indirectly, however, we may bypass this problem by observing first that (2)

can be written equivalently as
p(CL)E(x|C)(w) = / xdp for every w € X,

and hence

p(C)E(x|C)(w) = / xdp for every C' € C.
C

But since C is a countable ¥-decomposition of X here, E(z|C) is a discrete ran-

dom variable which is constant on each C' € C. Therefore, p(C,,)E(z|C)(w) equals

if we find out how to condition on an arbitrary o-algebra, it would be quite natural to think of
“conditioning on y” as “conditioning on o(y).”

°To see this point a bit more clearly, consider any y € £°(X,X), and suppose that E(z|y) is
not o(y)-measurable. Then it may well be the case that E(x |y) (which is shortly to be defined as
E(z |o(y))) is not constant on y~!(a) for some a € y(X). This would clearly mean that E(z |y) is
somehow using more information than contained in o (y), which is absurd. Thanks to (4), no such
absurdity is allowed; we are guaranteed to have a unique value for the expectation of x conditional

on the event {y = a}. (See Remark 1.1.)



wa E(x|C)dp for every w € X. It follows that another way of writing (2) is:

/ E(xz|C)dp :/ xzdp for every w € X.

The upshot is that this property of E(x | C) generalizes to the case where we condition
the expectation of z on Xy. So, it seems duly reasonable to demand E(z | £y) satisfy

the following;:

/ E(z|Xo)dp = / xdp for every B € . (5)
B B

Good, what else? Well, as a matter of fact, we’re done at this point, because (4)
and (5) can be satisfied by essentially only one real function on X. Indeed, if z; is a
Yo-measurable real function on X and f p Zidp = f 5 xdp for every B € X, 1 = 1,2,

then we must have z; =, 2. For, in this case we have
y € L2(X,%y) and / ydp = 0 for every B € X,
B
where y := z; — z3. Choosing B,, := {y > %} € X, we thus get

0= / ydp > Lp(B,,)

so that p(B,,) = 0 for every positive integer m. Applying this argument to —y as well,
we find that p{|y| > %} = 0 for every m € N, so by Proposition B.2.2, p{y =0} =1,
that is, z1 =, 2o.

This observation gives us, therefore, an indirect way of defining the conditional
expectation of a random variable given an arbitrary o-algebra (or an arbitrary random
variable) which reduces to the definitions given earlier in the special case where this
o-algebra is generated by a countable decomposition of the sample space (or by a

discrete random variable). Here comes the formal definition.’

Definition. Let (X, X, p) be a probability space. By a sub-c-algebra of 3, we mean
a subset of ¥ which is itself a o-algebra. For any sub-c-algebra ¥, of X, and any
r € LY(X,Y,p), the conditional expectation of z given Y, is defined as an
extended real function E(z | ¥g) on X which satisfies (4) and (5), that is,

E(z | %) is Xp-measurable

61 will give the definition of conditional expectation only for integrable random variables here,
as I will work with only such random variables in what follows. At any rate, it is obvious how to

extend this definition to the case of all random variables whose expectations exist.
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and

/ E(z | Xo)dp = / xdp for every B € %.
B B

For any y € L°(X,Y), we define the conditional expectation of z given y, denoted
E(x|y), as E(z|y) := E(z|o(y)). Finally, for any A € ¥, we define the conditional
probability of A given Y, denoted p(A4|Xy), as an extended real function on X
that equals E(14 | ), or equivalently, that satisfies

p(A|3y) is Xg-measurable

and
/ p(A|3g)dp = p(AN B) for every B € %.
B

There are two issues that we should discuss before moving on to examples that
will illustrate the content of these definitions. Let us first think about the uniqueness
matters. What does it mean to define “the” conditional expectation of x given X
as “a” function that satisfies (4) and (5)7 The answer is that the definition given
above identifies E(x | ¥y) only almost uniquely — a nuisance we will have to live with.
Formally speaking, one should really think of E(x|X,) as an equivalence class of
functions in £°(X,Y,), where the equivalence relation is “=,”. (This situation is
reminiscent of how one may view LP-spaces as normed linear spaces. Recall Sec-
tion C.6.) Any member of this equivalence class is called a version of E(z|%,). In
practice, one often speaks of E(z | %) in terms of its versions (which are of course
identical to each other with probability one).

The second issue that we need to worry about is existence. How do we know that
E(z | %) exists for any x € L}(X, X, p) and any sub-c-algebra ¥y of X? This is a
highly nontrivial matter which is commonly settled by an appeal to a fundamental
theorem of real analysis, the celebrated Radon-Nikodym Theorem. For the time
being, however, we shall accept the following theorem on faith. This situation will be

remedied later in the chapter.

Therorem 1.1. If x is an integrable random variable on the probability space
(X,3,p), and ¥y is a sub-o-algebra of ¥, then E(x|%,) exists.

Note that we do not need to invoke this theorem in the following examples, for
we can settle the issue of existence in these particular cases by means of direct com-

putation.
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Example 1.6. Let z € £L1(X, X, p), and let 3y be a sub-o-algebra of X.
[1] If X := {0, X'}, then E(x | £y) =.s. E(z), that is, E(z) is a version of E(z | Xo).

This case corresponds to the scenario in which we will be given no information after
the experiment is performed (or more precisely, we will learn only that the outcome

of the experiment belongs to X, which we already knew).

[2] If z is ¥X¢-measurable, then we have E(x | Xy) =, z, that is, z is a version of
E(x|%y). This fact, which generalizes that noted in Example 1.4, can be interpreted
as follows: Since x is ¥p-measurable, its informational content o(z) is less than X
(i.e. o(x) C Xy), so learning ¥ would reveal o(z), and hence z. Put differently,
since we will be told which members of ¥, have occurred in the experiment, and
o(x) C 3y, we will know, for each w € X, whether or not {v € X : z(v) = x(w)} has
occurred. Thus in this case, we will be able to pinpoint the value of 2 almost surely.”

In particular,

a.s.

[3] Let C be a countable ¥-decomposition of X. Then E(z|c(C)) =5 E(z|C),
where E(x | C) is defined in (2). More precisely, we have

E(z|o(C)) = Y E(z|O)lc.
" cec
We leave proving this as an exercise. (Hint. Any element of o(C) is a countable union
of the elements of C.) Insight: The general definition of E(z | £y) given above reduces
to the one considered in (2) in the special case where ¥ is generated by a countable

Y-decomposition of the sample space. 0

Example 1.7. Let z € £'(X,X,p), and Xy a sub-c-algebra of ¥. If C' € %y and
p(C) > 0, then
E(E(x | %) | C) = E(z | C),

"This is an important point, make sure you grasp the underlying intuition. In general, the two
requirements that determine a conditional expectation work against each other. In particular, the
constant random variable E(z) need not be a version of E(z | Xy) due to the requirement (5), while
the only reason why x need not be a version of E(z | X) is because it need not be Xy-measurable.

Interpretation?
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because

E(E(z|50)|C) = ﬁ /C E(z | So)dp
= L xd
- p(@) )P
= E(z]|C).

Interpretation should be clear. E(x | ¥y) is the random variable that summarizes one’s
expectation of x today given that tomorrow (that is, after the experiment is run), she
will learn which members of ¥y have occurred. So, the expectation of this random
variable given that C' € ¥ has occurred is none other than what one would conclude
today about the conditional expectation of x given that she is certain that C' will

occur. ]

Remark 1.1. One of the important consequences of the condition (4) is the following:
If v € £Y(X,%,p) and y € LO(X,X), then

E(z[y)(w) =B(z|y)(v) whenever y(w)=y(v).

To see this, take any a € y(X) and consider any two outcomes w and v in y~!(a). If
E(z |y)(w) = a, then by (4), we have A := E(z |y) *(a) € o(y), that is, A = y~1(S)
for some Borel subset S of R. But, since w € y~(S) and y(r) = y(w), we clearly
have y (v) € S, that is, v € y~1(S) = A, and this means that E(z |y)(v) = «, as we
sought.

For any a € y(X), this observation allows us to introduce unambiguously the

conditional expectation of x given that y = a as the number

E(z|y = a) =Bz |y)(w)

where w is any member of y~(a). Observe that E(z |y = a) is well-defined for any

number a € y(X), even though {y = a} may be a probability zero event. O

Example 1.8. Consider the probability space ([0, 1], B[0, 1], ¢) and define the random

variable x on this space by z(w) := 2w.

[1] Let y be a strictly increasing (or strictly decreasing) real function on [0, 1].
(Intuitively speaking, the knowledge of y is fully informative about the underlying

probabilistic model — if we know y(w), then we know w, and hence z(w).) Clearly,
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o(y) equals c{{y < a} : a € R} —yes? — whereas every {y < a} is a closed interval in
[0, 1]. Tt follows that x is o(y)-measurable, and hence, by the second part of Example
1.6, we have E(z|y) =.5. x.

[2] Let y;(w) := 0 for each w € [0, 1], and define the real map y,, on [0, 1] as

() 0, if0<w<
m(w) =
Y w, if%<w§

for any integer m > 2. (Would you agree that the larger m, the more informative is

1
1

Ym?) Let us compute (a version of) E(x |y,,) for each m. To this end, we first need
to find o (y,,) for each m. Obviously, o(y;) = {0, [0, 1]}. To settle the general case, fix
an arbitrary m > 2, and observe that, for any Borel subset S of R, we have

Y (S) =50 (7, 1]
if 0 does not belong to S, and
m (8)=[0,]U (SN (5, 1)
Ym ’m m’
if 0 belongs to S. It follows that o(y,,) is equal to
{Sn(t,1]:SeB®}U{[0,L]u(Sn(L,1]):5€BR)}.
Now, since y,, is constant on [0,1/m], so must E(x|y,,). (This was the content of
Remark 1.1.) Therefore, for any w in [0, 1/m], we have

1
B |3)@) = 71 /[ L

1/m
= m/ 2wdw
0

3=

(Right?) On the other hand, if we let E

obviously have
L/QE(xIEb)dp:=t/qwdp
c c

for every Borel subset C' of (1/m, 1] (that is, for every C that can be expressed as
SN (1/m, 1] for some Borel subset S of R). We conclude that z,, € £°([0, 1], B[0, 1])

is a version of E(x | y,,), where

—~

T | Ym)(w) = z(w) for each w € (1/m, 1], we

1/m, if0
if

<w< L
- — m
2w, <w<l1

z1:=1 and z,(w):= {

1
m
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for every integer m > 2. (Check this by using the definition of E(x |y,,)!) As one
would expect, the knowledge of y; does not at all improve our ability to come up
with a “guess” for the value of x, but for large m, the knowledge of v, refines our

expectation of x considerably. O

Example 1.9. At the beginning of this section, we considered the two-stage exper-
iment in which, in the first stage, a real number « is randomly selected from [0, 1],
and in the second stage, a lottery that pays 1 with probability a and —1 with prob-
ability 1 — « is played. A probabilistic model for the experiment is constructed as
follows. Clearly, the associated outcome and event spaces are X := [0, 1]x{—1,1} and
¥ = B(X) = B[0,1] x 2{-11} respectively. (We denote a generic element (wy,ws)
of X by w in what follows.) A moment’s reflection will show that our (product)
probability measure p should be defined on ¥ as:
p(A x {1}) := Aw1€(dw1)

and

p(A x {—1}) := /(1 — w1 )l(dw)

A
for every A € B[0, 1]. (Why?) In particular, we have

P(A x {—1}) = £(A) — p(A x {1})

for every Borel subset A of [0, 1].)

Now consider the integrable random variables x and y defined on (X, p) by
z(w) := wq and y(w) := wy. The question is: What is E(z |y)? Clearly, the intuition
suggests that

E(z|y)(w) =wi+ (1 —wy)(—1) =2w; — 1 for every w € X. (6)

After all, if w came up in the experiment, then the value of x is determined by a
lottery that pays 1 with probability w; and —1 with probability 1 —w;. In particular,
this would imply that E(x |y = %) = 0, as we surely wish to find.

Let us now show that our intuition is well supported by the formal definition of
the conditional expectation by proving (6) — there is no escape, we have to get our
hands dirty for this. Clearly, o(y) = B[0,1] x {—1,1}, so the map w +— 2w; — 1

(defined on X)) is obviously o(y)-measurable. Thus our main claim is that

[ ea-nplde) = [ wp(a)
Ax{-1,1} Ax{-1,1}

14



for every A € BJ0,1]. Since B0, 1] equals o({[a,b] : 0 < a < b < 1}), it is enough to

show that
/ (21—~ () = [ wap(dw)
[ab]x{—1,1} [a,b]x{—1,1}

for any two real numbers a and b in [0, 1] with a < b. (See Exercise 1.7 below.) But

we have

/WMM} “ap(de) = /[a,b]x{l} “p(de) /[a,b]x{l} w2p(dw)
= (=1)p([a,b] x {~1}) + p([a,b] x {1})
= 2p([a,b] x {1}) — £([a, b))
= (b —a*) — (b—a),

so our problem becomes proving that

/ (21 — Vp(dw) = (1 — ®) — (b a)
[a,b]x{—1,1}

for any two real numbers a and b in [0,1] with a < b. Let us take any two such
numbers a and b. Define the finite measure p; on B[0,1] by pi(A) := p(4 x {1}),

and notice that

2w — 1)p(dw) = 2w; — 1)pi(dw).
/W]Xﬂ; p(d) /( pa(dw)

[a,b]
But p; is none other than the Lebesgue-Stieltjes measure induced by the real map F
defined on [0,1] by F(t) := [, widw; = t*/2. Therefore,

2wy — p(dw) = 2t — 1)dF
/MX{J p(d) /G” dF (1)

b
- / (2t — 1)tdt.
One can similarly show that

b
/ (2w — 1)p(dw) = / (2t — 1)(1 — t)dt,
la,b]x{—1} a

and hence

2w — 1)p(dw) = 2% — 1)td 9% — 1)(1 — £)d
/[a,b}x{_l,l}( Jp(dw) /aU )t t+/a (2t = 1)(1 = t)dt
= (1*—d*)— (b—a),

as we sought. 0
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Exercise 1.4. Consider the probability space ([0,1),8[0,1),¢), and define the random variables

x and y on this space as follows:

2w, if0<w<1/2

=2 =
W) =2, yw) {2w—1, if1/2<w<1

(a) Compute o(y).
(b) Compute (a version of) E(z |y).

Exercise 1.5. Compute E(y | z) in the previous exercise.
Exercise 1.6. Consider the probability space ([0,1), B[0, 1), ¢), and define the random variables
z and y on this space as follows:
z(w):=2w, ylw):=1-]2w-1].
Compute (a version of) E(x | y).

Exercise 1.7." Let (X, Y, p) be a probability space, and ¥y a sub-o-algebra of .. Take any
nonempty collection A of subsets of X that includes X and that is closed under taking finite
intersections. Prove that if 0(A) = ¥g and if y € L9(X, %) satisfies [, ydp = [, zdp for
every A € A, then y =, E(z|Xy).

Exercise 1.8. (Bayes’ Theorem) Let (X, %, p) be a probability space, and 3y a sub-o-algebra
of ¥. If (A,C) € ¥ x Xy, then

_ Jep(A]%0)dp
Jx P(A]Z0)dp’

How would you write this formula if, for some finite ¥-decomposition C of X, we had ¥y =

a(C)?

p(CA)

Exercise 1.9.1 Let 2 be an integrable random variable on a probability space (X, ¥, p), and y €
L(X,X). Prove or disprove: E(z|y) =.s @ iff 2 =, f(y) for some f € LO(y(X), B(y(X))).

Exercise 1.10.! Let 2 and y be two integrable random variables on a probability space
(X, 3, p) such that E(x |y) =.s. y and E(y|x) =.5. «. Prove that z =, 5 y.

Exercise 1.11. Let (X, X, p) be a probability space and z,y € £L2(X, %, p). Suppose E(x | y) =....

f(y) for some increasing Borel measurable real function f on y(X). Prove that Cov(z,y) > 0.

Exercise 1.12. (Conditional Markov Inequality) Let = be an integrable random variable on a
probability space (X, X, p). Prove that
E(|lxz| |2
p(la] > a| %) <., 07120
for any sub-o-algebra ¥ of ¥ and real number a > 0.

Exercise 1.13." Let (z,,) be a sequence of integrable and i.i.d. random variables on a proba-
bility space. For every positive integer m, define y,, := x1 + - - - + x,,. Show that
Ym

Blerlym) 5 - 5 Blom lym) = 50
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1.3 Conditional Density Functions

Let « and y be two integrable random variables on a probability space (X, ¥, p), and
let f be a joint density for z and y. The conditional density of x given y is defined

as
) s/ f,@), i £() >0,
fww(S’t) o { 0, otherwise

where f, is the marginal density of y. We next show that

Bl ly) = [ sfalsu0)ds 7

— 00

provided that f, is nice.® We leave it to you to prove that w — ffooo S faly (8, y(w))ds
is o(y)-measurable. To establish the rest of the claim, take any real numbers a and
b with a < b, and check that the niceness of f,|, implies the piecewise continuity of

the self-map ¢, , on R, where

¢ (t)_{fyt)f Std’ lffy(t)>0andt€(a,b)
a,b -

0 otherwise

Applying Corollary D.2.3 and F.4.6, and Exercise F.4.8, we have

b
B on) = [ duf b
= // f(s,t)dsdt
= E(@1ly-1(apy)-

But, obviously, E(¢q; 0 y) = [, 1((as)) Pas(¥)dP, s0 We conclude:

/ Gap(y)dp = / xdp
y=1((a,b)) y=1((a,b))

for every real numbers a and b with a < b. Since o(y) equals o(y~*((a,b)) : —co <
a < b < oo}, therefore, (7) follows from Exercise 1.7.

Exercise 1.13. Let  be a uniformly distributed random variable on [0, 1]. Compute E(z | z(1—

8Since E(z |y) is determined up to probability one, how one may define f,, at a (u,v) with
fy(v) =0 is irrelevant. After all, p{f, oy = 0} =0, right?
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Exercise 1.14. Let  and y be two random variables with the joint density f. , defined by

1, f0<s,t<l1

0, otherwise.

foy(s,t) = {

Compute E(z|y) and E(z |z + y).

Exercise 1.15. The same question as the previous one, but with

s+t if0<s,t<1
0, otherwise.

foy(s,t) = {

Exercise 1.16. Suppose that = and y are two random variables whose distribution functions
satisfy F,(t) = t? and F,(t) = 2(¢t — t?/2) for any ¢ in [0, 1]. Compute E(x |y) and E(z? | y).

2 Properties of Conditional Expectation

2.1 Elementary Properties

The following two propositions summarize some of the most basic properties of con-

ditional expectations. We will use these properties frequently in the sequel.

Proposition 2.1. Let x and y be integrable random variables on a probability space
(X,3,p), and Xy a sub-o-algebra of ¥.. Then, for every real number «,

E(az| %) = aB(z | X))

and
E(z +y| Xo) = E(z | 30) + E(y | Xo).

Moreover,
r =y Iimplies BE(x|X) = E(y|X).
a.s. a.s.
Exercise 2.1.% Prove Proposition 2.1.

Proposition 2.2. Let = be an integrable random variable on a probability space
(X, X%, p), and Xy a sub-o-algebra of ¥.. Then,

B(E(x]%0)) = B(z), (8)
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and if ¥, is another sub-c-algebra of X, then

Yo C Xy implies E(E(x|X%1)]%0) = E(z|Xo).

Exercise 2.2. Prove Proposition 2.2.

Exercise 2.3. True or False: Under the conditions of Proposition 2.2, ¥y C X; implies
E(E(z|X0) | X1) =as. Blx]X0).

While their statements may seem strange at first, the formulas in these results
are in fact quite intuitive. Let us consider (8), for instance. Since one can intuitively
think of E(z|X,) as a random variable which is formed by an averaging process,
taking the average of the values of E(z|X,) should give us the average we would
have found if we computed the unconditional expectation directly. After all, if A
is a nonempty finite set of numbers, and {Aj, ..., Ax} is a partition of A, then the
average of the averages of each A; must be the average of the numbers in A. This is
the idea behind the fact that E(E(z | %)) = E(z).? (Of course, we could not prove
the formula this way, because the averaging idea is only an intuitive one — it is only
implicitly contained in the formal definition of E(x | 3().) The interpretation of the
second claim of Proposition 2.2 — this is sometimes called the filtering property of

conditional expectations — is analogous.

Proposition 2.3. Let x be an integrable random variable on a probability space
(X,3,p) and Xy a sub-o-algebra of ¥.. Then,

x >0 implies E(z|X,) > 0,

a.s.

and if x is independent of ¥, (that is, [ [{o(z),X0}), we have

E(z|%o) = E(x).

a.s.

9 Example. Consider the experiment of throwing a fair die, which induces the probability space
(X,2%,p) with X := {1,...,6} and p{w} := 1/6 for each w € X. Define the real map = on X with
z(w) := w, and let Xy := {0, C, X\C, X} where C := {2,4,6}. Then E(x| %) is a random variable
that takes two values (3 and 4), each with probability 1/2, and we have

Bo)=g+i+ o +8=3 (G +3+9)+1 (s G+3+8) = BEE %)
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Proof. For any positive integer m, let B, := {E(z|Xy) < —L1}, and observe that
B,, € ¥y. Then, z >, 0 implies

P(Bm)

> [ B|sdp= [ wip=0

so that p(B,,) = 0 for any m € N. But (B,,) is an increasing sequence with | J* B; =
{E(x|%0) < 0}, so the claim follows from Proposition B.2.2.
To prove the second claim, notice that the independence of x and Y, entails that

x and 1p are independent for any B € ¥, so by Proposition G.2.1,

/B B(z)dp /X E(2)1pdp = B(x)BE(1p) = B(rls) = /B 2dp

for any B € X. [ |

An immediate corollary of Propositions 2.1 and 2.3 is that

r >y implies E(z|Xo) > E(y|Xo) 9)

a.s.

for any z,y € L}(X, X, p). On the other hand, Proposition 2.3 implies that E(z | y) =,..
E(z) for any two independent (and integrable) random variables x and y on some
probability space. This is, of course, in keeping with our interpretation of conditional
expectation. If x and y are independent, receiving information about the value of y

does not change our expectation about .

Exercise 2.4. Prove: If = is an integrable random variable on a probability space (X, 3, p),
then |E(z | Xp)| <as. B(|z||Xp) for any sub-o-algebra Xy of X.

Exercise 2.5. Find two random variables x and y on a probability space such that E(z |y) =, .

E(z) but z and y are not independent.

Remark 2.1. Let (X, X, p) be a probability space, and ¥ a sub-o-algebra of 3. Let
us denote £'(X, %, p) simply by £, and define L : £! — L°(X, ) such that L(z) is
a real-valued version of E(z|X,) for each x € £!. By Exercise 2.4, and Proposition

2.2, we have
/X | L(x)] dp = B(|E(z | Zo)|) < B(E(|z]| %)) = B(lz])

for any = € £'. Conclusion: L (£') C £'. Combining this observation with Proposi-

tion 2.1, therefore, we may conclude that L is a linear operator mapping the Banach
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space L£! into itself. Moreover, by Proposition 2.3, L is a positive operator on £' in
the sense that L(x) >, 0 for every >, 0. This is what one means when she refers

to B(- | Xo) as a positive linear operator. O

Under the conditions of Proposition 2.1, alxE(z | £y) is a version of E(alxz | o)
for any real number «. The following result gives a useful generalization of this fact
showing that one can replace here the constant random variable aly with any -
measurable random variable y such that zy is integrable (even if y itself is not inte-
grable). Intuitively speaking, “we can take the “known” random variable out of the

conditional expectation.” (Why do we refer to y as “known” here?)

Proposition 2.4. Let = be an integrable random variable on a probability space
(X,3,p), and 3y a sub-c-algebra of 3. If y € L°(X,Yy) and E(|zy|) < oo, then

E(xy| o) = yE(r| o).

Proof. Note first that the Xo-measurability of E(x | X¢) and y imply that of yE(x | Xy).
It is then enough to establish that

/ yE(x | Xo)dp = / yxdp for every B € .
B B

To this end, we consider first the case where y is simple, that is, we assume there
exist a positive integer m, real numbers a1, ..., a,,, and sets Ay, ..., A,, € ¥ such that

y=a1ly + -+ ayly,. In this case, we have

/yE(:ﬂZo)dp = Zaz/ E(x|%o)dp
B
= Zai/ xd

= / yrdp
B

for every B € X. The case where y is not simple but nonnegative is then established
by an appeal to Lemma C.1.2 and the Monotone Convergence Theorem 1, and finally,
the general case is settled by splitting y into its positive and negative parts, and using
the linearity of E(- | Xo). |
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Exercise 2.6. Complete the proof of Proposition 2.4.

Exercise 2.7. Let « and y be two bounded random variables on a probability space (X, 3, p),
and X a sub-o-algebra of ¥.. Show that E(yE(x | X)) =as. E(zE(y | Xo)).

Exercise 2.8. Let x, y and z be integrable random variables on a probability space (X, 3, p).
Show that if both x and y are independent of z, then E(x |y, 2) =.5. B(z|y). (Here E(z |y, 2)
stands for E(z |o{y, z}), where o{y, z} is the smallest o-algebra generated by y and z.)

Exercise 2.9. Let (X, 3, p) be a probability space and 3, a sub-o-algebra of X. Show that
E(E(x | %0)%) = E(2B(z | X))

and

E((z —B(y|20))*) = B(a?) — E(E(z | Z0)?)
for any » € £L2(X, X, p).
Exercise 2.10. Let (X,X,p) be a probability space and ¥y a sub-c-algebra of 3. For any
x € L2(X,%,p), the conditional variance of x given X, denoted as V(x| X), is defined
as (a version of) the random variable E((z — E(x | X0))? | o).

(a) Show that

V(z) =E(V(z|X0)) + V(E(x | X)).
(b) (Rao-Blackwell Theorem) Prove: There is a y € £2(X, %o, p) such that E(y) = E(z) and
V(y) < V(z). (In particular, B(x | Xy) is up to the task.)

Exercise 2.11. Let (X, X, p) be a probability space, and ¥y a sub-o-algebra of 3. For any two
collections A and B of events in 3, we say that A and B are conditionally independent

given Y, if
P(ANB|%) = p(A[Z0)p(B|%g) for every (A, B) € Ax B.

Prove that the following statements are equivalent:
(i) A and B are conditionally independent given Xo;
(ii) For every A € A, we have p(A|o(BU X)) =as. P(A|Z0).

2.2 Convergence Properties

We next extend some of the basic convergence theorems we have established in Chap-
ter C for the expectation functional to the case of the conditional expectation opera-
tor. Since the expectation of a random variable on (X, X) is a version of its conditional
expectation given the trivial sub-o-algebra {{), X}, the following results are in fact

generalizations of the corresponding theorems we obtained in that chapter.
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The Conditional Monotone Convergence Theorem. Let z, z1, x5, ... be nonnegative
integrable random variables on a probability space (X, Y, p) such that x,, /., ©."°
If ¥ is a sub-o-algebra of ., then

E (.Tm | EO) /a.s. E(l‘ | EO)

Proof. For every positive integer m, let y,, be a version of E(x,,|Xy). We wish
to show that the sequence (y,,) converges, almost surely, to a version of E(z | £y).!
Now, since each y,, is Yg-measurable, S := {0 < y; < yo < - - -} belongs to X.
(Yes?) Moreover, as x; is nonnegative and z,, .. =, (9) guarantees that p(S) = 1.
(Yes?) Therefore, z, := y,ls is also a version of E(z,,|X) for each m. As we
have 0 < z1 < 2z < - -+, then, z := lim z,, is a Yj-measurable @Jr—valued map on
X (Example B.5.5). Furthermore, y,, /.5 2, so all we need to show here is that
2 =as B(x | X).

Fix any event B in ¥,. Indeed, by the Monotone Convergence Theorem 1 and

since z,, is (a version of) E(x,, | %),

/zdp zlim/ ZmdPp :lim/ T dp.
B B B

But by the Monotone Convergence Theorem 3,

lim/ a:mdp:/ xdp.
B B

It follows that [, zdp = [, xdp for every B € ¥,. Since z is Yo-measurable, we may
thus conclude that z is (a version of) E(z | Xo). [

Exercise 2.12. Let (X, 3, p) be a probability space, and ¥ a sub-c-algebra of ¥. For any
events S, 51,55, ... in X, show that
Sm /S implies  p(Sm|Z0) Mas P(S|Z0).

Exercise 2.13. Let (X, X, p) be a probability space, and Xy a sub-g-algebra of ¥.. Prove: If
A C ¥ is a (nonempty) countable collection of disjoint events, then

p(UA|Zo) =D p(4]|%0).

AcA

10 Reminder. ., /s © means that Tm+1 Zas T for each positive integer m, and x,, —.. T.
UThere is a room for a minor caution here: limy,, need not be a version of E(x | Xy), for it may

not exist on an event S, and even if it exists, it may not be Xy measurable (unless (X, X, p) is a
complete probability space). But, of course, such a “bad” event S must have zero probability, so all

should go well if we modify y,,s suitably on that event.
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Other conditional convergence theorems are deduced from their unconditional

versions by means of a similar method. For instance, we have:

The Conditional Dominated Convergence Theorem. Let x,y, x1, o, ... integrable
random variables on a probability space (X, %, p). If x,, —.s x and |z,,| <, y for

each m, then
E(xy, | X0) —as B(z | Xo).

Exercise 2.14.1 Prove the Conditional Dominated Convergence Theorem.

Exercise 2.15. State and prove a version of Fatou’s Lemma for conditional expectations.
Finally, let us put on record the conditional version of Jensen’s Inequality.

The Conditional Jensen’s Inequality. Let = be an integrable random variable on a
probability space (X, X, p), and ¥y a sub-c-algebra of . If ¢ is a concave self-map
on R such that E(|¢ o z|) < oo, then

p(B(z| £0)) > B(p o w| o).

Exercise 2.16.% Prove the Conditional Jensen’s Inequality.

Exercise 2.17. Under the conditions of the Conditional Jensen’s Inequality, show that

[ o ap< [ ap tor every p =1
X b'e

Exercise 2.18. Let  and y be two nonnegative integrable random variables on a probability
space. Assume that there exist integrable random variables z and w on some probability

space such that p, = p., Py = Pw and z >, 5. E(w|z). Show that = =gsp y.'?

2.3 The Existence of Conditional Expectation

As a final order of business in this section, we wish to prove Theorem 1.1. Our proof is geometric,
which may come to you as a surprise. Here is the argument. Take any probability space (X, 3, p)
and any z € L2(X, X, p). Let Xy be a sub-c-algebra of 3. By the Riesz-Fischer Theorem (Section
C.6), Y := L%(X,Y,p) is a closed linear subspace of the Hilbert space £2(X,3,p). So, by the
Orthogonal Projection Theorem — see Appendix B — there exists a y € Y such that

/ (r—y)zdp=0 for every z €Y.
b's

12 Actually, the converse of this result is also true — this is sometimes called Strassen’s Theorem —

but it is much harder to prove.
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(Of course, y is the closest point to z among all points in Y.) It is obvious that y is Xg-measurable,
and by choosing z = 1p, we get fB xdp = fB ydp for every B € ¥y. Thus y is a version of E(z | Xy).
We just proved:

Proposition 2.5. For any probability space (X,X,p) and sub-c-algebra ¥y of ¥, the orthogonal
projection of any x € L?(X, 3, p) onto L2(X, X, p) is a version of E(x|Xy).

Thanks to the Orthogonal Projection Theorem, therefore, we now know that E(z|Xg) exists
for any € £2(X,Xg,p). This is not good enough though. For, to prove Theorem 1.1, we need
to extend this fact to the case of £!(X,Xo,p). We next show that this too can be accomplished
by an easy approximation argument based on Proposition 2.5. (However, we should be careful
not to invoke any of the results we proved earlier (such as the Conditional Monotone Convergence

Theorem) which presumed the validity of Theorem 1.1.)

Proof of Theorem 1.1. Let x € £1(X, %, p). Assume first that z > 0. We know that there exists
a sequence (z,,) of nonnegative simple random variables on (X,¥,p) such that z,, /" z. Since
each x,, is in L2(X, %, p), it follows from Proposition 2.5 that E(z,, | £o) exists for each m. So, by
Proposition 2.3, for each positive integer m, there exists a version y,,, of E(z,, | Xo) such that y,, > 0.
(Why exactly?) Now define y := lim sup y,, and note that y is ¥g-measurable. But y,,, as. Y, SO

by the Monotone Convergence Theorem 3, we get

/xdp—/ydpzlim(/ xmdp—/ymdp):O
B B B B

for every B € ¥y. Thus y is a version of E(z | X). This is, in fact, all we needed to complete the
proof, for in the general case (where £ > 0 need not hold but we are given the integrability of ), it
is easy to verify that y© — y~ is a version of E(x |X), where y* is a version of E(z ' | Xy) and y~
that of E(z™ | X). |

We conclude this section by noting that Proposition 2.5 provides one with a nontrivial interpre-
tation of the notion of conditional expectation of a random variable with finite variance. Indeed, if
xr € L2(X,X,p) and Xy is a sub-o-algebra of X, then Proposition 2.5 entails that

|z — E(x|X0)||, = min {||m —z|y:z € L3(X, Zo,p)} .

In words, we may thus say that E(z|Xg) is the best predictor of x given ¥, in the sense that
E(x|Xo) is “the” random variable in £2(X, X, p) that is closest to # (with respect to the standard
metric on £2(X, Y, p)). We shall find a good occasion for adopting this interpretation in the next
chapter.
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