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Mixed ab initio/empirical force-field simulation studies, calculations in which one part of the system
is treated using a fullyab initio description and another part is treated using an empirical
description, are becoming increasingly popular. Here, the ability of the commonly used, plane
wave-based generalized gradient approximation to density functional theory is extended to model
systems in which the electrons are assumed to be localized in a single small region of space, that is,
itself, embedded within a large chemically inert bath. This is accomplished by introducing two
length scales, so that the rapidly varying, short range, electron–electron and electron–atom
interactions, arising from the region where the electrons are localized, can be treated using an
appropriately large plane wave basis, while the corresponding, slowly varying, long range
interactions of the electrons with the full system or bath, can be treated using a small basis. Briefly,
a novel Cardinal B-spline based formalism is employed to derive a smooth, differentiable, and
rapidly convergent~with respect to the small basis! expression for the total electronic energy, which
explicitly contains the two length scales. The method allows reciprocal space based techniques
designed to treat clusters, wires, surfaces and solids/liquids~open, and 1-D and 2-D periodic
boundary conditions, respectively! to be utilized. Other plane wave-based ‘‘mixed’’ methods are
restricted to clusters. The new methodology, which scales asN logN at fixed size of the chemically
active region, has been implemented for parallel computing platforms and tested through
applications to both model and realistic problems including an enzyme, human carbonic anhydrase
II solvated in an explicit bath of water molecules. ©2001 American Institute of Physics.
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I. INTRODUCTION

Chemical systems are often characterized by a se
electronically active constituents localized in a small reg
of space, surrounded by and interacting with, a large bat
electronically inert components. The division of a large s
tem into chemically interesting and chemically uninterest
regions is both an intuitively appealing and a practically u
ful description that can be fruitfully applied to many diffe
ent problems of chemical and biological interest. For e
ample, in the study of solution phase chemical reactions,
advantageous to consider, explicitly, the electronic degree
freedom of the reactants/products and perhaps, a first so
tion shell, while the remainder of the solvent is model
more approximately.1 Similarly, in studies of enzyme cataly
sis, the valence electrons of the amino acids and the w
molecules near the active site, as well as those of the
strate, must be modeled using a high level of theory, wh
the remainder of these large and complex systems ca
modeled more approximately.1–6 Thus, simulation studies
based on hybrid model descriptions promise to yield che
cal insight into significant problems for low computation
cost. It is, therefore, important to develop both the mod
3530021-9606/2001/115(8)/3531/9/$18.00
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and methods required to treat mixedab initio/empirical force
field descriptions of chemical and biological systems ac
rately and efficiently.

It has been demonstrated that a wide variety of comp
chemical systems can be treated effectively using anab initio
methodology that employs a plane-wave basis set in c
junction with the generalized gradient approximation to de
sity functional theory~GGA–DFT!.7–10 Of course, in realis-
tic calculations, many basis functions or equivalently, a la
plane wave energy cutoff (\2ugu2/2me<Ecut'70 Ry) must
be employed to ensure accuracy. The large basis set
coupled with the fact that plane waves, naturally, admit o
a single length scale, has made it difficult to employ plan
wave-based GGA–DFT to study hybrid model systems.

Consider, for example, a small simulation cell containi
the electron density embedded within a large simulation
containing the rest of the system~i.e., the bath!. In order to
determine the long range interaction of the electron dens
with the atoms outside the small simulation cell within t
plane wave formalism, the electron density in the large sim
lation cell must be expanded in a plane-wave basis trunc
using thesamecutoff required to describe the rapidly vary
1 © 2001 American Institute of Physics
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ing electron density in the small cell~e.g. Ecut'70 Ry!.
Thus, the memory requirements are prohibitively large a
the calculations scale poorly with the size of the large cell~at
fixed small cell size!. However, such a scheme does allo
systems treated using 3-D periodic boundary conditions~liq-
uids and solids! to be accurately studied. It also permi
novel reciprocal space-based techniques that treat clus
wires and surfaces properly11,12 ~open, and 1-D and 2-D pe
riodic boundary conditions, respectively! to be applied to
‘‘mixed’’ or ‘‘hybrid’’ model calculations. In contrast, previ-
ous plane-wave-based ‘‘hybrid’’ formulations are restrict
to clusters.13

In this paper, a new method designed to treat large s
tems that can be decomposed into electronically active
electronically inert portions with high efficiency is presente
Two length scales are explicitly introduced into the pla
wave-based GGA–DFT electronic structure formalism
that the small length scale, electronically active region c
be treated differently than the long length scale, electro
cally inert region without loss of generality and with larg
gains in efficiency. This is accomplished by employing
Cardinal B-spline based formalism to derive a novel expr
sion for the electronic energy that explicitly contains both
long and short length scales. The new expression can
evaluated efficiently using two independent plane wave
ergy cutoffs and is smooth, differentiable, and rapidly co
vergent with respect to the plane-wave cutoff associated w
the long length scale, even when the plane-wave cutoff
sociated with the short length scale is quite large. Thus,
method scales asN logN, whereN is the number of atoms in
the full system~at fixed size of the chemically active region!,
provided particle mesh Ewald techniques14 are employed to
evaluate the atomic charge density in the large cell. In ad
tion, the new methodology does not require anad hocelec-
trostatic potential fitting scheme based on point charges
rived from a particular choice of population analysis and c
be utilized to treat clusters, wires, surfaces and solids/liqu
without loss of generality. The validity of the new techniq
is demonstrated on both an analytically solvable problem
Gaussian charge density interacting with a point charge,
realistic systems including an enzyme, human carbonic
hydrase II ~HCA II ! solvated by an explicit bath of wate
molecules. The high parallel efficiency of the method is a
demonstrated on the large, complex, HCA II/water syste

II. METHODS

In the Kohn–Sham formulation15,16of density functional
theory, the electron density is expanded in a set of orbi
$c i(r )%

n~r !5(
i 51

n

oi uc i~r !u2 ~1!

and the energy functional is given by

E@n#5Ts@$c i%#1EH@n#1Exc@n#1Eext@n# ~2!

whereTs is the kinetic energy of a system of noninteracti
electrons,EH is the Hartree energy,Exc is the exchange and
correlation energy and theoi are the occupation numbers o
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the orbitals.17 Here, a generalized gradient approximation
employed and Eq.~2! is, hence, referred to as a GGA-dens
functional.

In this work, the GGA-density functional, Eq.~2!, is
minimized by expanding the orbitals in a finite plane-wa
basis set and varying the expansion coefficients subject to
orthogonality constraints (^c j uc i&5d i j ). The plane-wave
basis set is truncated by including all plane waves with
netic energy less than or equal to a cutoff ener
\ugu2/2me<Ecut. Finally, core electrons, which are difficu
to treat in a plane-wave basis set, are replaced by ato
pseudopotentials. Typical pseudopotentials contain a l
range local contribution,Eloc and a short range angular mo
mentum dependent nonlocal contribution,Enonloc that serves
to replace the core~i.e., Eext5Eloc1Enonloc!.

20

The GGA-density functional, thus, contains, only, tw
terms that act at long range, the Hartree,EH@n#, and local
pseudopotential energies,

EH@n#5
e2

2
(

Ŝ
E dr

D~hI!

E dr 8
D~hI!

n~r !n~r 8!

ur2r 81hISu
, ~3!

Eloc@n#5(
Ŝ

(
I 51

N E dr
D~hI!

f locI~r2RI1hIŜ!n~r !, ~4!

whereRI is the Cartesian position of theI th ion, hI is the cell
matrix whose columns contain thed cell vectors, dethI5V is
the volume, andŜ5$ŝa ,ŝb ,ŝc% is a vector of integers index
ing the periodic replicas~in clusters, onlyŜ5$0,0,0% is al-
lowed, while in systems periodically replicated in three sp
tial dimensions, the three integers span the full range!.

In plane-wave-based calculations, the orbitals a
hence, the density are expanded as follows,8,21

c j~r !5
1

AV
(

ĝ
c̄ j~g!exp~ ig•r !,

~5!

n~r !5
1

V (
ĝ

n̄~g!exp~ ig•r !,

whereg5hI21ĝ and the vector of integers,ĝ5$ga ,gb ,gc%,
indexes reciprocal space. Typically, a cutoff is introduced
the sums describing the orbitals such that\g2/2me<Ecut.
~Note, the reciprocal space summation for the density is o
a reciprocal space defined by the appropriately larger cu
Ecut

~density!54Ecut.! It is convenient to express the Hartree a
local external energies in reciprocal space,

EH5
e2

2V (
ĝ

8un̄~g!u2F4p

g2 1f̂~screen,Coul!~g!G
1S e2

2VD f̂~screen,Coul!~0!un̄~0!u2, ~6!
P license or copyright; see http://jcp.aip.org/jcp/copyright.jsp



al

f
,
o
n
u

tre

g
e

o

x-
e

ns
ed

,

as

set

nd
e-

all
cal
rdly,

3533J. Chem. Phys., Vol. 115, No. 8, 22 August 2001 A dual length scale simulation method
Eloc5
1

V ( 8
ĝ

(
I 51

N

n̄* ~g!exp~2 ig•RI !

3@f̃ loc,I~g!2eqIf̂
~screen,Coul!~g!#1

1

V (
I 51

N

n̄~0!

3@f̃ loc,I
~0! 2eqIf̂

~screen,Coul!~0!#. ~7!

Here, f̃ loc,I denotes the Fourier transform of the loc
pseudopotential, the prime indicates that theg50 term is
eliminated and the function,f̃ loc,I

(0) is the nonsingular part o
the local pseudopotential atg50. The screening function
f̂~screen,Coul!(g), depends on the periodicity of the system. F
a system periodically replicated in three spatial dimensio
it is identically zero. Other cases, clusters, wires and s
faces, are discussed in detail elsewhere.11,12

It is clear that the standard expressions for the Har
and local external energies given in Eqs.~6! and~7!, respec-
tively, only possess a single length scale. A second len
scale can be introduced by first rewriting the real space
pressions for these two energies using the identity erf(ar)
1erfc(ar)51,

EH@n#5H e2

2
(

Ŝ
E dr

D~hI!

E dr 8
D~hI!

3
n~r !n~r 8!erfc~aur2r 81hIŜu!

ur2r 81hIŜu
J

1H e2

2
(

Ŝ
E dr

D~hI!

E dr 8
D~hI!

3
n~r !n~r 8!erf~aur2r 81hIŜu!

ur2r 81hIŜu
J

5EH
short@n#1EH

long@n#, ~8!

Eloc@n#5H (
Ŝ

(
I 51

N E dr
D~hI!

n~r !Ff loc,I~r2RI1hIŜ!

1
eqI erf~aur2RI1hIŜu!

ur2RI1hIŜu
G J

2H (
S

(
I 51

N E dr
D~hI!

n~r !

3F eqI erf~aur2RI1hIŜu!

ur2RI1hIŜu
G J

5Eloc
short@n#1Eloc

~long!@n#. ~9!

Here, the first term in the curly brackets in each equation
short range while the second term is long range. Note, b
f loc,I(r ) and 2eqI erf(ar)/r approach2eqI /r , asymptoti-
cally whereqI is the charge onI th ion core. In the limit
Downloaded 26 Jun 2009 to 137.205.57.125. Redistribution subject to AI
r
s,
r-

e

th
x-

is
th

aV1/3@1, the sum over images in the first term of each e
pression~i.e., the short range parts! can be truncated at th
first or nearest image with exponentially small error.

In order to proceed, it will be assumed that the electro
are localized in a particular region of the large cell describ
by hI, which can be enclosed in a small cell, described byhIs ,
centered at the point,Rc . That is, the orbitals and, hence
electron density are taken to vanish on the surface ofhIs .
Furthermore, it is assumed, for simplicity, that theas , bs and
cs axes ofhIs are parallel to thea, bandc axes ofhI, such that
hI21hIs5DI, a diagonal matrix. Thus, we can define

c j~r s1Rc!5c j ,s~r s!

~10!
n~r s1Rc!5ns~r s!,

where ther s spans the small cell and can be expressed
r s5hIss with 0<sa<1 and, both,c j (r )[0 andn(r )[0 for
r s5r2Rc outside the domain ofhIs . The orbitals and the
electron density can be expanded in a plane-wave-basis
that spans the small cell, only,

c j ,s~r s!5
1

AVs
(
ĝs

c̄ j ,s~gs!exp~ igs•r s!

~11!

ns~r s!5
1

Vs
(
ĝs

n̄s~gs!exp~ igs•r s!,

where gs5hIs
21 ĝs , the vector of integers, ĝs

5$ga,s ,gb,s ,gc,s%, indexes the small reciprocal space a
Vs5dethIs is the volume of the small cell. The plane-wav
energy cutoff is taken to beEcut

~short! @with the cutoff on the
densityEcut

~short,density!54Ecut
~short!#.

Given that the electron density is localized in the sm
cell, the short range components of the Hartree and lo
pseudopotential energies can be evaluated straightforwa

EH
~short!@n#5

e2

2 E dr
D~hIs

E dr 8
D~hIs!

ns~r !ns~r 8!erfc~aur2r 8u!
ur2r 8u

5
e2

2Vs
( 8
ĝs

n̄s~2gs!n̄s~gs!F4p

gs
2 G

3F12expS 2
gs

2

4a2D G1
e2p

2Vsa
2 uns~0!u2 ~12!

Eloc
~short!@n#5 (

J51

Ns E dr
D~hIs!

ns~r !Ff loc,J~r2RJ1Rc!

1
eqJ erf~aur2RJ1Rcu!

ur 2RJ1Rcu
G

5
1

Vs
( 8
ĝs

(
J51

Ns

n̄s* ~gs!exp~ igs•@RJ2Rc# !

3F f̃ loc,J~gs!1
4peqJ

gs
2 expS 2

qs
2

4a2D G
1

1

Vs
(
J51

Ns

n̄s~0!F f̃ loc,J
~0! 2

eqJp

a2 G , ~13!
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where theJ sum runs over theNs ions within the small cell,
the ĝs sum runs over the large reciprocal-space grid of
small cell, andRc is in position of the small cell inside th
large. Since the full system is not periodic onhIs , but onhI,
Eqs.~12–13! will only yield the correct short range energy
aVs

1/3@1 andn(r s) vanishes on the small cell boundary. Th
nonlocal pseudopotential energy is short range and is
sumed to be evaluated within the small cell~only considering
the Ns ions in the small cell and using the small cell reci
rocal space!. Similarly, the exchange correlation and th
electronic kinetic energies can also be evaluated in the s
cell using standard techniques.8,21

Next, the expressions for the long range portions of
Hartree and local pseudopotential energies are formula
This is accomplished by expanding the electron density
calized in the small cell in terms of the plane waves of
large cell. This expansion is permitted because the elec
density, localized in the small cell, obeys periodic bound
conditions in the large cell~i.e., it is zero on the surface o
hI!. Thus

EH
~long!@n#5

e2

2
(

Ŝ
E dr

D~hI!

E dr 8
D~hI!

3
n~r !n~r 8!erf~aur2r 81hIŜu!

ur2r 81hIŜu

5
e2

2V
( 8

ĝ
n̄~2g!n̄~g!F4p

g2
expS 2

g2

4a2D
1f̂~screen,Coul!~g!G1S e2

2V
D

3F f̂~screen,Coul!~0!2
p

a2G un~0!u2, ~14!

Eloc
~long!@n#52(

Ŝ
(
I 51

N E dr
D~hI!

n~r !F eqI erf~aur2RI1hIŜu!

ur2RI1hIŜu
G

52
e

V
( 8

ĝ
n̄* ~g!S~g!F4p

g2
expS 2

q2

4a2D
1f̂~screen,Coul!~g!G
2

e

V
n̄s~0!S~0!F f̂~screen,Coul!~0!2

p

a2G , ~15!

where

S~g!5(
I

qI exp~ ig•RI ! ~16!

is the atomic charge density and
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n̄~g!5E dr
D~hI!

exp@2 ig•r #n~r !

5E dr s

D~hIs!

exp@2 ig•r s#n~r s1Rc!

5E dr s

D~hIs!

exp@2 ig•~r s2Rc!#ns~r s! ~17!

are the plane wave expansion coefficients of the elec
density in the reciprocal space of the large cell,g5hI21ĝ.
The integral in Eq.~17! can be extended to cover the doma
described by the large cell without loss of generality beca
n(r s1Rc)[0 outside of the small cell. Note,n̄(g)
5n̄s(gs), if hIs[hI and Rc50. Methods for the efficient
evaluation of Eq.~17! and, hence, Eqs.~14! and ~15! are
developed as follows.

First, it is clear from the long range/short range deco
position of the Hartree and local pseudopotential energ
that a different plane-wave cutoff can be introduced to tr
each part. That is, one cutoff,Ecut

~short! , can be used to evaluat
the short range components of the energy@Eqs. ~12! and
~13!#, and another,Ecut

~long! can be used to evaluate the lon
range components@Eqs. ~14! and ~15!#. While the long
range/short range decomposition is general, it is expec
that the short range contributions will be obtained by in
gration over functions that rapidly vary spatially, while th
long range contributions will be obtained by integration ov
a slowly varying function. Therefore, the short range ene
contributions must be evaluated using a large recipro
space cutoff@i.e., the standardEcut

~density,short!54Ecut
~short!# while

the long range part can be evaluated using a small cu
Ecut

~long!!Ecut
~short! @with Ecut

~density,long!54Ecut
~long!#. Thus, by split-

ting the electronic energy into two parts, large gains in e
ciency are possible.

Next, consider the case that the number of particles
the small cell,Ns , and the small cell volume,Vs , are much
less than their large cell counterparts~Ns!N andVs!V! as
would be the case for a large, chemically inert bath surrou
ing a chemically active subsystem. The computational c
of evaluating the short range local pseudopotential and s
range Hartree, exchange correlation, nonlocal pseudopo
tial and the electronic kinetic energy as well as the over
matrix, ^c j ,suc i ,s&, scales like;Ns

3. The computational cos
of evaluating the long range part of the Hartree and lo
pseudopotential energies depends on the computational
of evaluating the atomic charge density, S~g!, and the plane
wave expansion of the density in the large cell@see Eq.~17!#.
Since the atomic charge density can be evaluated inN logN
using Particle Mesh Ewald techniques,14 if Eq. ~17! could
also be evaluated inN logN, the computational cost of the
method would then beN logN at fixed hIs and Ns . ~The
present approach yields a linear scaling method becaus
fixed particle density and plane wave cutoff, the number
plane waves in large cell basis set increases linearly w
particle number,N.!

In order to achieve linear scaling, the electron dens
must be interpolated from the small cell where it is describ
P license or copyright; see http://jcp.aip.org/jcp/copyright.jsp
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by a plane wave expansion with a large cutoff,Ecut
~density,short! ,

to the large cell where it is described by a plane wave
pansion with a small cutoff,Ecut

~density,long! , efficiently. First,
consider the Fourier components of the density,

n̄~g!5E dr
D~hI!

exp@2 ig•r #n~r !. ~18!

If n(r ) can be expressed in a finite plane wave basis,

n~r ![
1

V (
ĝa52Pa/211

Pa/2

(
ĝb52Pb/211

Pb/2

(
ĝc52Pc/211

Pc/2

exp~ ig•r !n̄~g!,

~19!

then the Fourier coefficients can also be determined~exactly!
from a discrete sum over a real space grid,

n̄~g![
V

PaPbPc
(

ŝa50

Pa21

(
ŝb

Pb21

(
ŝc50

Pc21

e22p i ĝaŝa /Pa

3e22p i ĝbŝb /Pbe22p i ĝcŝc /Pcn~hIs!. ~20!

Here, Pa , Pb , and Pc are both the number of reciproca
lattice points along each direction and the number of po
discretizing the a, b, c axes of the cell, whilesa5 ŝa /Pa .
Importantly, Eq.~20! and its inverse, Eq.~19!, can be evalu-
ated using a 3-D Fast Fourier transform~3D-FFT! in order
N logN. A spherical cutoff can be introduced in reciproc
space by simply assuming thatn(r ) is described by a basis i
which n̄(g)[0 when\2ugu2/2me.Ecut

~density! .
Next, consider a function,f (r ) with plane-wave expan

sion coefficients,

f̄ ~g!5E dr
D~hI!

exp@2 ig"r # f ~r !

5VE
0

1

dsaE
0

1

dsbE
0

1

dsc

3e22p i ĝasae22p i ĝbsbe22p i ĝcscf ~hIs!, ~21!

that can be described on a finite reciprocal space@cf. Eq.
~20!#. In order to express the plane wave expansion coe
cients accurately, in terms of a sum over an arbitrary se
equally spaced discrete points in real space as opposed t
continuous integrals given in Eq.~21!, or the discretization
required by Eq.~20!, it useful to introduce the Euler expo
nential spline,22,23

expS 2p i ĝau

P̃a
D 5dm~ ĝa ,P̃a! (

ŝ52`

`

Mm~u2 ŝ!

3expS 2p i ĝaŝ

P̃a
D 1OS 2uĝau

P̃a
D m

,

~22!

dm~ ĝa ,P̃a!5
exp~2p i ~m21!/ P̃a!

@( j 50
m22Mm~ j 11!exp~2p i ĝa j / P̃a!#

,

where ŝ is an integer,u is a real number, ‘‘m21’’ is the
spline order assumed to be odd and theMm(u) are the Car-
dinal B-splines,
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M2~u!512@u21#,

Mm~u!5F u

m21GMm21~u!1Fm2u

m21GMm21~u21!,

Mm~u!Þ0, 0,u,m,
~23!

Mm~u!50, u<0, u>m,

(
ŝ5`

`

Mm~u2 ŝ!51,

dMm~u!

du
5Mm21~u!2Mm21~u21!.

Inserting the Euler exponential spline into Eq.~21! yields a
well-defined approximation tof̄ (g),

f̄ ~g!'@Vdm* ~ ĝa ,P̃a!dm* ~ ĝb ,P̃b!dm* ~ ĝc ,P̃c!#

3 (
ŝa50

P̂a21

(
ŝb50

P̂b21

(
ŝc50

P̂c21

e22p i ĝaŝa / P̂a

3e22p i ĝbŝb / P̂be22p i ĝcŝc / P̂cf ~conv!~hIs!, ~24!

where

f ~conv!~hIs!5E
0

1

dsa8E
0

1

dsb8E
0

1

dsc8

3 (
ka52`

`

(
kb52`

`

(
kc52`

`

f ~hIs8!

3Mm~@sa82ka# P̂a2 ŝa!

3Mm~@sb82 ŝb# P̂b2 ŝb!Mm~@sc82kc# P̂c2 ŝc!,

~25!

is the interpolation off (r ) onto the discrete real space gr
defined bysa5 ŝa / P̃a and 0< ŝa< P̃a21.

Equation~24! can be evaluated using a 3D-FFT in ord
N logN provided the interpolation function,f ~conv!(hIs), de-
fined on the discrete real space, can be constructed in a c
putationally efficient manner. In addition, Eq.~24! is smooth
and possessesm22 continuous derivatives. Note, ifP̃a

.m11, then each point in the continuous spac
$sa8 ,sb8 ,sc8%, is mapped tom3 unique points on the discret
grid indexed by$ŝa ,ŝb ,ŝc% due to the finite support of the
Mm(u) @see Eq.~23!#.

It is now a simple matter to generate a computationa
efficient and well-defined approximation to the Fourier co
ficients,n̄(g), of an electron densityn(r ) that is assumed to
be nonzero only in the small cell described byhIs . First,
given thatn̄s(gs), defined in Eq.~11!, exists on a finite re-
ciprocal space, the identity given in Eq.~20! holds. Thus, the
discrete form of the density can be inserted into Eq.~25! and
the integrals performed using trapezoidal rule integrat
without loss of generality to yield the desired interpolati
from the small cell to the large cell,
P license or copyright; see http://jcp.aip.org/jcp/copyright.jsp
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n~conv!~hIs!

5FVs

V GF 1

Pa,sPc,sPc,s
G

3 (
ŝa850

Pa,s21

(
ŝb850

Pb,s21

(
ŝc850

Pc,s21

(
ka52`

`

(
kb52`

`

(
kc52`

`

ns~hIss8!

3Mm~@sa81Sa,s2ka# P̃a2 ŝa!Mm~@sb81Sb,s2kb#

3 P̃b2 ŝb!Mm~@sc81Sc,s2kc# P̃c2 ŝc!. ~26!

Here, $Pa,s ,Pb,s ,Pc,s% are defined by the size of the sma
cell reciprocal space@through the plane-wave-energy cuto
Ecut

~short,density!54Ecut
~short!#, sa85 ŝa8Da,a /Pa,s , Ss5hI21Rc , and

Vs /V5detDI while the $P̃a ,P̃b ,P̃c% are defined by the size
of the large cell reciprocal space@through the cutoff,
Ecut

~long,density!54Ecut
~long!#.

The desired plane wave expansion of the electronic d
sity in the large cell reciprocal space,n̄(g), is constructed by
insertingn~conv!(hIs… into Eq. ~24! and performing a 3D-FFT
Note, in the limit, P̃a5Pa,s , P̃b5Pb,s , P̃c5Pc,s or Ecut

~short!

5Ecut
~long! , andhI5hIs , thenn̄s(gs)[n̄(g) because Eq.~20! is

exact for a finite reciprocal space and the Euler exponen
splines are exact at the knots.22,23 Importantly, Eq.~26! can
be evaluated in orderNsm

3 and the ~dense! discrete real
space grid spanning the small cell,hIs , and the~sparse! dis-
crete real space grid spanning the large cell,hI, need not be
commensurate. In addition, the separable form of
Mm(p), which is a consequence of the choicehI21hIs5DI,
allows the requiredMm(p) to be evaluated independently
order mNs

1/3. Thus, the overall computational cost of co
structing n̄(g) is N logN ~dominated by the FFT!. Finally,
the resultingn̄(g) @i.e., obtained by inserting Eq.~26! into
Eq. ~24!# is continuously differentiable with respect to th
expansion coefficients of the orbitals,c̄ j ,s(gs), defined in Eq.
~11!.

III. RESULTS

Three systems have been selected to test the
method. The first system, a Gaussian charge density inte
ing with a single point charge, can be solved analytically
was chosen because it provides a clear and unambig
demonstration of the accuracy of the new approach. The
ond system, a single ‘‘ab initio’’ water molecule embedded
within a bath of water molecules described by the TIP
force field, does not possess an analytical solution but it
sufficiently small system that accurate results can be ge
ated using standard methods, yet, it is sufficiently realistic
demonstrate the behavior of the new technique on a n
trivial problem. The third system, an enzyme, human c
bonic anhydrase II~HCA II !, solvated in liquid water, is a
large complex system that demonstrates the true utility of
new method, as it cannot be approached using standard
niques. That is, in this latter system, the active site reg
and a small number of water molecules are described wi
the GGA-DFT, while the remainder of the system~;30,000
atoms! is treated using an empirical force field.
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First, in order to validate the new methodology, consid
a simple Gaussian electron density,

n~r !5S k2

p D 3/2

exp~2k2r 2!. ~27!

The interaction of this density with a point charge located
arbitrary distance,r 0 , away from its center can be dete
mined, analytically,Eext

(exact)5erf(kr0)/r0. In Table I the con-
vergence of the total external energy to the analytical valu
presented as a function of the large cell plane-wave cu
and Cardinal B-spline interpolation order, for various choic
of r 0 . The calculations were performed using the clus
boundary condition technique of reference11 and fixed small
cell plane-wave cutoff@Ecut

~short!5120 Ry#. In general, it can
be seen that low B-spline interpolation orders and sm
plane-wave cutoffs in the large cell,Ecut

~long! , are sufficient to
produce accurate results, indicating that the new metho
both valid and efficient.

Next, a more realistic problem, a system of 64 wa
molecules in a cubic box, subject to periodic boundary c
ditions, is examined. Although relatively small, a 64 mo
ecule system has been shown to be a reasonable mod
liquid water. Therefore, a system of 64 empirical TIP3
model water molecules was equilibrated at the state p
$r51 g/cm3, T5300 K% for 1 nanosecond of simulation
time. One TIP3P water molecule was then replaced by anab
initio water molecule~8 valence electrons and three ‘‘ab ini-
tio atoms’’ or ‘‘ions’’ !. The electrons were allowed to intera
with the TIP3P model molecules and the H1 and O61 ions
via pseudopotentials fit by the authors and stand
Troullier–Martins pseudopotentials,24 respectively. In addi-

TABLE I. The interaction of a Gaussian charge density,k
53.779 454 Å21, with a point charge at distance,r 0 from its center is
presented as a function of large cell plane-wave cutoff and B-spline in
polation order. The large cell size was fixed atLl520 Å on edge. The small
cell size was fixed atLs54 Å on edge and the small cutoff was fixed a
Ecut

short5120 Ry. The electrostatic division parameter was set to bea56/Ls

andDEext5Eext2Eext
~exact!.

r 0

~Å!
Ecut

~long!

~Rydberg! m
Eext

~Hartree!
DEext

~Kelvin!

4 4 4 20.132 296 1
6 20.132 297 1
8 20.132 297 1

8 4 20.132 293 0
6 20.132 293 0
8 20.132 293 0

6 4 4 20.088 186 3
6 20.088 185 3
8 20.088 185 3

8 4 20.088 198 1
6 20.088 198 1
8 20.088 198 1

8 4 4 20.066 126 7
6 20.066 125 7
8 20.066 125 7

8 4 20.066 149 1
6 20.066 149 1
8 20.066 149 1
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tion, the ions were permitted to interact with the TIP3P m
ecules via electrostatic and van der Waals forces. The B-
exchange–correlation density functional18,19 was used in all
the calculations, in conjunction with a small cell plane-wa
cutoff of Ecut

~short!5100 Ry. The model is described in mo
detail in Ref. 25~Fig. 1, for example, shows the radial di
tribution function of a 50/50 mixture of TIP3P-ab initio wa-
ter molecules!. In Table II the convergence of the electron
energy is shown as a function of the large cell plane-w
cutoff and Cardinal B-spline interpolation order. As can
seen from the table, rapid convergence with both parame
is achieved. In addition, the small cell edge,Ls , can be taken
to be much less than the large cell edge without loss
accuracy.

Last, an HCA II enzyme solvated in liquid water, is co
sidered. In detail, the system consists of a 260-residue H
II enzyme~complete with catalytic zinc!, solvated by 8,859
waters, for a total of 30,652 atoms subject to periodic bou
ary conditions. Clearly, a fullyab initio treatment of such a
large system is not feasible, at present. However, a hy
model, wherein only the catalytic zinc, the side chains
active site residues, HIS 94, HIS 96, HIS 119, THR 19
GLU 106, and the seven water molecules in the active
are treated using anab initio description, can be studied
Thus, 204 valence electrons of 68 atoms in the active
~see Fig. 2! are treated at anab initio level, while the remain-
der of the system is treated using the empirical CHARMM
all-atom force field which includes TIP3P water model26

Briefly, the electrons are assumed to interact with ‘‘ab initio
atoms’’ via standard Troullier–Martins pseudopotential24

and with ‘‘empirical atoms’’ via pseudopotentials31 ~see also
Refs. 27 and 28!. The B-LYP, density functional18,19 was
employed to treat exchange and correlation.Ab initio atoms
~ion-cores! were permitted to interact with neighboring ‘‘em
pirical atoms’’ via appropriate bond, bend, torsion, one-fo
van der Waals and Coulomb forces.31 The parameters wer

FIG. 1. The oxygen–oxygen radial distribution function for a system c
sisting of 16 TIP3P water molecules and 16ab initio molecules at the state
point $r51 g/cm3, T5300 K% is presented~dotted line!. Comparisons are
made to distribution functions generated using fullyab initio ~solid line! and
a fully empirical model~dashed line!.
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obtained by enforcing good agreement between mixed m
els, fully empirical models and fullyab initio models of rel-
evant fragments. For example, the minimum energy geo
etry of hybrid model CH3CO–~HIS!–NHCH3 deviates at
most'3 degrees in the bend angles and'0.02 Å in the bond

-

FIG. 2. Human carbonic anhydrase treated using the mixedab initio/
empirical force-field-based approach described in the text. The full enz
wherein the wire frame represents atomic sites and the blue cloud repre
the electron density of the valence electrons associated with ‘‘ab initio at-
oms.’’

TABLE II. The total electronic energy of a singleab initio water molecule
immersed in a bath of TIP3P molecules as a function of large cell pl
cutoff and spline interpolation order. The large cell size was fixed by
state point,Ll512.43 Å, on edge. The small cell cutoff was fixed at 100 R
The electrostatic division parameter was set toa56/Ls and DEtot5Etot

2Etot
(std) , where Etot

(std)5220.287 67 is the result of a standard calculati
with Ls5Ll512.43 Å.

Ls

~Å!
Ecut

~long!

~Rydberg! m
Etot

~Hartree!
DEtot

~Kelvin!

6 4 4 220.279 80 2480
6 220.281 27 2020
8 220.281 33 2002

8 4 220.281 08 2080
6 220.281 33 2000
8 220.281 34 2000

8 4 4 220.286 84 260
6 220.287 18 150
8 220.287 18 150

8 4 220.287 11 175
6 220.287 18 150
8 220.287 18 150

9 4 4 220.287 73 220
6 220.287 90 270
8 220.287 90 270

8 4 220.287 87 260
6 220.287 90 270
8 220.287 90 270
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lengths from the standards~CHARMM and fully ab initio
treatments as appropriate!. More details and a complet
analysis of the electronic structure of the fragments is p
vided in Ref. 25.

The HCA II/water system described above was prepa
by taking the crystallographic configuration of the enzym
~PDB identification label, ‘‘1RAY’’!29 and immersing it in
TIP3P water. Next, a 1 ns constant temperature molec
dynamics calculation was performed using a fully empiri
treatment.26 This was followed by a 1 ns constant pressu
molecule dynamics calculation. At this point, the hybr
model was introduced. In Table III, the convergence of
electronic energy for a representative configuration ta
from the simulation of the hybrid model, is shown versus
large cell, plane-wave cutoff and the Cardinal B-spline int
polation order. As in previous examples, accurate ener
are obtained for low spline orders and plane-wave cuto
The parallel efficiency of the algorithm is also good~see
Table IV!. The results, therefore, indicate that large comp
systems can be studied efficiently using the new metho
ogy. Further studies of the physical and chemical proper
of the hybrid model HCA II/water system are presented
Ref. 30.

TABLE III. The total electronic energy of the active site of HCA II im
mersed in a bath of TIP3P molecules and CHARMM22 model amino a
residues as a function of large cell plane cutoff and spline interpola
order. The large cell size is fixed by the state point, 66.7 Å, on edge.
small cell size was fixed at 19 Å on edge and the small cell cutoff was fi
at 70 Ry. The electrostatic division parameter was set to bea57/Ls and the
accuracy measure is defined to beDEtot5Etot(Ecut

~long!,m)2Etot(4,8).

Ecut
~long!

~Rydberg! m
Etot

~Hartree!
DEtot

~Kelvin!

1 4 2548.549 312 1022.0
6 2548.552 461 28.0
8 2548.552 545 1.5

2 4 2548.551 775 244.0
6 2548.552 540 2.9
8 2548.552 549 0.1

4 4 2548.552 373 55.7
8 2548.552 548 0.3
8 2548.552 549 0.0

TABLE IV. The parallel efficiency, as define by the CPU time for 8 proce
sor run divided by the CPU time for a P, processor run, obtained in
hybrid model simulation study of the HCA II enzyme solvated in TIP
water. Superlinear increases in efficiency are observed as the problem b
to fit in the cache at larger number of processors.

Processors Efficiency

8 1.0
10 1.2
14 1.8
16 2.0
20 2.6
24 3.2
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IV. CONCLUSION

In summary, a new method has been designed
greatly increases the efficiency of mixedab initio/empirical
model descriptions of chemical systems treated using GG
DFT electronic structure theory and a plane-wave basis
In particular, the important case, that the chemically act
components are both localized in a small region of space
embedded in a large cell containing a bath of chemica
inert constituents, is considered. A Cardinal B-spline-ba
formalism was used to derive smooth, differentiable, a
rapidly convergent expressions for the terms in the electro
energy that contains both long- and short-range length c
tributions. The new formalism, thus, permits the short ran
electron–electron and electron–atom interactions, origin
ing from the small region of space where the electrons
localized, to be treated using a large plane-wave basis
the long-range interactions of the electrons with the rema
der of the system to be treated using a small basis.
methodology is, therefore, computationally efficient a
scales asN logN at fixed size of the chemically active sub
system. Also, it allows clusters, wires, surfaces and sol
liquids to be treated without loss of generality, in mark
contrast to existing plane-wave based ‘‘mixed’’ methods. T
new technique was validated on analytically solvable mo
as well as realistic systems including a mixedab initio/
empirical model of liquid water and the human carbonic a
hydrase II enzyme, solvated in a bath of empirical mo
water molecules. Therefore, it is now possible to perfo
plane-wave-basedab initio molecular dynamics and elec
tronic structure calculations of large complex systems t
contain both chemically active and chemically quiesc
components, efficiently and accurately.
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