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1. Introduction

Ab initio molecular dynamics (AIMD) has emerged as a power-
ful theoretical technique for studying complex chemical phe-
nomena. AIMD allows chemical bond-breaking and forming
events to be treated in a natural way by combining finite-tem-
perature molecular dynamics with electronic-structure calcula-
tions performed “on the fly” to generate the interatomic
forces. The AIMD methodology has been successfully applied
to a wide variety of important problems in chemistry, physics,
and biology.[1–3]

Despite AIMD’s success, the computational overhead associ-
ated with the calculations is substantial. The most commonly
employed implementation of AIMD is based on the Car–Parri-
nello approach,[4] wherein the electronic structure is represent-
ed within the Kohn–Sham (KS) formulation of density function-
al theory (DFT), the KS orbitals are expanded in a plane-wave
basis, and a fictitious adiabatic dynamics is used to generate,
approximately, the minimum of the KS energy functional at
each nuclear configuration. In a plane wave basis, in particular,
explicit treatment of core electronic orbitals is computationally
intractable, and, hence, these orbitals are typically replaced by
electron–atom nonlocal pseudopotentials. However, the com-
putation of nonlocal pseudopotential interactions scales as
N2M, where N is the number of remaining valence KS orbitals
and M is the number of plane waves, the same scaling as the
orbital orthogonality requirement. Since M scales as N, this
leads to the well-known N3 computational cost of plane-wave-
based DFT methods.

Herein, an Euler exponential spline (EES)[5,6] based formalism
is developed for nonlocal (NL) pseudopotentials that reduces
the scaling of the calculation of the nonlocal energies, atomic

forces, and gradients with respect to plane wave expansion co-
efficients. The Euler exponential spline formalism has been em-
ployed to reduce the scaling with system size of Ewald sum-
mation for point charges under a three-dimensional periodic
boundary conditions[7] as well as in clusters, wires, and surfa-
ces.[8–10] It has also been employed to treat permanent and in-
duced dipole interactions.[11] Here, an Euler exponential spline
interpolation of the atomic structure factor in the electron–
atom pseudopotentials leads to two possible schemes: a recip-
rocal-space or g-space based scheme that scales as NMlogM~
N2~N2logN and a real-space based approach that scales as N2.
The latter technique can be made to scale as N (linearly) for
spatially localized orbitals while the former can be made to
scale as NlogN for spatially delocalized orbitals.[12] Recently, a
new quantum field theoretic approach was introduced for
propagating such maximally localized (Wannier functions) or
delocalized orbitals within the Car–Parrinello framework,[13–15]

and it is expected that the present method will figure promi-
nently in such a scheme with the aim of producing a novel
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linear scaling AIMD approach. The Euler exponential spline
based methods are continuously differentiable and have a low
computational overhead, which allows them to replace stan-
dard methods for systems of approximately twenty atoms or
more and can be used stably within the Car–Parrinello ap-
proach. They, therefore, constitute a substantial advance over
existing schemes for reducing the scaling of the calculation of
nonlocal pseudopotentials.[16–18]

Although the formulation presented herein focuses on the
Kleinman–Bylander projector form of the nonlocal pseudopo-
tential,[19] the ideas discussed carry over to other types of pseu-
dopotentials, including ultrasoft pseudopotentials,[20] semilocal
forms handled via Gauss–Hermite integration, and the recently
introduced Goedecker–Hutter form.[21,22] Note, in addition, the
present methodology can be employed in conjunction with lo-
calized basis sets, such as Gaussians[23] and discrete variable
representations,[24, 25] which, also, could benefit from the reduc-
tion in basis set size made possible by the replacement of core
electrons with nonlocal pseudopotentials.

This Article is organized as follows: In Section 2, the Euler ex-
ponential spline g-space (NLEES-G) and real-space (NLEES-R)
methods for treating nonlocal pseudopotentials will be devel-
oped. Both the energy and its derivative with respect to atom
positions and orbital expansion coefficients will be discussed.
In Section 3, several example systems will be presented to illus-
trate the power of the new approach. Finally, conclusions will
be given in Section 4.

2. Methodology

In the Car–Parrinello AIMD scheme, the electrons are repre-
sented by a set of orbitals, {yi(r)}, which closely follow the
atom dynamics and remain on the instantaneous Born–Oppen-
heimer ground-state surface. This is accomplished by introduc-
ing fictitious dynamics of orbitals into the system Lagrangian,
which can be written for the full system (that is, atom plus fic-
titious dynamics) as Equation (1):

L ¼ m
X

i

h _yij _yii þ
1
2

X
I

MI
_R
2

I � E½fyig; fRIg


þ
X
i;j

Lijðhyijyji � dijÞ
ð1Þ

where m is the mass associated with the fictitious orbital dy-
namics, MI and RI are the mass and the position of atom I, and
{Lij} is a set of Lagrange multipliers that impose the orthonor-
mality of orbitals. Within the Kohn–Sham DFT, the energy func-
tional is given by Equation (2):

E½fyig; fRIg
 ¼ Ts½fyig
 þ EH½n
 þ Exc½n
 þ EN½fRIg
 þ Eext½n; fRIg

ð2Þ

where nðrÞ ¼
P

i fijyiðrÞj2 is the electron density, fi is the occu-
pation number of the ith orbital, Ts is the kinetic energy of
Kohn–Sham non-interacting electron system, EH is the Hartree

energy, Exc is the exchange–correlation energy, and EN is the
electrostatic interaction between atoms.

The last term in Equation (2), Eext, represents the interaction
between electrons and atoms. When a plane wave basis set is
employed to expand orbitals, the core electrons are typically
replaced by nonlocal atomic pseudopotentials. This is accom-
plished by introducing an effective potential that contains a
different radial potential for each angular momentum channel
of each atom, Equation (3):

V̂pseud ¼
X
J

X
IðJÞ

X1
l¼0

Xl

m¼�l
vðlÞJ ðrIðJÞÞjlmihlmj ð3Þ

In Equation (3), I(J) is a restricted index that runs only over
the atoms of type J, such that �J�I(J)=N, the number of atoms
in the system, rI(J) is the radial distance from the electron to
atom I(J), vðlÞJ (r) is the l-channel radial pseudopotential for atom
type J, and j lmihlm j is a projection operator onto angular mo-
mentum eigenstate, j lmi. The external energy, computed ac-
cording to Eext ¼

P
i hyijV̂pseudjyii, clearly takes on a nonlocal

character, involving two angular integrals and a single radial in-
tegral (dWdW’r2dr). A further approximation involves retaining
the angular momentum dependence only up to a maximum
value �l�1, achieved by adding and subtracting vð

�lÞ
J (r) in Equa-

tion (3) and truncating the sum at �l�1. As a consequence of
the latter approximation, the pseudopotential is decomposed
into two terms, a local term, Eloc½n; fRg
, that grossly treats the
higher angular momentum components and a nonlocal term,
ENL½fyg; fRg
, that both depends explicitly on angular momen-
tum channels with l less than or equal to �l�1 and directly on
the orbitals rather than on the density. It was shown by Klein-
man and Bylander[19] that the nonlocal term can be written in
a fully separable form (integrating over drdr’) for a wide range
of elements provided appropriate care is taken,[26] thereby re-
ducing the computational overhead over the more exact semi-
local form.

A plane wave basis set allows many of terms in the density
functional to be computed in their diagonal representation.
This is accomplished by switching between the real-space and
g-space representation of the orbitals and the density using
three-dimensional fast Fourier transforms (3DFFTs). In fact, if
the pseudopotentials are purely local, each term in the energy
functional can be computed with a scaling better than
NMlogM~N2logN, where N is the number of orbitals and M is
the number of plane waves (although the orthogonalization of
the orbitals still scales as N2M~N3). In the proceeding sections,
the reciprocal-space and real-space formalisms for improving
the scaling of the nonlocal pseudopotential calculation are de-
scribed.

2.1. Nonlocal Pseudopotential Calculation

The determination of the nonlocal energy and forces scales as
N2M and is the most computationally intensive term in the
electron–atom interaction. In the fully separable Kleinman and
Bylander (KB) form, the nonlocal part of Eext is given by Equa-
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tions (4) and (5):

ENL ¼
X

i

fi
X
J

X
IðJÞ

Z
drdr0y�

i ðr0ÞyiðrÞ

X�l�1

l¼0

Xm¼l

m¼�l

CJlF
�
Jlmðr� RIðJÞÞFJlmðr0 � RIðJÞÞ

" # ð4Þ

¼
X
i

fi
X
J

X
IðJÞ

X�l�1

l¼0

Xm¼l

m¼�l
CJlZ

�
iIðJÞJlmZiIðJÞJlm ð5Þ

where FJlm(r) is an appropriate set of angular momentum, l and
m and atom type, J, dependent functions, CJl is a weight factor,
and the quantity ZiI(J)Jlm is defined by Equation (6):

ZiIðJÞJlm ¼
Z

drFJlmðr� RIðJÞÞyiðrÞ ð6Þ

When the orbitals are expanded in a plane wave basis at the
G-point of the Brillouin zone according to
yiðrÞ ¼ ð1=

ffiffiffi
V

p
Þ
P

g
�yiðgÞ expðig � rÞ, then ZiI(J)Jlm can be evaluat-

ed in g-space, Equation (7):

ZiIðJÞJlm ¼ 1ffiffiffi
V

p
X
g

~FJlmðgÞ�yiðgÞeig�RIðJÞ ð7Þ

where the �yi(g) are a set of Fourier series coefficients, V=deth
is the volume of the simulation cell, h is the matrix whose
rows contain the Cartesian coordinates of the a,b,c axes that
define the simulation cell/parallelepiped, g=2ph�1ĝ with ĝ a
vector of integers, and ~FJlmðgÞ is the Fourier transform of FJlm(r),
Equation (8):

~FJlmðgÞ ¼ 4pYlmðqg; �gÞ
Z1
0

drr2jRðgrÞDvðlÞJ ðrÞ�ð0Þ
Jl ðrÞ ð8Þ

Here, jl(r) is a spherical Bessel function, Ylm(q,f) is a spherical
harmonic, DvðlÞJ ðrÞ ¼ vðlÞJ ðrÞ � vð

�lÞ
J ðrÞ is the difference between

the l and �l angular momentum channel potential functions
and �

ð0Þ
Jl ðrÞ is the ground-state, l-channel, radial eigenfunction.

It is evident from Equations (5) and (7) that the evaluation of
the nonlocal energy and force scales as NNpM, where Np is the
number of atoms. Since N and M increase as Np increases at
fixed density, the computational cost of the nonlocal pseudo-
potential calculation scales effectively as N3.

2.2. Reduced-Order g-Space Formalism: NLESS-G

In this subsection, a g-space-based approach is presented
which achieves NMlogM scaling for the nonlocal pseudopoten-
tial calculation. A plane-wave expansion of orbitals is em-
ployed which is truncated on the basis of an energy cutoff,
Ecut ¼ �h2g2

max=2me, and the matrix element, ZiI(J)Jlm, of Equa-
tion (7) is recast using the Euler exponential spline.[5,6] Specifi-
cally, Euler exponential spline interpolation is introduced for

the atomic structure factor, exp(ig·RI(J))
[7–10] which permits the

nonlocal energy to be evaluated via three-dimensional fast
Fourier transforms (3DFFTs), thereby reducing the scaling from
N3 to NMlogM.

To apply the Euler exponential spline interpolation scheme
to the atomic structure factor, scaled fractional coordinates uI(J)

are defined uIðJÞ;a ¼ Nah
�1
a � RIðJÞ a ¼ a; b; c, where ha is the

column of h�1 corresponding to the a direction of the cell and
Na is the number of nodes in the spline along the a direction.
The structure factor is then approximated by Equations (9) and
(10):

eig�RIðJÞ ¼
Y

a¼a;b;c
e2piĝauIðJÞ;a=Na ð9Þ

e2piĝauIðJÞ;a=Na � dpðĝa;NaÞ
X1

ŝa¼�1
MpðuIðJÞ;a � ŝaÞe2piĝa ŝa=Na ð10Þ

where ĝa and ŝa are integers, p�1 is the spline order, and Na

defines a discrete real space. The spline weight, dp(ĝa,Na), is
given by Equation (11):

dpðĝa;NaÞ ¼ e2piðp�1Þĝa=Na

Xp�2

k¼0

Mpðk þ 1Þe2piĝak=Na

" #�1

ð11Þ

Like all splines, the Euler spline is exact at the knots, for ex-
ample, when uI(J) is an integer/falls on a grid point. Although
the sum over ŝa covers all the integers in Equation (10), in
practice, it becomes finite owing to the finite support of Cardi-
nal B-splines, Mp(u), Equation (12):

M2ðuÞ¼ 1�ju�1j, 0 � u � 2

M2ðuÞ¼ 0, u < 0, u > 2

MpðuÞ¼
u

p� 1

� 	
Mp�1ðuÞ þ

p� u
p� 1

� 	
Mp�1ðu� 1Þ; p > 2

ð12Þ

One of the important properties of Cardinal B-splines is that
they are p�2 times continuously differentiable for p>2. The
derivatives satisfy the recursion relation, Equation (13):

d
du

MpðuÞ ¼ Mp�1ðuÞ �Mp�1ðu� 1Þ ð13Þ

which simplifies computation of the force on the atoms. The
error associated with exponential spline approximation to the
structure factor is given by (2 j ĝa j /Na)

p. Hence, Na must be se-
lected strictly greater than the largest reciprocal lattice vector
allowed by the plane-wave cutoff on the orbitals in the a di-
rection, NðorbÞ

a . Given Na>NðorbÞ
a and p>2, these two parameters

can be adjusted to control accuracy and optimize efficiency.
Note that the discrete real space required here is smaller than
that required to compute the electron density, NðdensÞ

a =2NðorbÞ
a .

Inserting Equation (10) into Equation (7) yields the g-space
representation of ZiI(J)Jlm, Equation (14):
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ZiIðJÞJlm ¼ 1ffiffiffi
V

p
X
ŝ

Y
a¼a;b;c

MpðuIðJÞ;a � ŝaÞ
" #

PiJlmð̂sÞ ð14Þ

where PiJlm(s) and PiJlm(g) are given by Equation (15):

PiJlmðsÞ ¼
X
ĝ

�PiJlmðgÞe2piĝ�s

�PiJlmðgÞ ¼
Y

a¼a;b;c
dpðĝa;NaÞ

" #
�yiðgÞ~FJlmðgÞ

ð15Þ

and s= (ŝa/Na, ŝb/Nb, ŝc/Nc). The quantity PiJlm(s) is defined on a
discrete NaMNbMNc real-space grid, and the summation over ĝ
can, therefore, be performed efficiently by an NaMNbMNc

3DFFT. Since PiJlm(s) depends only on atom type through
F̃Jlm(g), the full set of PiJlm(s) is obtained by performing a 3DFFT
for each orbital, angular momentum channel, and atom type
present. Both the number of orbitals and the number of plane
waves increase linearly with the system size, and the 3DFFT
scales as MlogM. Therefore, computing the full set of PiJlm(s)
scales as NMlogM. Once a given PiJlm(s) has been computed,
the summation over the discrete grid is performed to obtain
ZiI(J)Jlm. Now, the Cardinal B-splines are nonzero only at the p
grid points in each direction, the sum over the discrete real-
space grid in Equation (14) is a p3 operation that does not
depend on the system size. Since ZiI(J)Jlm must be evaluated for
each orbital and atom, computing all the ZiI(J)Jlm from PiJlm(s)
scales as p3N2. Consequently, the computation of the nonlocal
energy is dominated by the cost of evaluating the PiJlm(s).

To determine the force on each atom, the derivative of ZiI(J)Jlm
with respect to the atom position is required. Since only the
Cardinal B-splines depend on the atom positions in Equa-
tion (14), the derivative is obtained by employing the chain
rule with Equation (13). As noted earlier, Cardinal B-splines are
continuously differentiable and the atomic forces are, there-
fore, well-behaved. The procedure to compute the forces is,
thus, nearly identical to that employed to compute the energy.

The orbital gradients for use in the Car–Parrinello evolution
or energy minimization can also be evaluated in an efficient
manner. As above, it is useful to exploit the fact that there is a
finite number of atom types, Equation (16):

@ENL

@ �y�
i ðgÞ

¼ fi
X
J

X
IðJÞ

X
l

X
m

CJl

@Z�
iIðJÞJlm

@ �y�
i ðgÞ

ZiIðJÞJlm

¼ fiffiffiffi
V

p
Y

a¼a;b;c
d�
pðĝa;NaÞ

" #X
lm

XNtype

J

CJl
~F
�
JlmðgÞ�QiJlmðgÞ

ð16Þ

where Q̄iJlm(g) and Q̄iJlm(s) are given by Equation (17):

�QiJlmðgÞ ¼
X

ŝ

QiJlmðsÞe�2piĝ�s

QiJlmðsÞ ¼
X
IðJÞ

Y
a¼a;b;c

MpðuI;a � ŝaÞ
" #

ZiIðJÞJlm

ð17Þ

Therefore, the Q̄iJlm(g) can be created using the same
number of 3DFFTs required to create the PiJlm. Since the
number of atoms types is a small number that is independent
of the system size, the cost of computing the orbital gradients
scales as NMlogM.

The NLEES-G algorithm is summarized briefly :

1. At the start of the calculation, loop over angular momen-
tum and atom types (Jlm): compute F̃Jlm(g). These are calcu-
lated once and stored for the duration of the simulation.

2. Loop over the orbitals (i): compute P̄iJlm(g) and perform a
3DFFT to yield PiJlm(s). Set QiJlm(s)=0.

3. Loop over the atoms, I, of type, J or I(J). i) Loop over ŝa,j,
a=1,3, j=1, p : compute ZiI(J)Jlm by summing over the p3

nonzero points in real space and increment the nonlocal
energy. ii) In addition, increment QiJlm(ŝ) and compute the
force on atom, I(J).

4. End loop over atoms I of type J.
5. Perform a 3DFFT to compute Q̄iJlm(g). Compute the gradient

with respect to orbital, i.
6. End loops over orbitals, angular momentum and atoms

types.

Note, the required g-space is a sphere of radius /E1=2
cut <Na/

2 which can be used to reduce the computational cost of eval-
uating the NaMNbMNc 3DFFTs considerably. The algorithmic
procedure shown above makes clear the fact that P̄iJlm(g) needs
to be computed for each nonlocal atom type. Consequently,
NLEES-G will scale linearly with the number of nonlocal atom
types.

2.3. Reduced-Order Real Space Formalism: NLESS-R

In this subsection, a new real-space-based approach to the
nonlocal pseudopotential calculation, capable of achieving N2

scaling, is described. The derivation begins by determining
two length scales, a small (Cartesian) length scale, D, below
which the nonlocal pseudopotential projector, FJlm(r)=
Ylm(W)DvJl(r)�

ð0Þ
Jl (r) can be assumed to be slowly varying and a

large length scale, rcut, beyond which the projector can be as-
sumed to vanish. Using these two assumptions and further as-
suming the simulation cell encompasses the large length scale,
it is possible to evaluate the nonlocal matrix element using tra-
pezoidal rule integration in the fractional coordinates of the
cell, r=hs, s=h�1r, dr=Vds, Equation (18):

ZiIðJÞJlm ¼ VQ
a
Na

� �X
ŝ

0FJlmðhs� RIðJÞÞyiðhsÞ ð18Þ

where the grid spacing is Dsa ¼ N�1
a ; sa ¼ ŝa=Na, and the prime

indicates that the sum is restricted to jhs�RI(J) j< rcut. Using
Na=NðdensÞ

a ensures that if the projector can be expressed as a
Fourier series with jg j<Ecut and RI(J) lies on a grid point, RI(J)�
hŝ/Na, then the integral is evaluated exactly. The small length-
scale assumption is consistent with the use of a low-order in-
terpolation scheme to evaluate FJlm(r�RI(J)) on the discrete real-
space grid defined by the trapezoidal rule integration when, as
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is nearly always the case, RI(J) does not lie on the discrete real-
space grid.

To derive an accurate, continuously differentiable interpola-
tion formula, the large length-scale assumption is invoked to
express the projector in a Fourier series, Equation (19):

FJlmðhs�RIðJÞÞ ¼
1
V

X
g

~FJlmðgÞeig�ðhs�RIðJÞÞ ð19Þ

and to use the Fourier transform F̃Jlm(g) given in Equation (8),
in lieu of the Fourier series coefficients. Also, given the simula-
tion cell is larger than rcut, the reciprocal lattice vectors of the
simulation cell can be employed to define the g-space without
loss of accuracy. (Note, the assumptions underlying Equa-
tion (19) form the basis for Equations (6)–(11), that is, the large
length-scale approximation is always made.) The volume fac-
tors exactly cancel and will be neglected below. Next, the Euler
exponential spline approximation to the atomic structure
factor is introduced to yield the interpolation formula, Equa-
tion (20):

FJlmðhs0�RIðJÞÞ� FðEESÞIðJÞJlmðhs0�RIðJÞÞ

�
X
ŝ

Y
a

MpðuIðJÞ;a þ ŝa � ŝ0aÞ
" #

cJlmðsÞ

cJlmðsÞ ¼
X
ĝ

Y
a

e2piĝŝa=Nadpðĝa;NaÞ
" #

~FJlmðgÞ

ð20Þ

which possesses p�2 continuous derivatives in the atomic co-
ordinates. Note, the Fourier series is not truncated at 2ĝmax=

(Na,Nb,Nc) which indicates that the projector can vary on length
scales smaller than sa=N�1

a . Letting ĝ!ĝ+ Ĝ, where �Na/2<
ĝ�Na/2 and Ĝ=MaNa, we have Equation (21):

cJlmðsÞ ¼
X
ĝ

X
Ĝ

~FJlmðgþ GÞ
" # Y

a

e2piĝŝa=Nadpðĝa;NaÞ
" #

ð21Þ

because dp(ĝa,Na) and the complex exponentials are periodic
functions of G. The functions, F̃Jlm(g+G), go to zero exponen-
tially quickly at large argument, jg+G j and convergence of
the G sum is rapid. Thus, the cJlm(s) can be evaluated, once,
using a 3DFFT and stored for points in which jhs j< rcut. Note,
it has been implicitly assumed that exp(ig·RI(J)) is a periodic
function of G which is not valid unless RI(J) is on a grid point.
Introducing the sum over all G ensures that the interpolation
is exact when RI(J) lies on a grid point and forms a smoother
function when RI(J) is not (e.g. , a truncated Fourier series tends
to oscillate at long range rather than smoothly approaching
zero). Finally, it is convenient to take the parameters, NaMNbM
Nc, defining the discrete real space to be equal to those em-
ployed to create the electron density, as this permits the non-
local computation to be interleaved with the computation of
the electron density as well as ensuring accuracy, as describe
above. This is in contrast to the NLEES-G technique, where the

flexibility of employing smaller NaMNbMNc will be shown to
give higher efficiency.

The gradient of the nonlocal energy with respect to the
Fourier coefficients of the orbitals can be computed in a similar
fashion. First, the gradient is expressed in the discrete real
space, Equation (22):

dENL

d�y�
i ðrÞ

¼ fiQ
a

Na

X
J

X
IðJÞ

X
lm

CJlF
ðEESÞ
IðJÞJlmðr� RIðJÞÞZiIðJÞJlm ð22Þ

as a loosely defined functional derivative and the correspond-
ing gradient in g-space obtained by performing a 3DFFT, Equa-
tion (23):

@ENL

@ �y�
i ðgÞ

¼ fiQ
a

Na

X
ŝ

e�ig�hs
X
J

X
IðJÞ

X
lm

CJlF
ðEESÞ
IðJÞJlmðr� RIðJÞÞZiIðJÞJlm

" #

ð23Þ

In practice, Equation (23) need not be evaluated explicitly.
Rather, Equation (22) can be added to the action of the Kohn–
Sham potential on the orbitals, and the total gradient subse-
quently back fast Fourier transformed into g-space, thereby in-
creasing efficiency.

The forces on the atoms can also be computed in a straight-
forward manner. As evident from Equations (20), (21), and (18),
the only part of the nonlocal energy expression that depends
on the atom position is the Cardinal B-spline, Mp(uI,a�ŝa).
Therefore, the derivative of ENL with respect to the atom posi-
tion can be computed easily using the fact that Mp(u) is contin-
uously differentiable according to Equation (13). The resulting
atomic forces are continuous and exact within the Euler expo-
nential spline approximation to ENL. Hence, the stability of a
Car–Parrinello ab initio molecular dynamics calculation[4] is en-
sured, in contrast to previous methods.[16]

The NLEES-R procedure for the computation of the nonlocal
pseudopotential energy, atomic force, and orbital gradient in
real space can be summarized as follows:

1. Compute F̃Jlm(g) using Equation (8) and multiply by the
spline weight dp(ga,Na). The resulting functions are trans-
formed to the discrete real space grid via a 3DFFT to create
the cJlm(s) which are stored on the desired range, jhs j< rcut
for the duration of the simulation.

2. Multiply cJlm(s) by the Cardinal B-spline, Mp(uI(J),ad+ (�ŝ’a)+
ŝa), and sum over the discrete grid, ŝa, for each atom, Equa-
tion (21) for all points within the radial cutoff. This yields
FðEESÞIðJÞJlm(hs’�RI(J)) on the discrete grid with a slightly larger
radial cutoff.

3. The calculation of force on the atoms, proceeds as in step
(2), except that the derivative of Cardinal B-spline with re-
spect to the atom position is employed in place of the Car-
dinal B-spline, itself. Steps (2) and (3) are the most compu-
tationally intensive.

4. ZiI(J)Jlm is computed using Equation (18). In practice, this step
can be carried out along with the calculation of the real-
space density n(r), when the orbitals in real-space are avail-
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able. The derivative of ZiI(J)Jlm with respect to the atom posi-
tion can be obtained in the same way. The nonlocal energy
and its contribution to the atom force are subsequently
computed via Equation (5).

5. The gradient with respect to the plane wave expansion co-
efficients of each orbital is computed in the real space as
described in Equation (22) and added to the action of the
KS potential on the orbitals. The sum is then transformed
into g-space by a 3DFFT.

The algorithmic procedure
shown above makes it clear that,
unlike the NLEES-G method, the
computational overhead for
NLEES-R does not depend on
the number of nonlocal atom
types. However, the memory re-
quirement for NLEES-R exceeds
that of NLEES-G, since the func-
tions cJlm(s) are stored on the full
FFT grid for each nonlocal atom
type in NLEES-R, while for
NLEES-G, F̃Jlm(g) are stored on
the small reciprocal-space grid
for each atom type. Therefore, in
choosing which method to
apply, both the number of non-
local atom types and the system
size should be taken into ac-
count.

3. Results and
Discussion

Solid silicon and liquid water
have been selected to explore
the applicability of the Euler ex-
ponential spline approach to the
nonlocal energy and force calcu-
lations (NLEES) within a density functional theory framework.
For silicon, a Bachelet–Hamann–Schluter type pseudopoten-
tial[27] was used to treat the core electrons in conjunction with
the local density approximation (LDA). For water, the BLYP
generalized gradient exchange–correlation (GGA) function-
al[28,29] with a Troullier–Martins type pseudopotential[30] was
employed. The oxygen pseudopotential is quite hard and short
ranged, whereas the silicon pseudopotential is soft and ex-
tends to a larger radial distance. Therefore, these contrasting
systems allow the accuracy and efficiency of the new algo-
rithms to be stringently tested. All calculations reported herein
were performed using the PINY_MD package,[31] in which the
new approaches were implemented.

To investigate the accuracy of the NLEES method, the nonlo-
cal energy of water and silicon dimer systems obtained from
the standard plane wave method and the NLEES approaches
are compared. For silicon, a dimer with an internuclear dis-
tance r=1.88 R was placed in a cubic box of length L=8 R

while for water, a dimer was placed in a cubic box of L=10 R.
In both systems, the g-space based approach of Martyna and
Tuckerman[8] was employed for treating the cluster boundary
conditions. Additionally, a rather large simulation cell was em-
ployed in order to test the convergence of NLEES-R with re-
spect to radial cutoff, rcut.

The results for the dimer systems are summarized in Tables 1
and 2 for the NLEES-G and the NLEES-R methods, respectively.
It is evident from Table 1 that NLEES-G, with a spline interpola-

tion order p=8, leads to excellent agreement with the stan-
dard plane-wave calculation for both silicon and water sys-
tems. The agreement is better than DE�10�6 Ha�0.3 K, with
a typical Ecut=15 Ry plane wave cutoff for silicon and Ecut=

70 Ry cutoff for water. As shown in Table 1, the accuracy im-
proves as the energy cutoff for silicon is increased. For NLEES-
R, the accuracy and the CPU time depend on the spherical
truncation radius, rcut. As shown in Table 2, NLEES-R works well
for the water dimer, with an interpolation order of p=8 and a
radial cutoff rcut=3.5 bohr. In silicon, the cutoff radius must be
taken to be larger in order to obtain acceptable accuracy,
owing to the longer range of the pseudopotential. Using rcut=
4.5 bohr, the accuracy obtained for the nonlocal energy of the
silicon dimer is DE�10�6 Ha.

To demonstrate the improved scaling of the new methods
with system size, a series of solid silicon and liquid water sys-
tems were studied using NLEES-G, NLEES-R and the standard
plane-wave technique at the G point. The total energy of sili-

Table 1. Nonlocal energy of silicon and water dimers expressed in Hartree, obtained from the standard plane
wave method (PW) and the NLEES-G technique. The quantities D(p=8) and D(p=6) are the deviation of the
NLEES-G energy from the exact PW result expressed in micro-Hartree (mHa) using an interpolation order of p=
8 and p=6, respectively. An FFT grid of side 2MN(orb)=N(dens) was employed throughout.

Si2
Ecut [Ry] PW NLEES-G(p=8) D(p=8) NLEES-G(p=6) D(p=6)

15 0.2499081 0.2499088 0.7 0.2499231 15
20 0.2485220 0.2485221 0.1 0.2485262 4.2
25 0.2483740 0.2483741 0.1 0.2483782 4.2

(H2O)2
Ecut [Ry] PW NLEES-G(p=8) D(p=8) NLEES-G(p=6) D(p=6)

70 3.5948133 3.5948141 0.8 3.5948348 21.5

Table 2. The nonlocal energy of silicon and water dimers obtained from the real-space method, NLEES-R, as a
function of spherical cutoff radius, rcut. The results with no spherical truncation are nearly identical to those of
NLEES-G. The numbers in square brackets are the deviations of the NLEES-R energy from the exact (PW) result
expressed in mHa.

Si2 (H2O)2
rcut[bohr] 15 Ry 20 Ry 25 Ry 70 Ry

2.5 3.5947951[�18.2]
3.5 0.2497878[�120.3] 0.2485481[26.1] 0.2484007[26.7] 3.5948146[1.3]
4.5 0.2499081[0] 0.2485197[�2.3] 0.2483718[�2.2] 3.5948138[0.5]
5.5 0.2499137[5.6] 0.2485232[1.2] 0.2483751[1.1] 3.5948147[1.4]
7.5 0.2499086[0.5] 0.2485222[0.2] 0.2483741[0.1] 3.5948140[0.7]
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con in the diamond lattice for lattices containing up to N=192
atoms was investigated using an Ecut=15 Ry plane-wave
cutoff. Results are presented in Table 3 for NLEES-G and the
standard plane-wave method. The nonlocal energies generated
by the NLEES-G method are in good agreement with those
generated by the exact standard method. The relative accuracy
of NLEES-G does not decrease as the system size increases. Fig-
ure 1a shows the total CPU time needed to compute the non-
local energy and forces for the silicon systems using the stan-
dard plane-wave method and the NLEES-G method. The solid
lines are fits of the data to the respective scaling law of the
corresponding technique. For the standard plane-wave calcula-
tion, the CPU time follows the predicted N3 scaling law almost
perfectly. On the basis of the analysis in the previous section,
the NLEES-G method should possess an NMlogM=N2logN scal-
ing law, since M/N. However, there is little difference between
an N2logN and an N2 scaling law for the two decades of
system size tested. In fact, the fit shown in Figure 1a for the
NLEES-G method predicts N2 scaling. As evident from Figure 1,
the NLEES-G method at an accuracy of DE�10�6 Ha becomes
more computationally efficient than the standard technique
for systems containing approximately or more than 16 atoms.
This represents an order-of-magnitude improvement over the
exact N2logN approaches introduced previously.[17,18]

A similar analysis of liquid
water with system sizes ranging
from Nmol=8 to Nmol=112 mole-
cules at a density of 1=1 gcm�3

has been performed using a
plane-wave cutoff of Ecut=70 Ry.
In Table 4, the nonlocal energies
obtained from the standard
plane-wave method, the NLEES-
G method, and the NLEES-R
method with rcut=3.5 bohr and
rcut=3.0 bohr, are reported. The
accuracy of the NLEES-R method
with rcut=3.5 bohr is comparable
to that of the NLEES-G method
regardless of system size. Using
a smaller radial cutoff, rcut=

Table 3. The nonlocal energy per atom of solid silicon obtained from the
standard plane wave technique (PW) and the NLEES-G method with a
spline order p=8 for system sizes to N=192 silicon atoms, are present-
ed. The quantities D are the deviations from the exact result expressed in
mHa. An FFT grid of side 2MN(orb)=N(dens) was employed throughout.

No. of Si PW NLEES-G D

8 0.08435194 0.08435194 0
16 0.09272945 0.09272948 0.03
32 0.09590086 0.09590091 0.05
48 0.09711667 0.09711676 0.09
64 0.09453666 0.09453673 0.07
96 0.09629711 0.09629723 0.12
128 0.09609518 0.09609536 0.18
144 0.09692763 0.09692779 0.16
192 0.09701243 0.09701266 0.23

Figure 1. a) The CPU time required to compute the nonlocal energy and
force using the standard method (*) and the NLEES-G method with p=8
for silicon in the diamond structure. Results for FFT grids of side
2MN(orb)=N(dens) (&) and 1.6MN(orb) (~) are depicted. b) The CPU time of the
standard plane-wave calculation (*), NLEES-R with rcut=3.5 bohr (&) and
with rcut=3.0 bohr (~) for the water system at density of 1=1.0 gcm�3.
NLEES-G results using FFT grids of side 2MN(orb) with p=8 (&) and 1.5MN(orb)

with p=12 (~) are, also, shown. Solid lines (c) are fits to the data using
the N3 scaling law for the standard method and the N2 scaling law for the
NLEES-R. Dashed lines (b) are fits to the NLEES-G method using an N2

scaling law.

Table 4. The nonlocal energy of liquid water at a density of 1=1.0 gcm�3 obtained from the standard plane
wave (PW), NLEES-G, and NLEES-R methods is compared for systems up to Nmol=112 water molecules. The re-
ported energy is the nonlocal energy per single water molecule. The number in square brackets is the devia-
tion from the exact result of the standard method in mHa at a given system size. An FFT grid of side 2MN(orb)=

N(dens) was employed throughout.

No. of H2O PW NLEES-G NLEES-R(3.5[a]) NLEES-R(3.0[a])

8 1.7857781 1.7857783[0.2] 1.7857780[�0.1] 1.7857816[3.5]
16 1.8249863 1.8249866[0.3] 1.8249865[0.2] 1.8249894[3.1]
32 1.7772500 1.7772503[0.3] 1.7772503[0.3] 1.7772526[2.6]
48 1.7882401 1.7882403[0.2] 1.7882396[�0.5] 1.7882417[1.6]
64 1.8094158 1.8094161[0.3] 1.8094156[�0.2] 1.8094184[2.6]
80 1.7969129 1.7969130[0.1] 1.7969128[�0.1] 1.7969137[0.8]
96 1.8149476 1.8149479[0.3] 1.8149479[0.3] 1.8149497[2.1]
112 1.8150260 1.8150262[0.2] 1.8150258[�0.2] 1.8150272[1.2]

[a] Cutoff radii in Bohr.
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3.0 bohr, yields slightly lower accuracy, but reduces the CPU
time substantially. Figure 1b shows the CPU time required to
compute the nonlocal energy and forces for the water systems
of Table 4 at an accuracy level of DE�10�6 Ha for Nmol=32
water molecules. The solid lines are fits of the data to the pre-
dicted scaling law, N3 for the standard method and N2 for both
the NLEES-R and NLEES-G methods. It is clear from Figure 1
that the NLEES-G method performs better than NLEES-R for
liquid water. NLEES-G becomes more computationally efficient
than the standard method for systems containing approxi-
mately 24 or more water molecules, which means 24 nonlocal
atoms since hydrogen atoms are treated with a local pseudo-
potential. NLEES-R with rcut=3.0 bohr becomes more efficient
when approximately 48 water molecules or more are present.
However, we note that the efficiency of the NLEES-G method
depends on the number of nonlocal atom types and the cross-
over point will be pushed further out if there is more than one
nonlocal atom type in the system.

Although the nonlocal energy of the NLEES methods is not
exact, it possesses many continuous derivatives, in contrast to
other methods,[16] and, as demonstrated above, can be tuned
to yield very high accuracy without loss of efficiency. This
makes the NLEES technique ideal for use in Car–Parrinello[4] ab
initio molecular dynamics simulation studies (CPAIMD). In
order to demonstrate the stability of the NLEES-R approach, a
CPAIMD simulation of Nmol=8 water molecules was performed.
The simulation was carried out with a plane wave cutoff of
Ecut=70 Ry and a fictitious mass m=400 au in conjunction with
a time step Dt=0.075 fs. The Nmol=8 water molecules were
placed in a cubic periodic box of length L=6.208 R and an-
nealed to a temperature of T=300 K. Next, an canonical en-
semble (NVT) simulation was carried out for t=2 ps at T=
300 K using the Nose–Hoover chain canonical dynamics tech-
nique.[32] In Figure 2, the temperature of electronic degrees of
freedom and the average magnitude of the fictitious force
acting on plane wave coefficients as a function of simulation
time using the NLEES-R form of the nonlocal energy and force
with rcut=3.0 bohr, are shown. If the simulation had become
unstable or there were a noticeable exchange of energy be-
tween atomic and electronic degrees of freedom, both quanti-
ties shown in Figure 2 would have sharply increased during
the simulation. As Figure 2 indicates, the NLEES-R method gen-
erates a stable trajectory. Similar results have been generated
using NLEES-G (not shown).

4. Conclusions

Two new approaches based on Euler exponential spline inter-
polation have been developed to evaluate the electron–atom
nonlocal pseudopotential interaction. Both reciprocal-space,
NLEES-G, and real-space, NLEES-R, based techniques were de-
rived and shown to improve the scaling with system size of
the nonlocal energy and force calculations without sacrificing
accuracy. The g-space-based method was shown to scale as
NMlogM~N2logN, while the real-space-based method was
shown to scale as NM~N2. The NLEES methods became more
efficient than standard methods very quickly, at around 20

nonlocal atoms or more for the systems considered herein. It
was also demonstrated that ab initio molecular dynamics cal-
culations within the Car–Parrinello framework can be per-
formed without any loss of stability or adiabaticity using NLEES
methods, owing to the continuous derivatives provided by the
exponential spline.

Before closing, we briefly discuss the possibility of achieving
o(N) scaling for the nonlocal energy and force calculation. In
the NLEES-R method, the calculation of ZiI(J)Jlm in Equation (18)
must be performed for each state and each ion to obtain the
nonlocal energy through Equation (5), which leads to the o(N2)
scaling. However, if each orbital can be localized in the region
of an ion by exploiting the unitary invariance of the total
energy, then the sums over states and ions can be restricted to
a single sum over ions and their “associated” states, hence
leading to linear scaling with system size. However, these orbi-
tals, known as Wannier orbitals, are not preserved in the Car–
Parrinello calculation. Recently, Tuckerman and co-workers[13,14]

showed that the Car–Parrinello Lagrangian could be reformu-
lated in a gauge-invariant manner so that the resulting Car–
Parrinello type equations automatically preserve the Wannier
orbitals as the system evolves. Thus, by combining the current
NLEES-R method with the dynamical orbital localization
scheme, we expect to achieve overall o(N) scaling for Car–Par-

Figure 2. a) The instantaneous ion temperature, b) the instantaneous tem-
perature of fictitious electronic degrees of freedom, and c) the average
forces acting on orbital coefficients, obtained from a CPAIMD simulation of
an Nmol=8 water system at T=300 K. The simulation was performed using
the NLEES-R method for the nonlocal part of the energy and force calcula-
tion with rcut=3.0 bohr.
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rinello molecular dynamics calculations. In a similar manner, by
combining the reciprocal-space localization functional of Ian-
nuzzi and Parrinello[12] with the aforementioned gauge-fixing
approach,[13,14] it should be possible to achieve o(NlnN) scaling
with the NLEES-G method. Investigation of such possibilities
constitutes ongoing and future work.
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