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A new molecular dynamics method for calculating free energy profiles for rare events is presented.
The new method is based on the creation of an adiabatic separation between a reaction coordinate
subspace and the remaining degrees of freedom within a molecular dynamics run. This is achieved
by associating with the reaction coordin@iea high temperature and large mass, thereby allowing

the activated process to occur while permitting the remaining degrees of freedom to respond
adiabatically. In this limit, by applying a formal multiple time scale Liouville operator factorization,

it can be rigorously shown that the free energy profile is obtained directly from the probability
distribution of the reaction coordinate subspace and, therefore, no unbiasing of the configuration
space or postprocessing of the output data is required. The new method is applied to a variety of
model problems including a two-dimensional free energy surface and its performance tested against
free energy calculations using the “blue moon ensemble” approach. The comparison shows that free
energy profiles can be calculated with greater ease and efficiency using the new meth2@02 ©
American Institute of Physics[DOI: 10.1063/1.1448491

I. INTRODUCTION is transformed between two thermodynamic states character-

) o . ized by different potentials, usually by introducing a variable
One of the most important quantities in thermodynamlcscoup”ng parametefsee, for example, Refs. 521 Although

is the reversible work needed to change the thermodynamig, e similarities exist between these two classes of free en-
state of a system. Under certain conditions, this quantity willyq caculations, there are different technical issues associ-

be independt_ant of the path taken between the initial and_finaéted with each type, and a variety of effective methods have
states and will, therefore, be related to the free energy differpoqn, developed to treat this latter Ga&(see, in particular,
ence between these two states. As a result, considerable &fie work of Warshel and co-workés for a discussion of

fort has been invested in the development of methods Qovel empirical valence bond based approagHeseed, we
compute such free energy differendese, e.g., Ref. 1 fora oy nect that the methodology to be presented herein could be
review and comparisonA problem that is frequently en- g4y adapted for and combined with methods for treating
countered is that of computing the free energy profile along s jatter type of free energy calculation, however, further
reaction path on a potential energy surface characterized by & mnments on this notion will be deferred until the conclusion
reaction coordinate. Not only does the free energy profile ¢otion.

provide a thermodynamic picture along the reaction path, but  giatistical mechanics provides a means whereby such
it also permits determination of activation energies and estizqq energy profiles can be determined directly from en-
mation of associated rate constants via classical or quantug@ympie averages. In the case of a classicphrticle system
transition state theory. In many instance_s, a multidimensional; temperaturd, a reaction coordinatg is expressible as a
free energy profile or surface characterized by a set of reaGynction q=q(ry,....ry) of the N Cartesian position vectors

tion coordinates may be of partic_ular intergst. The ability to F1,...rn) of theN particles. The free energy profilE(q’),
characterize a process by a reaction coordinate or coordlna'tfs'sthen defined by

generally assumes some prior knowledge of the process un-

der consideration. Clearly, such a well defined reaction coor- , 1 ,

dinate subspace is not always available, in which case, it (9 ):_Eln P(a’), @

may be appropriate to apply methods such as the recently

introduced transition path sampling technidaéHowever, ~Where

identification of a useful reaction coordinate or coordinates is " ,

often possible, and, therefore, novel and efficient methods (@)=(8a(ry,...rv)=a") @

for computing profiles along these coordinates are desirablés the probability density for the reaction coordinate to take
It should be noted that the present class of free energgn the valueg’ and 8=1/kT. Analogous formulas hold for

calculations differs somewhat from other types, such as solmultidimensional free energy profiles. In principle, the prob-

vation or binding free energy calculations, wherein a systenability distribution in Eq.(2) can be computed directly from
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a molecular dynamic§MD) or Monte Carlo simulation. We note, here, that we have recently introduced a vari-
However, if the reaction path describeddpgorresponds to a able transformation scheme for enhancing conformational
rare event with a high activation energy, then the use osampling® that can also yield free energy profiles. This ap-
direct simulation techniques is infeasible due to the presengeroach, while very effective, requires knowledge of specific
of very low probability regions in the configuration space.features of the potential surface. This information may not
Consequently special techniques such as umbrellalways be available as, for example, when complex reaction
sampling!?~** thermodynamic integration in conjunction coordinates are used or &b initio molecular dynamics cal-
with the so-called “blue moon ensemble” methb“dl,ﬁguid- culations. Therefore, alternative methods are desirable. The
ing potentials;”® nonequilibrium techniques, projection  present adiabatic method, by contrast, requires no specific
methods® and variable transformation approacffehave information about the potential and, therefore, is more gen-
been developed. With the exception of the latter two, theserally applicable.
approaches do not directly yield the probability distribution ~ This paper is organized as follows: In Sec. Il, the adia-
in Eq. (2). Rather, they are based on the introduction of abatic dynamics method is analyzed in detail and shown to
bias on the configuration space which artificially drives theyield the free energy profile directly from Eql) with
system into low probability regions. Averages must, then, béeplaced byg,. The analysis is based on the use of the
performed by applying appropriate unbiasing factors or reLiouville operator technique and a formally exact multiple
weighting procedures. In addition, the umbrella and bluglime scale breakup of the adiabatic classical propagator. In
moon methods, which use restraints/constraints to bias th®€c. lll, several model problems are examined using the new
phase space, require that separate simulations be performagproach. In these examples, direct comparison to analytical
at each value of the reaction coordinate and that weightegolutions (when available and the blue moon ensemble
histogran?? or thermodynamic integration methods be ap-method are made. In Sec. 1V, a discussion and procedure for
plied in order to construct the free energy profile. Despite thé&etting up adiabatic conditions for a given problem are pre-
enhancement of sampling efficiency caused by the bias, fregented. Conclusions and prospects for extending this work to
energy calculations remain computationally very intensivemore complex situations, other types of free energy calcula-
and relatively complex to perform. tions, and quantum free energy profiles are discussed in
In this paper, an alternative approach to the calculatiorP€C- V.
of free energy profiles along reaction paths is presented. We
have already laid the groundwork for this method in Ref. 23.
The new method, which will be shown to yield the probabil- || THEORETICAL ANALYSIS OF THE ADIABATIC
ity distribution function in Eq.(2) directly, is based on the DYNAMICS APPROACH
creation of a dynamical adiabatic separation between the re-
action coordinate and remaining degrees of freea%)mm_ In order to illustrate the method, we consider a Simple
particular, a dynamical scheme is constructed in which thénodel system, which serves as a paradigm for the general
reaction coordinate evolves slowly relative to the other deProblem of determining free energy profiles. The model con-
grees of freedom and is simultaneously maintained at a highists of two degrees of freedom, namely, a reaction coordi-
temperature. The latter condition, which has also been enflatex with massm, and an additional degree of freedgm
ployed on entire molecules by other authors to enhance sarMith massm, . The two degrees of freedom are coupled
pling of configuration spac¥;?® ensures that all activation through a potentiaV/(x,y), and the Hamiltonian of the sys-
barriers along the reaction path can be easily crossed and ciim is taken to be of the form,
be enforced by coupling the reaction coordinate to its own p2 p2
heat bath or thermostat. The former condition permits the H=—— + = +V(X,y). (3
remaining degrees of freedom to fully relax in response to 2my - 2my
the motion of the reaction coordinate and, thereby, sample @he simple analysis based on E8) neglects the fact that, in
large portion of their configuration space as the reaction cogeneralized coordinates, the kinetic energy will actually in-
ordinate slowly evolves. Indeed, adiabatic dynamics methodgolve a(generally coordinate-dependent mass metric tensor.
have been employed successfully to perform approximat@n analysis and procedure for circumventing such difficul-
quantum dynamics simulatiof’s’ as well as Car— ties in treatingN-particle systems in terms of generalized
Parrinello-typeab initio molecular dynamic& A careful  coordinates is given in Appendix A.
analysis of the resulting dynami¢see Sec. )l reveals that If v, andw, are characteristic frequencies of thandy
the free energy profile will then be given by E@) with 8 motion, then an adiabatic separation betweeandy is
replaced byg,=1/kT,, whereT, is the temperature of the achieved by requiring tha&,<w,. This can be realized
reaction coordinatésee Sec. )l It is then clear that the use dynamically by choosing the masses such thgtm, . In
of such an approach eliminates all biasing from the simulaaddition, temperature$, and T, associated with the two
tion procedure and, hence, the need for postprocessing of tliegrees of freedom are introduced such thaeT,, as
output data. It is also found that the new adiabatic free ennoted above. The latter condition allowsto easily cross
ergy dynamicsAFED) method allows the free energy profile barriers along the reaction path. In the preceding discussion,
to be determined with greater efficiency than constraineda detailed analysis of the dynamics and the phase space it
restrained methods such as the blue moon and umbrella samenerates will be carried out. The goal of this analysis is to
pling schemes. show that, under the usual assumptions of ergodicity, the
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resulting phase space distribution function of the reaction _ _ At o _ At
coordinate, leads to a free energy profile given by Ed) exr(|LAt)=exp( 'L(y)7 exr‘(lLrefAt)eXf{ ”—(y)7)-
with B replaced byB,=1/KkT,. (9)

In order to maintain the two temperaturdg, and T, in ) ]
the system, the dynamics generated by ER). must be M EQ. (9), note that they-propagator, expl™At'2), is left

supplemented by coupling the variableandy to indepen- intact. The factorization scheme in E@9) allows the

dent heat baths or thermostats. Thus, the phase space evoygPropagator to be evaluated formally exactly, again, using
tion of the system is governed by a Liouville operator of thetn® Trotter theorem,

form, p('LW)At) y p(AtF a)
exp iLY—| = lim|exp -— F,—
. b & Py P P 2 e an " *9py
iL=——+ 2 —+F,—+F,—
my dx  my gy apx  Yapy [{At ) '{ v )
Xexp —F,—|exp iL 2=
FIL e T +IL B2 Ty), @ 4n"Yp, “2n
n
where Fy=—aVidx, F,=—avidy and iL{(T,) and XEXF,(E,:yi) exp(ﬂ,:xi” _
iLY).(T,) are dynamical thermostats, e.g., the Nese 4n-2dpy 4n- “dpy
Hoover chain(NHC),?° or the recently introduced general- (10)

ized Gaussian moment thermost&GMT),%° which main- . . . .
tain x at temperatureT, and y at temperaturel,. The When”Eq.(lo)t IS S:JbSt'thted |r;;[p|Ec:§9), the Ire?ulttls' thff
explicit forms of the thermostat operators are not importan{Orma y exact analog of a muitiple ime sca'e factorization

for the present discussion, however, the interested reader ?émh as is discussed in Ref. 31. The formally exact evalua-

referred to Refs. 29 and 30 for the detailed expressions (}tgon of the y-propagator is necessary since, under the adia-

these operators. For the present discussion, it is sufficient atic conditions of the problem, the time Interval, is very

K hat th h . h ong compared to the time scgle on whiyrevolvgs. Com-
now that they act on the momeri andp, in such a way gmmg Egs.(9) and(10) and acting with the resulting opera-

as to control the kinetic energy fluctuations and generate : the full oh #0) vields the follow:
Maxwell-Boltzmann distribution in these variables at the re- o' o1 M€ 1Y Phase space vec (2)7 yields the foflowing
lution of the physical variablé&s:

quired temperatures and that they involve a set of additionaf /°
or “extended” phase space variables, denoted generally by  x(At)=x,{x(0),x(At/2),[',(0);At],
[ihermx @nd Cipermy - It is, again, stressed that two separate . , )

thermostats are needed in order to maintain the two separate X(A1)=Xref X(0),X(At/2),I',(0);At]

temperatured, andT, . 1 (At
The time evolution of the full phase space vectbr, +— dt'F,[Ya.ad Y(At/2),y(At/2),
_ ; it My Jat2
=1{X,Y,Px:Py . Ithermx - I'thermy}» Starting from an initial con-
dition I'(0), is formally given by T (At/2),x(At);t'),X(AL)],
I'(t)=€"'T(0), (5

: : 1 (aAw2 )
X(At/2)=x(0)+ WJ dt’'Fy[Yaad y(0),y(0),
where expi(t) is the classical propagator. Consider the evo- xJ0

lution of the system over a time intervalt characteristic of T',(0),x(0);t'),x(0)],
the x motion. In order to analyze the dynamics over such an _
interval, it is useful to define “reference system” Liouville Y(At/2)=yaqd y(0),y(0),I'y(0),x(0);At/2], (13)
operators, Y(AU2) =Yagly(0),7(0),T',(0),x(0); At/2],
. Px . - : )
LT = o S LT, Y(AD=Yoaf y(A/2), Y(A/2),T(AU/2), x(A1); At],
(6) Y(AD) =Yaad Y(AL/2),y(A1/2), T (At/2),x(A1); At],
iL%?(Ty)=&i+iL§,¥gm{Ty), where 5<=px/m.X .and y= py/my_. In  Eq. (11,
my dy Xref X', X", T’y ;1] indicates the evolution ot under the ac-

tion of the reference system Liouville operaidr{) up to

and express the total Liouville operator as timet’ starting from initial condition’, x’, andI";, with an

iL=iL Wi ™ analogous meaning for x{x’,x',I'y;t'].  Similarly,

iL=iL +|Lref' (7) roo, ’ YA H H H i
YaadY', Y, T’y ,X";t"] indicates the exact adiabatic, i.e., at

where fixed x=x’, evolution ofy up to timet’ under the action of

the operator in brackets in E¢L1) starting from initial con-
ditions y’,y’,l“§. Analytical forms for these functions can-
not generally be supplied, however, the analysis does not
require that these functions be explicitly known. The time
Using the Trotter theorem, a reversible, symplectic factorizaintegrals appearing in Eq$11) are a direct result of the
tion of the classical propagator is constructed according to infinite product of operators in brackets in Ed.0) which

ILW=iLW+E i—i—F i (8)
ref y&py X5px
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arise from application of the Trotter theorem and which lead
to the(infinite sum limit of a trapezoidal rule expression for

the integral. Sincen,>m,, the motion of they variable will
follow instantaneously the motion of dynamically and

sample its available configuration space over the time inte

val At/2 during whichx remains fixed. In Eq(11), it can be
seen that the force governing the evolutiorx@ndx can be
related to a time average Bf, over the adiabatiyg trajectory.

Assuming that they motion is ergodic over this time

interval, then the time integral d¥, appearing in Eq(11)
can be replaced by a configurational average g\arfixedx
according to

2 [rHAL2 .
o f AUF Y aad Y(7). (7). (7) X:1),X]

T

[ dyFy(x,y)e” AV g 1
= T Taye AT ax g, MHXiAY, (12
where 8, =1kT, and
2,8~ [ dye Py 13

is an effective configurational partition function xf There-
fore, in the adiabatic limit, an effective Hamiltonian for the
degree of freedom can be constructed according to
1
Hx,adk(pxax):Kx_lB_yln Zy(X;By)u (14

whereK, = p2/2m, . From Eq.(14) follow the statistical me-

chanical properties of the degree of freedom. The partition

function for x, correct in the adiabatic limit, is given by

Q(ﬁx;lgy)zj dpxdxexq_ﬁxHx,adt{vaX))
:f dpxexq_BxKx)f dx

xexp{ —Bx( - Biln Zy(x;,By)”
y

= [ dpcexat—c0 [ dxiz, 0081808
(15
Therefore, the probability distribution function &f in the
adiabatic limit, becomes

1

Padt(X)ZWJ dp.exp(— ByKy)

X[Z,(x; By)1PxPy (16)

s0 thatPafX) <[ Z,(x; B,)1%'#v. From Eq.(16), it follows
that the free energy profilé (x), which, by definition, is

1

F(x)= B
y

INZ,(%:8,) (17

I
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1
F(x)=— ,8_In P aqd X) + const.
X

(18)

The equivalence between Ed47) and(18) can be seen by
direct substitution ofP,q{x) into Eq. (18). Thus, the true
free energy profile can be obtained, up to an irrelevant con-
stant, from the probability distribution functioRy4{X) gen-
erated by the adiabatic dynamics witl>m, and T,>T,

via Eqg. (18). Note that Eq.(18) is of the same form as the
standard free energy profile defined in Ef) with T, the
temperature of the ensemble, replacedrhythe temperature

to which thex degree of freedom has been heated. Despite
the fact thatT, appears in Eq(18), the correct free energy
profile at the temperaturd,, of the bath/environment is ob-
tained. Equation(18) constitutes the central result of this
paper.

It should be noted that the present adiabatic dynamics
approach differs from adiabatic stepwise methods, in which a
free energy change asvaries fromx; to x, is computed as
a weighted average over a trajectory evolving on the poten-
tial V(x4,y) (for an explanation of such methods and when
they fail, see, for example, Ref. 11As the preceding proof
indicates, the adiabatic method guarantees convergence of
the free energy profile in Eq18) assuming only that the
adiabatic dynamics is ergodic. As indicated in Ref. 11, such
stepwise methods may miss important contributions to the
free energy, particularly in the barrier region.

Ill. MODEL PROBLEMS AND RESULTS

In this section, the AFED method will be tested on three
model problems. The first is a simple two-variable problem
for which the free energy profile can be solved analytically.
Here, a comparison of several different thermostatting
schemes will be made. The second is a simple isomerization
reaction in a Lennard-Jones solvent, which serves as a para-
digm for solution phase chemical processes. Here, the AFED
method will also be compared to the “blue moon ensemble”
approach based on constrained molecular dynahitsThe
third is a study of the conformational changes and corre-
sponding free energy profile associated with the dihedral
angle motion in united-atom models of butane and pentane.
In the latter case, it will be shown that the full dihedral angle
free energysurface can also be efficiently generated, and
comparisons with a new variable transformation scheme re-
cently introduced by #& will be made. These examples
serve as a paradigm for conformational equilibria in long
chain molecules and in protein@/arious other “advanced”
methods for computing free energy profiles of rare events
have recently been introducét;?°however, a detailed com-
parison of these methods and the present adiabatic method,
although interesting, would constitute an extensive study that
is beyond the scope of this papeAll AFED free energy
profiles are processed using a 11 point Savitsky—Golay

can be calculated directly from the adiabatically generatedilter.®® In the context of these examples, it will be shown

probability distribution functionP,g{x) by

that free energy surfaces can also be generated efficiently.
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FIG. 2. Adiabatic(AFED) dynamics free energy profile for a double well
FIG. 1. Trajectory ok as a function of the number of steps for a double well coupled to a harmonic oscillator in E€L9). The figure shows the conver-
coupled to a harmonic oscillator in EAL9). () Standard molecular dynam-  gence of the free energy profile as a functiomgfwith T,=10. The solid
ics; (b) Adiabatic (AFED) dynamics withm, =300 andT,= 10. line is the analytical free energy profile, the dotted line corresponas,to
=10, the long dashed line correspondsntig= 100, and the short dashed
line corresponds tan,=300.m,=1 in all cases. For comparison, the bare
A. One-dimensional quartic double well coupled potential is shown with the dotted—dashed line.

to a harmonic oscillator

Consider a simple two-variable system described by the . : i
Hamiltonian in Eq.(3) with a potential of the form, of m, together with the analytical result. The figure shows

that whenm, is too small, adiabaticity is not well maintained
V(X,y)=Do(x*—a?)?+ 2ky?+ AXYy. (199  and the free energy profile is not well reproduced. It can be
seen that fom,= 300 the agreement between the AFED and
analytical results is very gootksee Sec. IV for a general
protocol for determining the adiabaticity control parameters,
T, andm,). Figure 3 shows the influence of the thermostat-
ing method on the efficiency of convergence of the AFED
method. In particular, a comparison is shown between the
%ree energy profiles obtained using the widely used ‘Nose
Hoover chain methdd to that obtained using the new
GGMT approacff for runs of equal length. The figure shows
that when the GGMT run is converged, the Nebmover
chain method has not yet reached convergence. In this par-
ticular example, even a run length of X80° steps was
insufficient to fully converge the free energy profile gener-
ated by the NoseHoover chain methotsee Fig. 3.

For this simple problemZ,(x;3,) can be calculated analyti-
cally, leading to a symmetric free energy profilexigiven by

F(x)=— iIn Z,(x;B,)=Do(x*—a?)?— )\—sz (20)

By y\ Py 0 26
Simulations of this model system were carried out usin
Do=5, a=1, k=1, \=2.878, my=1, and kT,=1. With
these parameters, the free energy profile imas two wells
located atx.. =+ \a?+\?/4Dyx=+1.189 and a barrier at
x=0. In addition, the free energy barrier B'=F(x=0)
—F(x.)=Dga*+\2a?%2k+\*16D o>~ 10.

In order to ensure efficient barrier crossing, a tempera
ture kT,=10 was chosen for AFED simulations. With this
choice ofkT,, the convergence of the free energy profile
with m, was tested by performing simulations witin, o o
=10, 100, 300. For these mass choices, simulations f 10B- Isomerization reaction in a Lennard-Jones solvent
steps using a time step 0.230 > were performed. Canoni- As a simple paradigm for solution phase chemical pro-
cal sampling is obtained using the recently introducedcesses, we consider an isomerization reaction of a homo-
GGMT algorithm® It is important to note that the thermo- nuclear diatomic molecule solvated in a Lennard-Jahes
stating method can influence the efficiency of free energyiquid. A variant of this model has been considered previ-
calculations. The GGMT method was chosen because, ausly by other authof§in the context of other methodologi-
was shown in Ref. 30, it maintains good temperature controtal developments. The intramolecular potential of the di-
even in problems involving motion over high barriers. atomic is characterized by a single coordinate|r;—r,|,

Figure 1 shows the trajectory afas a function of time  the distance between the two atoms comprising the diatomic.

for my=m, and T,=T, corresponding to an ordinary dy- The intramolecular potential is, again, given by a quartic
namics simulations compared to the AFED parametets  double well form,

=300 andT,=10). The figure shows that without the adia- 5 o

baticity conditions, barrier crossing is a rare event as would ~ Vinra(f) = Dol (r=ro)"—a“], (21)
be expected in an ordinary dynamics calculation. In contrasto that the total potential is

the AFED dynamics case shows frequent barrier crossing

and, hence, efficient sampling of the configuration space UCrs,- ) =Vinga( I =)+ Vis(ra...m), (22
available tox. Figure 2 shows the free energy profiles ob-where the LJ interaction between atoms 1 and 2 is excluded.
tained from the AFED simulations for the different choices The diatomic can exist in two stable “conformations” char-
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16.0 T g T @ studied. In this case the two stable configurations occur at
lytical It a . .
L GaNT dynamics (2.5110° steps) 3.78 A and 4.22 A, separated by a bare potential barrier of
120 | 46.64 kcal/mol.
' In this model, the reaction coordinateristhe diatomic
. bond length. The AFED method requires that the equations
X got of motion be formulated in a coordinate system in whidh
L an explicit coordinate and is given both a large mass and
high temperature. To see how this can be easily accom-
40 1 plished, consider the Lagrangian of the system,
0.0 / ) \ L:%m(f§+fg)+Kbath_vintra(|r1_r2|)
-2.0 -1.0 o).(o 1.0 2.0 SV S(F1aTaaF g ), 23)
16.0 ————— ; whereK is the kinetic energy of the Lennard-Jones bath
analytical resuit (b) . . .
=-== NHC dynamics (2,510 steps) particles. First, we transform to center-of-mass and relative
12.0 | li~ = NHCdynamics (1.8"10" steps) coordinates for the diatomi®=(r,+r,)/2 andr=r;—r,,
| = yielding
| 5
§ 80 LZ%M R2+%Mi2+Kbath_Vintra(|r|)
—V(R+ 31 R=31r3,...0\), (29)
40 r ] whereM =2m and u=m/2 are the total and reduced masses
of the diatomic, respectively. Finally, we transform to spheri-
0.0 A \ cal polar coordinatesr (6, ¢) in the relative coordinate giv-
—20  -10 0.0 1.0 2.0 ing
X

_1 2,1, 22,1 .22
FIG. 3. The influence of the thermostatting method in the calculation of the L= MR 2ur ™ our U™+ Koar thra(r)
free energy profile for the harmonic oscillator linearly coupled to a double -V iR+ %r u,R— %r Ulg,..ln), (25)
well [cf. Eq. (19)]. (a) Free energy profile generated using=300 and
T,=10 with AFED dynamics using the generalized Gaussian moment therwhere the unit vectou=(sin #cosg¢,sindsin ¢,cosb) is the
mostating(GGMT) approach(Ref. 30 and a run length of 281¢° steps  hond orientation vector. The adiabaticity condition is im-

(dashed ling compared to the analytical resubolid line); (b) the same . . .
comparison for AFED dynamics using the Nestoover chain thermostat- posed by choosmg a temperature associated with the ra-

ting approachRef. 29. In (b), the dotted line shows the free energy profile dial degree of freedom only and by redefining the Lagrang-
obtained using AFED dynamics with the Nedéoover chain approach fora jan in Eqg.(25) according to
run length of 1.& 10° steps. .

L= %M R2+ %ﬁi’z'l' %MrZUZ_l_ Kbath_ Vimra(r)

—V R+ 3ru,R=3ru,rz,....,ry), (26)

acterized by bond lengths.=ry*=a. For this model, the _
free energy profile will not be symmetric aboyj. Rather, Whereu>pu is a mass associated with thelegree of free-
depending on the value of,, one of the two configurations dom only.
will be more stable by an amount that can be determined It is important to note that, although it is necessary to
from the free energy profile. If, is large enough to allow Work with the coordinate explicitly, it is not necessary to
bath particles to come between the two atoms in the molwork directly with the angular degrees of freedghand ¢.
ecule, the configuration with,+a will be stabilized, while ~Rather, we work with the Cartesian componentg, (i, ,u,)
if ro is small, the solvation structure around the moleculeof the vectoru directly so that the kinetic energy term in-
will stabilize the configuration at,—a. volving u becomes

This model was simulated with different parameters. In 2021, 02012 12 52
the first case, the potential parameters Bge= 10’ K/A%, a U™ Spr (U Uy +U3)- @7
=0.22 A, andr,=4.26 A. With these parameters, the stableWhen this is done, the equations of motion generated by Eq.
“conformations” correspond tor,=4.48A and r_ (26) will be in terms ofr and the three Cartesian components
=4.04A. The two conformations are separated by a 46.%f u. In order to ensure that remains a unit vector as the
kcal/mol barrier atr =r in the bare potential. The diatomic system evolves in time, it is necessary to add a simple con-
is solvated in a bath of 108 Lennard-Jones particles wittstraint to the equations of motion thaf+ u§+ uZ=1. De-
e/k=90K, 0=3.405 A and mass=239.94 amu. The mass tails of how the equations of motion are integrated and how
of the atoms in the diatomic is the same as the mass of thine constraint is implemented are given in Appendix B.
Lennard-Jones particles. The density and temperature of the Forry=4.26, AFED simulations were carried out using
system arepo®=0.844 andT=300K. In order to explore temperature3,=200T=60000 K andT,= 30T =9000 K. At
the influence of the equilibrium bond length on the free en-T,=200T, masses ofn,==3000n~120x 10°amu and
ergy profile, a second case, in which was chosen to be m,=x=6000m~240x 10°amu were used with a time step
4.00 A, with all the other parameters the same, was alsof At=5fs. At T,=30T, masses of m,=x=300m

1
Rl
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L~ »
— 300 F 41 %
= ] O 300
L 200 ".! ] X

1 —
100 | . T 200 |
0-0 'l ' 1 ' 'l ’l
39 40 41 42 43 44 45 46
r [A] 10.0
70.0 -‘ —_ Biuemooln Ense:'nble (2l.2 ns) l(b) 0.0
\  ---- m,=300m (200 ps) X . 4.0

= 600 |} —e= m, =300 m((GOO)ps) 4 r [A]
[«) ——-m=900m(2ns
§ 50.0 1 j _ FIG. 5. Adiabatic dynamics free energy profile for an isomerizing diatomic
8 400 | JT,=30T with equilibrium bond lengthr;=4.00 A, in a Lennard-Jones solvent as
~ described in Sec. Il B. The reaction coordinate is the distance between the
: 300 ) two atoms. The figure shows the AFED profile generated ujrg30T and
Er 20.0 } 4 corresponding mass, = 11984 amu. For comparison, the free energy pro-

10.0 file obtained using the blue moon ensemble approach is also shown.

39 40 41 42 43 44 45 48 , : .
8.9 files show that, at this bond length, the stable conformation

r [A
[Al atr, is favored by approximately 1.1 kcal/mol.

o : . . o In order to compare the efficiency of the AFED and blue
FIG. 4. Adiabatic dynamics free energy profile for an isomerizing diatomic . h . .
with equilibrium bond lengttr;=4.26 A, in a Lennard-Jones solvent de- moon methods, the foIIowmg anaIyS|s was carried out. First,
scribed in Sec. II(B). The reaction coordinate is the distance between thenote in Fig. 4, that the AFED method actually generates a
two atoms. The figure shows the convergence as a function of themass larger range of than the blue moon method. Of course, the
[cf. Eq.(26)] with T, =200T=60000 K(a) and forT,=30T=9000K(b). In ~ p|ye moon method can be made to sample the same range of
both panels, the solid line is the free energy profile obtained employing the . . . .
“blue moon ensemble” methodRefs. 15, 18 In all casesm=39.94 amu f by carrylr_lg out more S|mulat|_ons. In this case, _22 ev_enly
and the temperature and density @re 300 K andpo®=0.84, respectively. spaced points would be required, hence, 22 simulations.

Next, an AFED simulation using 22 bins for the histogram of
P(r) was carried out, and the error bar on the fofgeon r

=11984 amu anan, = =900m=35953 amu were used. In in one of the bins computed and compared to the error bar
addition, blue moon ensemble simulations were carried oubbtained from the blue moon ensemble method for the same
using 11 evenly spaced fixed valuesrdietween 4.0 A and value ofr. It was found that, in order to obtain an error bar of
4.50 A (this was found to be the minimum number of pointssize 8<10 °a.u., an AFED simulation of 880 ps was
needed to generate an accurate free energy profile in thiseeded compared to a blue moon calculation of 80 ps using
range. Each blue moon simulation consisted of 20* steps  the same timestep in both cases. However, since one AFED
with a time step ofAt=10fs for a total run time of 2.2 ns. simulation generates the full free energy profile, while 22
Although this is slightly longer than is actually needed toindividual blue moon simulations are needed, the total simu-
generate the free energy profile via the blue moon ensemblation time for the blue moon method would then bex&D
method, such a long run ensures a highly converged freps=1.76 ns. Thus, comparing the total simulation times,
energy profile against which the AFED method can beshows that the AFED method is nearly twice as efficient as
benchmarked. In Fig. 4, the free energy profiles obtainedhe blue moon method for this example. In practice, one
from the AFED calculations for the various mass and tem-might be content with a restricted range for the reaction co-
perature choices and that obtained from the blue moon cabrdinate in the blue moon method. In the present example,
culation are shown. It can be seen that flge=200T and the above analysis shows that, in this case, the two method
m,=n=240x 10°amu, the agreement between the twoare, then, of equal efficiency, however, the AFED method
methods is good as well as fdr=30T andm,=x=300m  gives a more complete picture of the free energy profile.
=11984 amu. In the former case, @ =6000n a 600 ps For ro=4.00A, AFED simulations using temperatures
run is sufficient to converge the free energy profile, as isT,= 30T with mass ofm,=x=300m= 11984 amu, and tem-
shown in Fig. 4a). In the latter case, a 600 ps run yields peraturesT,=200T, T,=400T with mass ofm,=u=240
good agreement fam, =300m, however, even a 200 ps run X 10° amu were performed. The free energy profiles obtained
reproduces the free energy barrier to within about 5%. Fowith the AFED method were compared with the result of the
m,=900m, a 600 ps run is insufficiently long to converge blue moon ensemble. In this case, the blue moon simulations
the free energy profile, however, as can be see in Ky, #  were carried out using 12 evenly spaced fixed values of
the trajectory is allowed to run for 2 ns, it is found that the between 3.70 A and 4.30 A. The results are shown in Fig. 5.
correct free energy profile is obtained. The free energy proAgain, it can be seen that good convergefw#hin 5%) is
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obtained forT,=30T and m,=y=300m already after 600 _ z i
ps. For this case, the free energy profiles show that the stable
conformation at _ is only slightly favored by approximately
0.2 kcal/mol.

C. United-atom butane and pentane in the gas phase

In this section, butane treated within a united-atom
model®? will be used to illustrate the application of the
AFED method to a more complex reaction coordinate,
namely, a backbone dihedral angle. In the united-atom rep-

resentation, each GHor CH, group is treated as a single r,
“pseudoatom” as shown schematically in Fig. 6. LettiRg
={ry,r,,r3,r,} denote the four pseudoatom positions in the I
molecule, the intramolecular potential is givertby
Vintral R) = Vibond R) + Vpend R) + Vined R) FIG. 6. United-atom representation of butane, in which each of theadd
CHs groups are treated as “pseudoatoms.” The right panel shows that, in a
+Vone—toukF1:74), (29 particular coordinate frame, the azimuthal angle of the veger, corre-
sponds exactly to the dihedral angle.
where the separate terms are
Npond
Viond R) = 2 = Kpongi (|bi] —bo;)?, =100m= 1500 amu were used. The simulation time step was
=12 At=0.5fs in all runs. The profiles are compared against the
Mbend ¢ blue moon ensemble result. In order to perform the blue
Viend R)= >, Ekbendi(gi— 60;)?, moon calculations, simulations were performed at 18 evenly
= spaced values between 0 and @f the dihedral angle in the
Ngihed (29 generalized coordinates frame. This avoids the need to con-
Viined R) = 2 CcogAd;+6), strain the dihedral angle explicitly. Each blue moon simula-
i=1 tion was carried out with a time step at=0.2fs for a total
None—four 12 time of 1.26 ns in order to obtain a very accurate profile
Vonetou T1.Ta)= 2, 4e ( 7 ) against which to compare. Figure 7 shows the free energy
i=1 Iri—risl profiles obtained from AFED simulations for different

o 6 choices of the mass parameter,. It can be seen that for
—(| ) } T,=5T=1500K good agreement with the blue moon result
Fi

—litgl is obtained for a run of length 800 ps.
where bj=r;,;—r;, cosé=Db; ,-b/|b4||b], and Once again, the relative efficiency of the AFED and blue
¢=¢(R) is the dihedral angle. The potential parameters arénoon methods was analyzed in a manner similar to that of
as follows: For the Cg-CH, and CH—CH, bonds, the Sec. llIB. Thus, an AFED simulation using 18 bins for the

equilibrium bond lengths are 1.54 A and 1.52 A, respec-
tively, and the force constant for both bonds kgyq

=226570K/R; for the CH;—CH,—CH, bend, 6,=111° 6.00 :

and Kpeni=45314rad/k; for the dihedral angle, C A - T=5T,m, = 10m (126 n9)
=805.6 K, A=3, and5=180°; for the one—four interaction —-=-- T,= 5T, m, = 10m (800 ps)
between the two CKl pseudoatoms,e/k=50.35K, and — Bluemoon Ensemble (1.26 ns)

0=3.385 A. In order to apply the AFED method to the di-
hedral angle, it is necessary to transform to a coordinate
frame in which¢ is an explicit coordinate. A simple scheme
for performing this transformation is given in Appendix C.
Once the transformation is applied, a high temperature ancg
large mass are assigned to the dihedral angle, thus ensurin 2.00 |
an adiabatic separation between this degree of freedom an
the remaining degrees of freedom in the system, and an adic \ J
batic Hamiltonian is constructed as described in Appendix A \
[cf. Eq.(A12)]. 0.00 . . .
AFED simulations of butane were carried out using tem- 0.00 2.00 4.00 6.00
peraturesT ;=5T=1500K andT,=10T=3000K. At T, ¢ [rad]
=5T=1500K, masses 0fm¢’:5m:75 amu, mg= 10m FIG. 7. Free energy profiles of the dihedral angle in united-atom butane
=150 amu and ofn,=100m= 1500 amu were used. At,  generated using the AFED approach using=5m="75 amu andl ,=5T
=10T=3000K, masses ai,=10m=150amu and ofn, =1500 K compared with the blue moon ensemble approach.
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6.0 [c T A r
\ Variable Transformation /\I ¢1 (rad) A
Ly ---- AFED T,=2T.M,=5M (22ns) [/
I

— —-—- AFED T,=5 T, M= 10 M (5 ns) ," FIG. 9. Free energy surface of the two dihedral angles in united-atom pen-
g tane generated using the AFED approach with=5m=75amu andT,
= =2T=600 K compared to that generated using the variable transformation
§ approach of Zhuwet al. (Ref. 21). For the AFED method, the surface was
= generated using a run length of 2.2 ns.
<
L

Zhu, Tuckerman, and Martyrfa,which also yields accurate
free energy profiles. In Fig. 9, it is shown that the full free
energy surface of the two dihedral angles is accurately gen-
o, [rad] ’ ' erated, again using a comparison to the variable transforma-
tion method. It is important to note that the full surface can
FIG. 8. Free energy profiles of the dihedral angle in united-atom pentandde generated with the AFED method using a simulation
geggéaéed USinlgofrf]‘e stoED appfoj‘;h U§?9=12810=K75(2)m$ha”m +=2T  length no longer than that which is needed to converge a
. dih”;gral angle pm"’;i’r;‘;ba)‘”m;cz_Q_C4_Cs'dihedralea%leogro_ single dihedral angle distribution function, i.e., 2.2 ns in this
files. In both cases, comparison is made to the recently introduced variabe@S€. By contrast, methods such as the blue moon and um-
transformation approach of Ztet al. (Ref. 2. brella sampling approaches require BN grid in the
angle space, whend is the number of points needed to per-
form an accurate sampling of one of the angles. Thus, the
histogram was carried out and the error bar on the férge scaling of tdhese me'ghods w ould b€ for a surface(and,
was calculated for both methods for the same value.dh generally,N for ad-dimensional free energy surfacé'hu_s,
so doing, it is found that error bars of comparable sizes weréﬂe scaling .Of the A.FED ”f‘e”‘oo! appears to be superior for
obtained for the AFED and blue moon methods for runs of '€ generation of higher dimensional free energy surfaces.
length 600 ps and 65 ps, respectively. The blue moon method
requires 18 such simulations, while AFED only requires one!V- DISCUSSION: CHOOSING THE ADIABATICITY
. ARAMETERS
so the total length of 18 runs in the case of the former woul
be 1.17 ns. Comparing this number to 600 ps for the AFED In this section, a protocol for choosing the parameters
simulation, it is concluded that the AFED method is roughlyfor the reaction coordinate temperature and mass in order to
twice as efficient as the blue moon approach. ensure that adiabaticity is maintained and that phase space is
In order to test the ability of the AFED method to gen- properly sampled will be discussed. The temperature of the
erate free energy surfaces, the example of united-atom peneaction coordinate needs to be high enough to permit acti-
tane was chosen. Here, the two dihedral angles are treated @ated barrier crossing on the bare potential surface, however,
reaction coordinates which must be adiabatically decoupleds Fig. 4 shows, it is possible for the value to be somewhat
from the remaining degrees of freedom in the system. Usingess than actual barrier height divided by Boltzmann’s con-
the valuesT ,=2T=600K, my=5m=75amu andl ,=5T  stant. In cases where free energy barriers are expected to be
=1500K andm,=10m=150amu and all other parameters higher than the bare potential barrier, a larger temperature
the same as in the butane example, both the two onewill likely be needed. In general, higher temperatures work
dimensional free energy profiles of the two dihedral angleas well but require higher masses. The mass of the reaction
F(¢1) andF(¢,) and the two-dimensional free energy sur- coordinate, which controls the adiabaticity, needs to be cho-
face F(¢4,®,) were generated using a single run for eachsen such that the characteristic frequency of the reaction co-
set of parameters. The results are shown in Figs. 8 and @rdinate motion is small compared to that of the remaining
respectively. In Fig. 8, it can be seen that both one-degrees of freedonfsee discussion in Sec.)llin order to
dimensional free energy profiles are generated accurately udetermine whether a given choice of parameters leads to
ing either parameter set. Here, the comparison is made to adiabatic dynamics, it is useful to study the velocity autocor-
variable transformation based scheme recently introduced brglation function of the two subsystems. Figure 10 shows the
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1.0 within a molecular dynamics simulation. In addition, the re-
T,=20T, action coordinate is maintained at a high temperature relative
m,=5m, to the remaining degrees of freedom. In this way, the full
0.5 i configuration space corresponding to the rare event is
sampled and the free energy profile is rigorously generated
4 directly from the probability distribution of the reaction co-
ordinate. It has been rigorously shown that the dynamics
leads to a simple expression for the free energy profile in
terms of the probability distribution function of the reaction
coordinate. Thus, the new method requires no biasing of the

0.0

Toe==d===

S

-0.5 0 560 10'00 15'00 2000 configuration space, hence, no p(_)stprocessi_n_g of the output
number of steps data, and leads to a scheme that is more efficient than meth-
2 ; ; ods based on constrainirigr restraining the reactive degree
15| — cvy, T=t0T, ] of freedom. It has also been shown that the AFED method is
m,=300m, capable of generating free energy surfaces with an efficiency
10F | 1 that does not scale as a power of the number of dimensions
T R S, of the surface.
05k ii it 1 1
"R YT YR

The new AFED method can be employed in any situa-

tion to which other free energy methods can be applied. In

0.0
Wi W\ “f ‘-",' v "'.." ".”, “\," particular, in complex biomolecular applications, it offers
05 tlg' tH '-,," ".J' Vou oV . several advantages in addition to increased efficiency. First,
Y ¥ ) ¥ ) . it requires no “by-hand” adjustments of the reaction coordi-
_1'00 3000 6000 9000 12000 nate. Such adjustments, usually needed in the blue moon
number of steps ensemble and umbrella sampling methods, can often be dif-

. . ) ficult to perform for complex reaction coordinates and/or re-
FIG. 10. Velocity autocorrelation functiors, , () and vavy(t) for the fi dinates that t | led to other d
modelx—y system defined by Eq19) for a “poor” choice of adiabaticity action coordinates that are s rong y coupled o o er_ egrees
parametergm,=5m, and T,=20T,) (a) and for a good choice of adiaba- of freedom. A good example is that of one or more internal
ticity parametergm,=300m, and T, =10T,) (b). dihedral ang|é5).

Clearly, it is not always possible to identify a useful
reaction coordinate subspace however, when a useful set of
reaction coordinates exists, as is often the case, the present
approach has many desirable features. In addition, it is now
easy to see how the AFED method can be extended to treat
other types of free energy calculations, such as solvation and
binding free energies or empirical valence bond approaches

x and y velocity autocorrelation functionscvxvx(t) and
vavy(t), wherev,=x=p,/m, andv,=y=p,/m,, for the
model system studied in Sec. Il A for two different choices
of the parameters. Figure ) depicts the velocity autocor-
relation functions for a “poor” choice of parameters, i.e., a
choice that does not provide an adequate adiabatic decoy- a1l o . )

. o : t6 charge transfer reactiofi€1* Specifically, by introducing
pling of the two degrees of freedom, while Fig.(hpdepicts _ .
these functions for a choice of parameters that does lead %ot-e.n.nalsUA(-rl,...,rN) and UB(rl""'rN)’, corresponding
adiabatic decoupling. Figure @) shows that, when the dy- to initial and final .states A aqd B, respectively, a parameter,
namics is adiabatic, the motion &fandy are strongly cor- M and a generalized potentiél,(ry,...,ry) such thatU,
related, with the long time scale of following the single =Ua andU;=Usg, then by introducing a momenturm,
characteristic time scale af The short time scale ofarises and a massm, , one would define an extended Hamiltonian
from the harmonic potential contributiory?/2 [cf. Eq.  involving the potentialU, and an additional kinetic energy
(19)]. This correlation is completely absent in Fig.(d)  term p2/2m, . In this way, an adiabatic dynamics farcan
which corresponds to the nonadiabatic case. Note that oncele constructed such that the switching between the two ther-
mass scale separation for the reaction coordinate is chosemodynamic states is achieved directly without using thermo-
the time scale for the evolution of the dynamical thermostat@ynamic integration. We are currently developing such a

needs to be adjusted accordingsee Refs. 29 and 30 technique®® It is also expected that such an adiabatic ap-
proach could be combined with transition path samplifig
V. CONCLUSION to yield a method for adiabatically generating harvestable

Given the importance of free energy calculations in thetra.ljector?es, another applicatiqn that we are currently consid-
study of rare events, it is crucial to develop novel and effi-€fing. Finally, we are extending the AFED method to the
cient methods for computing free energy profiles along reaccomputation of free energies in the isothermal-isobaric
tion paths. In this paper, a new approach to the determinatiofNPT) ensemble and to the calculation of quantum free en-
of free energy profiles has been introduced. The method i€rgies in both the canonical and isothermal—isoBrmn-
based on the creation of an adiabatic separation between tsembles via the Feynman path integral using path integral
reaction coordinate and the remaining degrees of freedommolecular dynamics techniqués®®:3¢
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=1 i

If the coordinate integration only is transformed according to

APPENDIX A: TREATING AN N-PARTICLE SYSTEM IN  Ed. (A2), leaving the momentum integrals unchanged, the
GENERALIZED COORDINATES partition function picks up a Jacobian factor according to

; ; ; ; 1
In tr_us appendix, the problem of treating ahpa}rt_lcle (N,V,T)= STEL f dVpd®NgJ(q)
system in a set of generalized coordinate that explicitly con-

tains the reaction coordinate is considered. From a dynamical N p

point of view, if one begins with the Lagrangian in Cartesian Xexp{ (E V(1 ,(q),... ))”
coordinatesry,... ry, i=12m 1 N

N
1 . _ 1 N3N
L:i;imirf—V(rl,...,rN), (A1) _N!h3Nfd pd~"q
N 2
then, under a transformation to generalized coordinates Pi
J xex —ﬂ(Z S+ V(ry(a),. n(a))
qlv"'1q3N1 i=1 2rn|
Q1 =0d1(r1,....r'n) 1 )
——=InJ . A8
(A2) B (a) (A8)
Qan=0an(T 1, TN, Deflinng an effective potential according to
the Lagrangian becomes V(1,838 B)=V(ri(q),....rn(a))
< 1 InJ A9
L= 3 5 Cupl @85~ Vra(@), @), (A MG Gan) (A9
the partition function become
where g={q;,...,qs\} denotes the full set of generalized parttion Hnct S
coordinates, andsa is given b 1
p(d) is g y QIN,V,T)= N!h3Ndepd3Nq
ar; ari
Gup(@)= 2 ( ' ) (W) (A4) L op
B X ex (E ql----1Q3N)) .
is the mass-metric tensor. By performing the Legendre trans- B
form, the Hamiltonian can be shown to be (A10)
3N It is, thus, clear that the phase space distribution function in

=3 > Kap(A) PPt V(ri(a),....,n(aq)), (A5)  Ed.(A10) can be generated via molecular dynamics with a
ap=1 Hamiltonian of the form,

where 2

aq,\ (a9 H= 2 +V(CI1a---7Q3N)7 (Al1)
Kap(d) = E ( a)( ﬂ) (AB)

ar Jr where the Bl Cartesian momenta are treated as “conjugate”

s the inurse oG,y The invoducton of conrinat- 1 1% S 0 1y e 1t 1 tue oo o
dependent mass-metric factors into the Lagrangian ’ vl ; . el
P grang ({hen the AFED method can be implemented by introducing a

Hamiltonian of a system via a transformation to generalize mperaturd - for this variable and writing the Hamiltonian
coordinates leads to a considerable increase in compIeX|ty|re1zthpeef2r'“r'n 1 Tor this variable a g the Hamiftonia

the description of the true dynamics of the system.

Although the AFED method requires that generalized 2 W p?
coordinates be used, the dynamics only needs to generate the H= 2m o= T L 2m
correct configurational averages, and, hence, it is not neces- “ “
sary to work with correct conjugate momenta and the trueavherem;>m,, «=2,...,3, in order to ensure an adiabatic
adiabatic dynamics. This fact leads to a large simplificatiorseparation. Under these conditions, the analysis of Sec. Il can
in the analysis and implementation of the method. In order tde applied to a generdl-particle system in generalized co-
show this, consider the canonical partition function of theordinates with no modification except for a simple replace-
system. In Cartesian coordinates, this is given by ment of theN-particle potentiaV with the modified potential

+V(Up,e.. dan), (A12)
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V. The Hamiltonian in Eq(A12) will not generate the true ) At At At
adiabatic dynamics, however, it will generate a correct sam-  €XPiLAD~exg iL,—-|exp iLs—- [exp ik~
pling of the configuration space and produce the correct free

energy profile(see discussion in Sec,)llit should be noted . .o at

that, under certain conditions, it may be straightforward to xexpiLAyexp iL, 4

work in terms of a full canonical set of generalized coordi-

nates, such as in the example of Sec. 11 B. xex;{ iL3£> exp{ iLzﬂ) (B4)
2 4

Application of this operator to the phase space vector gives
the time evolution of the variables, v, , u, v,. The opera-
tors that act on the variables v,, u yield a simple time
translation, while the action of expgAt/2) gives the follow-

In this appendix, the implementation of the AFED ing evolution ofv,:
method for the isomerization reaction of Sec. IlIB is dis- 1
cussed. The procedure presented here is generally applicable Vu(At/Z):Vu(O)eXF< - erm)
to any problem for which the reaction coordinate is a dis-
tance. As seen in Sec. Il B the Lagrangian of the system can n
be rewritten as 2urv,

APPENDIX B: A SIMPLE, REVERSIBLE INTEGRATOR
FOR TREATING A DISTANCE AS A REACTION
COORDINATE

1—exp( - %vrAt”Fu(O), (B5)

where v, has the value it has obtained when the opera-

L=3IMRZ+ ¥i 2+ 2ur 207+ Ko Vingl T
z 2T T2 batt~ Vinwal ) tor, exp(LsAt/2) is applied. The potentially singular term,

=V (R+3ru,R—3ru,rg,....ry), (B1) [1—exp(—(2Ir)v,t)]/v,, can be expanded in a Maclaurin
. ) o series when, is small, since its limit forv,— 0 is finite.
wherer, the bond length, is the reaction coordinatés the In order to complete the scheme, it is necessary to add an

unit vector along the bond yan is the kinetic energy of the  5qgitional force that constrainsto be a unit vector. This is

bath, andu>pu is a mass associated with thedegree of accomplished by modifying the equation of motion for
freedom only. In additionf, = —Viy(r) —dViy/dr andFy  aecording to

=—9V3/du. From Eq.(B2), the equations of motion far

. i 2 1
andu follow directly, Vu=— vVt M—rz(Fu—)\u). (B6)

I-ﬁ= 1 -
vr In Eg. (B6), a constraint force-\u has been added t6,,

u=v,, where\ is a Lagrange multiplier that ensures the condition
(B2) u(t)-u(t)=1 is maintained at all timé¢. The multiplier is

o grv2+ = calculated using the standard procedure. The veacisrup-

Cop " dated in the absence of the constraint force using(B§). to

5 1 produce the unconstrained evolutia(At). The vector
Vy=— CUVyt ar? = u(At) is then constructedzaccordmg to

At
u(At)=u"(At) =\ s—=u(0). B7
The equations of motion, Eq&B2), are slightly more com- (49 (4 2ur? ©) B7)

plicated that the usual equations of motion encountered "ﬂ)efining)\’=)\At2/2,ur2 the conditionu(At)|2=1 is then
ordinary molecular dynamics, and, therefore, the problem Ofmposed, which leads to the following expression Xor
constructing a reversible, symplectic integrator for them

based on the Liouville operator formalism is discussed be-  \'=u(0)-u"(At)—|u(0)- u'(At)[>—(Ju’(At)[>—1).

low. (B8)
The Liouville operator corresponding to Eq82) is Once the multiplier has been determinedAt) is obtained
iL=iL,+il,+ils, from Eq. (B7), and the velocityv,(At/2) at the half-step
obtained from
) Jd J N’
ILi=ve+vy -0, Vy(At/2) =V(At/2) — T u(0). (B9)
(B3) o
o (Feom 5 9 The forces are then recalculated at the new positionsygnd
ILy=|=+=rv, v, is updated with the appropriate updated unconstrained force
according to Eq(B5). Finally, the constraint force is applied,
_ 1 4 and the resulting update fay,, leading to the fully updated
iLs= vVt ——Fy - —. o
ur vy velocity is
Vy(At) =V (At) = (u(At)- v (At))u(At), (B10)

In order to generate a reversible integrator for E§2), the
following factorization of the classical propagator, ék@t) ~ wherev,j(At) is the velocity just before the constraint force
for a time stepAt is constructed: at At is applied. Additionally, it is necessary to apply ther-
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mostats to ensure canonical sampling. As discussed in Sewhere thex, y, andz components of the three vectors consti-
1, a thermostat is applied to the reaction coordimatmain-  tute the rows of the matrix. When this is done, the vecfor
taining its temperature at an elevated valye Because of s resolved into spherical polar coordinates, so that the final
the constraint oru, it is necessary to thermostat the threecoordinates are

components ofl together and separately from the remaining

bath degrees of freedofiApart from this, the application of ry=ri, ry=r3, ry=rz,

the thermostat operators follows the procedure described in

detail in Refs. 29 and 39. Finally, it should be noted that the Iy = VX2 +Ye+ 247,

formulation of the integrator via the Liouville operator al- (C9
lows the AFED method to be easily combined with multiple 0, =arctari x> —y,22}),

time scale integratiofRESPA (Ref. 31 techniques for the

bath. 4 =arctariy,/x}).

n

The azimuthal anglep,’ is, then, the required dihedral angle
APPENDIX C: A SIMPLE VARIABLE as SS'OW: Cli?:rngn' F|g||.t§. Using bthls sfet of (?e?e_ra“ffed
TRANSEORMATION SCHEME FOR TREATING A coordinates, simulations can be performed straightfor-

DIHEDRAL ANGLE AS A REACTION COORDINATE wardly, using a Hamiltonian of the form given in E@\12),
by associating a high temperature and large mass with the

Although it may seem that the need to use generalizedoordinates, .
coordinates in the AFED method is a disadvantage, it has
been shown in Appendices A and B that this is less of a
disadvantag.e _than one might expect. In Appendix A, iF WaS, o, | Lo P A Kollman, J Comput, Ch,902 (1997
shown that it is only necessary to transform the coordinates . Dellago, P. G. Bolhis, F. S. Csajka, and D. Chandler, J. Chem. Phys.
and not the momenta, which considerably simplifies the 108 1964(1999.
problem of working in generalized coordinates. In Appendix °C. Dellago, P. G. Bolhuis, and D. Chandler, J. Chem. Pgs, 6617
B, a simple scheme was developed to integrate the equatio 19391'3 huis. C. Dell P L. Geissl 4 D. Chandler J. Phys.: C
of motion in spherical polar coordinates when a distance yo,q. ,vcl’attuézz A1:7?3860: - eissien ana B, Thander, & Fhys. o
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tor r, (see Fig. 6 to a frame in whichr is at the origin is  ''Z. Z. Fan, J. K. Hwang, and A. Warshel, Theor. Chem. At@3 77

erformed, (1999.
P 18], VandeVondele and U. Rothlisberger, J. Chem. Phy3. 4863(2000.
r'=r,—r (C1)  D.A. Hendrix and C. Jarzynski, J. Chem. Phy4, 5974(2001.
4=Tg—T3. 20 )

S. Melchionna, Phys. Rev. &, 8762(2000.

The coordinate frame is then rotated to a frame in which thé'z. Zhu, M. E. Tuckerman, and G. J. Martyna, Phys. Rev. L(gttpress.

T i ot 223, Kumar, R. H. Swendsen, P. A. Kollman, and J. M. Rosenberg, J. Com-
vectorr,—rj lies along thez-axis and the vectorrf—r3) out, Chem 13, 1011(1992.

T ]

;2 .
X (rz—ry) lies along they-axis, 23, Rosso and M. E. Tuckerman, Mol. Sim@8, 91 (2002.
24R. E. Bruccoleri and M. Karplus, Biopolymeg9, 3975(1990.
n__ ! n__ .1 n__ .1 n__ ! ! ! ! ) ]
FI=ry, =, T3=rg, 13=R(r;,rp.r3)rg. (€2 25" samyelson and G. J. Martyna, J. Chim. Pl 1503 (1997,

26
; oy ; : ; ; J. Cao and G. J. Martyna, J. Chem. Phi@4, 2028(1996.
The matrix,R(ry ,r3,r3) is arotation matrix for orienting the 27D, Marx, M. E. Tuckerman, and G. J. Martyna, Comput. Phys. Commun.

coordinate frame in this manner. The elements of the rotation 11g 166 (1999.

matrix are as follows: 28R, Car and M. Parrinello, Phys. Rev. Left, 2471(1985.
2G. J. Martyna, M. E. Tuckerman, and M. L. Klein, J. Chem. PI9/.
(rg—ry)X(ry—ry)  r3—ry 2635(1992.
[(F—r5) X (ri—1b)] Xlr,_r,l 30V, Liu and M. E. Tuckerman, J. Chem. Phyid2 1685(2000.
3 12 112 3 12 3IM. E. Tuckerman, G. J. Martyna, and B. J. Berne, J. Chem. By4.990
(rg—r5)X(ry—rj) (1992.
R(ry,ry,r3)= — — , 32J. P. Ryckaert and A. Bellemans, Faraday Disc66595 (1978.
[(rg—r)X(ry—r3)| 33W. H. Press, S. A. Teukolsky, W. T. Vetterling, and B. P. Flannahy;
ré— ré merical Recipes in @Cambridge University Press, Cambridge, 1992
— 34J. E. Straub, M. Borkovec, and B. J. Berne, J. Chem. PB9s4833
[r3—ra (1988.

(C3 35, Rosso and M. E. Tuckermaio be submitteld

Downloaded 26 Jun 2009 to 137.205.57.125. Redistribution subject to AIP license or copyright; see http://jcp.aip.org/jcp/copyright.jsp



4402 J. Chem. Phys., Vol. 116, No. 11, 15 March 2002 Rosso et al.

%G. J. Martyna, A. Hughes, and M. E. Tuckerman, J. Chem. Phi@. M. E. Tuckerman, D. Marx, M. L. Klein, and M. Parrinello, J. Chem.

3275(1999. Phys.104, 5579(1996.
3M. E. Tuckerman, G. J. Martyna, M. L. Klein, and B. J. Berne, J. Chem.%*G. J. Martyna, M. E. Tuckerman, D. J. Tobias, and M. L. Klein, Mol.
Phys.99, 2796(1993. Phys.87, 1117(1996.

Downloaded 26 Jun 2009 to 137.205.57.125. Redistribution subject to AIP license or copyright; see http://jcp.aip.org/jcp/copyright.jsp



