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On the use of the adiabatic molecular dynamics technique
in the calculation of free energy profiles
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A new molecular dynamics method for calculating free energy profiles for rare events is presented.
The new method is based on the creation of an adiabatic separation between a reaction coordinate
subspace and the remaining degrees of freedom within a molecular dynamics run. This is achieved
by associating with the reaction coordinate~s! a high temperature and large mass, thereby allowing
the activated process to occur while permitting the remaining degrees of freedom to respond
adiabatically. In this limit, by applying a formal multiple time scale Liouville operator factorization,
it can be rigorously shown that the free energy profile is obtained directly from the probability
distribution of the reaction coordinate subspace and, therefore, no unbiasing of the configuration
space or postprocessing of the output data is required. The new method is applied to a variety of
model problems including a two-dimensional free energy surface and its performance tested against
free energy calculations using the ‘‘blue moon ensemble’’ approach. The comparison shows that free
energy profiles can be calculated with greater ease and efficiency using the new method. ©2002
American Institute of Physics.@DOI: 10.1063/1.1448491#
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I. INTRODUCTION

One of the most important quantities in thermodynam
is the reversible work needed to change the thermodyna
state of a system. Under certain conditions, this quantity
be independent of the path taken between the initial and fi
states and will, therefore, be related to the free energy dif
ence between these two states. As a result, considerabl
fort has been invested in the development of methods
compute such free energy differences~see, e.g., Ref. 1 for a
review and comparison!. A problem that is frequently en
countered is that of computing the free energy profile alon
reaction path on a potential energy surface characterized
reaction coordinateq. Not only does the free energy profil
provide a thermodynamic picture along the reaction path,
it also permits determination of activation energies and e
mation of associated rate constants via classical or quan
transition state theory. In many instances, a multidimensio
free energy profile or surface characterized by a set of re
tion coordinates may be of particular interest. The ability
characterize a process by a reaction coordinate or coordin
generally assumes some prior knowledge of the process
der consideration. Clearly, such a well defined reaction co
dinate subspace is not always available, in which case
may be appropriate to apply methods such as the rece
introduced transition path sampling technique.2–4 However,
identification of a useful reaction coordinate or coordinate
often possible, and, therefore, novel and efficient meth
for computing profiles along these coordinates are desira

It should be noted that the present class of free ene
calculations differs somewhat from other types, such as
vation or binding free energy calculations, wherein a syst
4380021-9606/2002/116(11)/4389/14/$19.00
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is transformed between two thermodynamic states chara
ized by different potentials, usually by introducing a variab
coupling parameter~see, for example, Refs. 5–11!. Although
some similarities exist between these two classes of free
ergy calculations, there are different technical issues ass
ated with each type, and a variety of effective methods h
been developed to treat this latter case5–10 ~see, in particular,
the work of Warshel and co-workers5,6,11 for a discussion of
novel empirical valence bond based approaches!. Indeed, we
expect that the methodology to be presented herein coul
easily adapted for and combined with methods for treat
this latter type of free energy calculation, however, furth
comments on this notion will be deferred until the conclusi
section.

Statistical mechanics provides a means whereby s
free energy profiles can be determined directly from e
semble averages. In the case of a classicalN-particle system
at temperatureT, a reaction coordinateq is expressible as a
function q5q(r1 ,...,rN) of the N Cartesian position vector
$r1 ,...,rN% of theN particles. The free energy profile,F(q8),
is then defined by

F~q8!52
1

b
ln P~q8!, ~1!

where

P~q8!5^d~q~r1 ,...,rN!2q8!& ~2!

is the probability density for the reaction coordinate to ta
on the valueq8 andb51/kT. Analogous formulas hold for
multidimensional free energy profiles. In principle, the pro
ability distribution in Eq.~2! can be computed directly from
9 © 2002 American Institute of Physics
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a molecular dynamics~MD! or Monte Carlo simulation.
However, if the reaction path described byq corresponds to a
rare event with a high activation energy, then the use
direct simulation techniques is infeasible due to the prese
of very low probability regions in the configuration spac
Consequently special techniques such as umbr
sampling,12–14 thermodynamic integration in conjunctio
with the so-called ‘‘blue moon ensemble’’ method,15,16 guid-
ing potentials,17,18 nonequilibrium techniques,19 projection
methods,20 and variable transformation approaches21 have
been developed. With the exception of the latter two, th
approaches do not directly yield the probability distributi
in Eq. ~2!. Rather, they are based on the introduction o
bias on the configuration space which artificially drives t
system into low probability regions. Averages must, then,
performed by applying appropriate unbiasing factors or
weighting procedures. In addition, the umbrella and b
moon methods, which use restraints/constraints to bias
phase space, require that separate simulations be perfo
at each value of the reaction coordinate and that weigh
histogram22 or thermodynamic integration methods be a
plied in order to construct the free energy profile. Despite
enhancement of sampling efficiency caused by the bias,
energy calculations remain computationally very intens
and relatively complex to perform.

In this paper, an alternative approach to the calculat
of free energy profiles along reaction paths is presented.
have already laid the groundwork for this method in Ref.
The new method, which will be shown to yield the probab
ity distribution function in Eq.~2! directly, is based on the
creation of a dynamical adiabatic separation between the
action coordinate and remaining degrees of freedom.23 In
particular, a dynamical scheme is constructed in which
reaction coordinate evolves slowly relative to the other
grees of freedom and is simultaneously maintained at a h
temperature. The latter condition, which has also been
ployed on entire molecules by other authors to enhance s
pling of configuration space,24,25 ensures that all activation
barriers along the reaction path can be easily crossed and
be enforced by coupling the reaction coordinate to its o
heat bath or thermostat. The former condition permits
remaining degrees of freedom to fully relax in response
the motion of the reaction coordinate and, thereby, samp
large portion of their configuration space as the reaction
ordinate slowly evolves. Indeed, adiabatic dynamics meth
have been employed successfully to perform approxim
quantum dynamics simulations26,27 as well as Car–
Parrinello-typeab initio molecular dynamics.28 A careful
analysis of the resulting dynamics~see Sec. II! reveals that
the free energy profile will then be given by Eq.~1! with b
replaced bybq51/kTq , whereTq is the temperature of the
reaction coordinate~see Sec. II!. It is then clear that the us
of such an approach eliminates all biasing from the simu
tion procedure and, hence, the need for postprocessing o
output data. It is also found that the new adiabatic free
ergy dynamics~AFED! method allows the free energy profi
to be determined with greater efficiency than constrain
restrained methods such as the blue moon and umbrella
pling schemes.
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We note, here, that we have recently introduced a v
able transformation scheme for enhancing conformatio
sampling21 that can also yield free energy profiles. This a
proach, while very effective, requires knowledge of spec
features of the potential surface. This information may n
always be available as, for example, when complex reac
coordinates are used or inab initio molecular dynamics cal-
culations. Therefore, alternative methods are desirable.
present adiabatic method, by contrast, requires no spe
information about the potential and, therefore, is more g
erally applicable.

This paper is organized as follows: In Sec. II, the ad
batic dynamics method is analyzed in detail and shown
yield the free energy profile directly from Eq.~1! with b
replaced bybq . The analysis is based on the use of t
Liouville operator technique and a formally exact multip
time scale breakup of the adiabatic classical propagator
Sec. III, several model problems are examined using the
approach. In these examples, direct comparison to analy
solutions ~when available! and the blue moon ensemb
method are made. In Sec. IV, a discussion and procedure
setting up adiabatic conditions for a given problem are p
sented. Conclusions and prospects for extending this wor
more complex situations, other types of free energy calcu
tions, and quantum free energy profiles are discussed
Sec. V.

II. THEORETICAL ANALYSIS OF THE ADIABATIC
DYNAMICS APPROACH

In order to illustrate the method, we consider a simp
model system, which serves as a paradigm for the gen
problem of determining free energy profiles. The model co
sists of two degrees of freedom, namely, a reaction coo
natex with massmx and an additional degree of freedomy
with massmy . The two degrees of freedom are coupl
through a potentialV(x,y), and the Hamiltonian of the sys
tem is taken to be of the form,

H5
px

2

2mx
1

py
2

2my
1V~x,y!. ~3!

The simple analysis based on Eq.~3! neglects the fact that, in
generalized coordinates, the kinetic energy will actually
volve a~generally! coordinate-dependent mass metric tens
An analysis and procedure for circumventing such diffic
ties in treatingN-particle systems in terms of generalize
coordinates is given in Appendix A.

If vx andvy are characteristic frequencies of thex andy
motion, then an adiabatic separation betweenx and y is
achieved by requiring thatvx!vy . This can be realized
dynamically by choosing the masses such thatmx@my . In
addition, temperaturesTx and Ty associated with the two
degrees of freedom are introduced such thatTx@Ty , as
noted above. The latter condition allowsx to easily cross
barriers along the reaction path. In the preceding discuss
a detailed analysis of the dynamics and the phase spa
generates will be carried out. The goal of this analysis is
show that, under the usual assumptions of ergodicity,
P license or copyright; see http://jcp.aip.org/jcp/copyright.jsp
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resulting phase space distribution function of the react
coordinate,x, leads to a free energy profile given by Eq.~1!
with b replaced bybx51/kTx .

In order to maintain the two temperatures,Tx andTy in
the system, the dynamics generated by Eq.~3! must be
supplemented by coupling the variablesx andy to indepen-
dent heat baths or thermostats. Thus, the phase space e
tion of the system is governed by a Liouville operator of t
form,

iL 5
px

mx

]

]x
1

py

my

]

]y
1Fx

]

]px
1Fy

]

]py

1 iL therm
~x! ~Tx!1 iL therm

~y! ~Ty!, ~4!

where Fx52]V/]x, Fy52]V/]y and iL therm
(x) (Tx) and

iL therm
(y) (Ty) are dynamical thermostats, e.g., the Nos´–

Hoover chain~NHC!,29 or the recently introduced genera
ized Gaussian moment thermostat~GGMT!,30 which main-
tain x at temperatureTx and y at temperatureTy . The
explicit forms of the thermostat operators are not import
for the present discussion, however, the interested read
referred to Refs. 29 and 30 for the detailed expression
these operators. For the present discussion, it is sufficien
know that they act on the momentapx andpy in such a way
as to control the kinetic energy fluctuations and genera
Maxwell–Boltzmann distribution in these variables at the
quired temperatures and that they involve a set of additio
or ‘‘extended’’ phase space variables, denoted generally
G therm,x and G therm,y . It is, again, stressed that two separa
thermostats are needed in order to maintain the two sepa
temperaturesTx andTy .

The time evolution of the full phase space vector,G
5$x,y,px ,py ,G therm,x ,G therm,y%, starting from an initial con-
dition G~0!, is formally given by

G~ t !5eiLtG~0!, ~5!

where exp(iLt) is the classical propagator. Consider the ev
lution of the system over a time intervalDt characteristic of
the x motion. In order to analyze the dynamics over such
interval, it is useful to define ‘‘reference system’’ Liouvill
operators,

iL ref
~x!~Tx!5

px

mx

]

]x
1 iL therm

~x! ~Tx!,

~6!

iL ref
~y!~Ty!5

py

my

]

]y
1 iL therm

~y! ~Ty!,

and express the total Liouville operator as

iL 5 iL ~y!1 iL ref
~x! , ~7!

where

iL ~y!5 iL ref
~y!1Fy

]

]py
1Fx

]

]px
. ~8!

Using the Trotter theorem, a reversible, symplectic factori
tion of the classical propagator is constructed according
Downloaded 26 Jun 2009 to 137.205.57.125. Redistribution subject to AI
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exp~ iLDt !5expS iL ~y!
Dt

2 Dexp~ iL ref
~x!Dt !expS iL ~y!

Dt

2 D .

~9!

In Eq. ~9!, note that they-propagator, exp(iL(y)Dt/2), is left
intact. The factorization scheme in Eq.~9! allows the
y-propagator to be evaluated formally exactly, again, us
the Trotter theorem,

expS iL ~y!
Dt

2 D5 lim
n→`

FexpS Dt

4n
Fx

]

]px
D

3expS Dt

4n
Fy

]

]py
DexpS iL ref

~y!
Dt

2n D
3expS Dt

4n
Fy

]

]py
DexpS Dt

4n
Fx

]

]px
D Gn

.

~10!

When Eq.~10! is substituted into Eq.~9!, the result is the
formally exact analog of a multiple time scale factorizati
such as is discussed in Ref. 31. The formally exact eva
tion of the y-propagator is necessary since, under the ad
batic conditions of the problem, the time interval,Dt, is very
long compared to the time scale on whichy evolves. Com-
bining Eqs.~9! and~10! and acting with the resulting opera
tor on the full phase space vectorG~0! yields the following
evolution of the physical variables:25,27

x~Dt !5xref@x~0!,ẋ~Dt/2!,Gx~0!;Dt#,

ẋ~Dt !5 ẋref@x~0!,ẋ~Dt/2!,Gx~0!;Dt#

1
1

mx
E

Dt/2

Dt

dt8Fx@yadb~y~Dt/2!,ẏ~Dt/2!,

Gy~Dt/2!,x~Dt !;t8!,x~Dt !#,

ẋ~Dt/2!5 ẋ~0!1
1

mx
E

0

Dt/2

dt8Fx@yadb~y~0!,ẏ~0!,

Gy~0!,x~0!;t8!,x~0!#,

y~Dt/2!5yadb@y~0!,ẏ~0!,Gy~0!,x~0!;Dt/2#, ~11!

ẏ~Dt/2!5 ẏadb@y~0!,ẏ~0!,Gy~0!,x~0!;Dt/2#,

y~Dt !5yadb@y~Dt/2!,ẏ~Dt/2!,Gy~Dt/2!,x~Dt !;Dt#,

ẏ~Dt !5 ẏadb@y~Dt/2!,ẏ~Dt/2!,Gy~Dt/2!,x~Dt !;Dt#,

where ẋ5px /mx and ẏ5py /my . In Eq. ~11!,
xref@x8,ẋ8,Gx8 ;t8# indicates the evolution ofx under the ac-
tion of the reference system Liouville operatoriL ref

(x) up to
time t8 starting from initial conditionsx8, ẋ8, andGx8 with an
analogous meaning for ẋref@x8,ẋ8,Gx8 ;t8#. Similarly,
yadb@y8,ẏ8,Gy8 ,x8;t8# indicates the exact adiabatic, i.e.,
fixed x5x8, evolution ofy up to timet8 under the action of
the operator in brackets in Eq.~11! starting from initial con-
ditions y8,ẏ8,Gy8 . Analytical forms for these functions can
not generally be supplied, however, the analysis does
require that these functions be explicitly known. The tim
integrals appearing in Eqs.~11! are a direct result of the
infinite product of operators in brackets in Eq.~10! which
P license or copyright; see http://jcp.aip.org/jcp/copyright.jsp
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arise from application of the Trotter theorem and which le
to the~infinite sum! limit of a trapezoidal rule expression fo
the integral. Sincemx@my , the motion of they variable will
follow instantaneously the motion ofx dynamically and
sample its available configuration space over the time in
val Dt/2 during whichx remains fixed. In Eq.~11!, it can be
seen that the force governing the evolution ofx andẋ can be
related to a time average ofFx over the adiabaticy trajectory.

Assuming that they motion is ergodic over this time
interval, then the time integral ofFx appearing in Eq.~11!
can be replaced by a configurational average overy at fixedx
according to

2

Dt Et

t1Dt/2

dtFx@yadb~y~t!,ẏ~t!,Gy~t!,x;t !,x#

5
* dyFx~x,y!e2byV~x,y!

* dye2byV~x,y! 5
]

]x

1

by
ln Zy~x;by!, ~12!

whereby51/kTy and

Zy~x;by!5E dye2bV~x,y! ~13!

is an effective configurational partition function ofx. There-
fore, in the adiabatic limit, an effective Hamiltonian for thex
degree of freedom can be constructed according to

Hx,adb~px ,x!5Kx2
1

by
ln Zy~x;by!, ~14!

whereKx5px
2/2mx . From Eq.~14! follow the statistical me-

chanical properties of thex degree of freedom. The partitio
function for x, correct in the adiabatic limit, is given by

Q~bx ;by!5E dpxdx exp~2bxHx,adb~px ,x!!

5E dpx exp~2bxKx!E dx

3expF2bxS 2
1

by
ln Zy~x;by! D G

5E dpx exp~2bxKx!E dx@Zy~x;by!#bx /by.

~15!

Therefore, the probability distribution function ofx, in the
adiabatic limit, becomes

Padb~x!5
1

Q~bx ,by!
E dpx exp~2bxKx!

3@Zy~x;by!#bx /by ~16!

so thatPadb(x)}@Zy(x;by)#bx /by. From Eq.~16!, it follows
that the free energy profile,F(x), which, by definition, is

F~x!52
1

by
ln Zy~x;by! ~17!

can be calculated directly from the adiabatically genera
probability distribution function,Padb(x) by
Downloaded 26 Jun 2009 to 137.205.57.125. Redistribution subject to AI
d

r-

d

F~x!52
1

bx
ln Padb~x!1const. ~18!

The equivalence between Eqs.~17! and ~18! can be seen by
direct substitution ofPadb(x) into Eq. ~18!. Thus, the true
free energy profile can be obtained, up to an irrelevant c
stant, from the probability distribution function,Padb(x) gen-
erated by the adiabatic dynamics withmx@my and Tx@Ty

via Eq. ~18!. Note that Eq.~18! is of the same form as the
standard free energy profile defined in Eq.~1! with T, the
temperature of the ensemble, replaced byTx the temperature
to which thex degree of freedom has been heated. Des
the fact thatTx appears in Eq.~18!, the correct free energy
profile at the temperature,Ty of the bath/environment is ob
tained. Equation~18! constitutes the central result of th
paper.

It should be noted that the present adiabatic dynam
approach differs from adiabatic stepwise methods, in whic
free energy change asx varies fromx1 to x2 is computed as
a weighted average over a trajectory evolving on the pot
tial V(x1 ,y) ~for an explanation of such methods and wh
they fail, see, for example, Ref. 11!. As the preceding proof
indicates, the adiabatic method guarantees convergenc
the free energy profile in Eq.~18! assuming only that the
adiabatic dynamics is ergodic. As indicated in Ref. 11, su
stepwise methods may miss important contributions to
free energy, particularly in the barrier region.

III. MODEL PROBLEMS AND RESULTS

In this section, the AFED method will be tested on thr
model problems. The first is a simple two-variable proble
for which the free energy profile can be solved analytica
Here, a comparison of several different thermostatt
schemes will be made. The second is a simple isomeriza
reaction in a Lennard-Jones solvent, which serves as a p
digm for solution phase chemical processes. Here, the AF
method will also be compared to the ‘‘blue moon ensemb
approach based on constrained molecular dynamics.15,16The
third is a study of the conformational changes and cor
sponding free energy profile associated with the dihed
angle motion in united-atom models of butane and pentan32

In the latter case, it will be shown that the full dihedral ang
free energysurface can also be efficiently generated, an
comparisons with a new variable transformation scheme
cently introduced by us21 will be made. These example
serve as a paradigm for conformational equilibria in lo
chain molecules and in proteins.~Various other ‘‘advanced’’
methods for computing free energy profiles of rare eve
have recently been introduced,17–20however, a detailed com
parison of these methods and the present adiabatic met
although interesting, would constitute an extensive study
is beyond the scope of this paper.! All AFED free energy
profiles are processed using a 11 point Savitsky–Go
filter.33 In the context of these examples, it will be show
that free energy surfaces can also be generated efficient
P license or copyright; see http://jcp.aip.org/jcp/copyright.jsp
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A. One-dimensional quartic double well coupled
to a harmonic oscillator

Consider a simple two-variable system described by
Hamiltonian in Eq.~3! with a potential of the form,

V~x,y!5D0~x22a2!21 1
2ky21lxy. ~19!

For this simple problem,Zy(x;by) can be calculated analyti
cally, leading to a symmetric free energy profile inx given by

F~x!52
1

by
ln Zy~x;by!5D0~x22a2!22

l2

2k
x2. ~20!

Simulations of this model system were carried out us
D055, a51, k51, l52.878, my51, and kTy51. With
these parameters, the free energy profile inx has two wells
located atx656Aa21l2/4D0k561.189 and a barrier a
x50. In addition, the free energy barrier isF‡5F(x50)
2F(x6)5D0a41l2a2/2k1l4/16D0k2'10.

In order to ensure efficient barrier crossing, a tempe
ture kTx510 was chosen for AFED simulations. With th
choice of kTx , the convergence of the free energy profi
with mx was tested by performing simulations withmx

510, 100, 300. For these mass choices, simulations of9

steps using a time step 0.2531023 were performed. Canoni
cal sampling is obtained using the recently introduc
GGMT algorithm.30 It is important to note that the thermo
stating method can influence the efficiency of free ene
calculations. The GGMT method was chosen because
was shown in Ref. 30, it maintains good temperature con
even in problems involving motion over high barriers.

Figure 1 shows the trajectory ofx as a function of time
for mx5my and Tx5Ty corresponding to an ordinary dy
namics simulations compared to the AFED parameters~mx

5300 andTx510!. The figure shows that without the adia
baticity conditions, barrier crossing is a rare event as wo
be expected in an ordinary dynamics calculation. In contr
the AFED dynamics case shows frequent barrier cross
and, hence, efficient sampling of the configuration sp
available tox. Figure 2 shows the free energy profiles o
tained from the AFED simulations for the different choic

FIG. 1. Trajectory ofx as a function of the number of steps for a double w
coupled to a harmonic oscillator in Eq.~19!. ~a! Standard molecular dynam
ics; ~b! Adiabatic ~AFED! dynamics withmx5300 andTx510.
Downloaded 26 Jun 2009 to 137.205.57.125. Redistribution subject to AI
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of mx together with the analytical result. The figure show
that whenmx is too small, adiabaticity is not well maintaine
and the free energy profile is not well reproduced. It can
seen that formx5300 the agreement between the AFED a
analytical results is very good~see Sec. IV for a genera
protocol for determining the adiabaticity control paramete
Tx andmx!. Figure 3 shows the influence of the thermost
ing method on the efficiency of convergence of the AFE
method. In particular, a comparison is shown between
free energy profiles obtained using the widely used Nos´–
Hoover chain method29 to that obtained using the new
GGMT approach30 for runs of equal length. The figure show
that when the GGMT run is converged, the Nose´–Hoover
chain method has not yet reached convergence. In this
ticular example, even a run length of 1.83109 steps was
insufficient to fully converge the free energy profile gene
ated by the Nose´–Hoover chain method~see Fig. 3!.

B. Isomerization reaction in a Lennard-Jones solvent

As a simple paradigm for solution phase chemical p
cesses, we consider an isomerization reaction of a ho
nuclear diatomic molecule solvated in a Lennard-Jones~LJ!
liquid. A variant of this model has been considered pre
ously by other authors34 in the context of other methodologi
cal developments. The intramolecular potential of the
atomic is characterized by a single coordinater 5ur12r2u,
the distance between the two atoms comprising the diatom
The intramolecular potential is, again, given by a quar
double well form,

Vintra~r !5D0@~r 2r 0!22a2#2, ~21!

so that the total potential is

U~r1 ,...,rN!5Vintra~ ur12r2u!1VLJ~r1 ,...,rN!, ~22!

where the LJ interaction between atoms 1 and 2 is exclud
The diatomic can exist in two stable ‘‘conformations’’ cha

FIG. 2. Adiabatic~AFED! dynamics free energy profile for a double we
coupled to a harmonic oscillator in Eq.~19!. The figure shows the conver
gence of the free energy profile as a function ofmx with Tx510. The solid
line is the analytical free energy profile, the dotted line corresponds tomx

510, the long dashed line corresponds tomx5100, and the short dashe
line corresponds tomx5300. my51 in all cases. For comparison, the ba
potential is shown with the dotted–dashed line.
P license or copyright; see http://jcp.aip.org/jcp/copyright.jsp
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acterized by bond lengthsr 65r 06a. For this model, the
free energy profile will not be symmetric aboutr 0 . Rather,
depending on the value ofr 0 , one of the two configurations
will be more stable by an amount that can be determi
from the free energy profile. Ifr 0 is large enough to allow
bath particles to come between the two atoms in the m
ecule, the configuration withr 01a will be stabilized, while
if r 0 is small, the solvation structure around the molec
will stabilize the configuration atr 02a.

This model was simulated with different parameters.
the first case, the potential parameters areD05107 K/Å4, a
50.22 Å, andr 054.26 Å. With these parameters, the stab
‘‘conformations’’ correspond to r 154.48 Å and r 2

54.04 Å. The two conformations are separated by a 4
kcal/mol barrier atr 5r 0 in the bare potential. The diatomi
is solvated in a bath of 108 Lennard-Jones particles w
e/k590 K, s53.405 Å and massm539.94 amu. The mas
of the atoms in the diatomic is the same as the mass of
Lennard-Jones particles. The density and temperature o
system arers350.844 andT5300 K. In order to explore
the influence of the equilibrium bond length on the free e
ergy profile, a second case, in whichr 0 was chosen to be
4.00 Å, with all the other parameters the same, was a

FIG. 3. The influence of the thermostatting method in the calculation of
free energy profile for the harmonic oscillator linearly coupled to a dou
well @cf. Eq. ~19!#. ~a! Free energy profile generated usingmx5300 and
Tx510 with AFED dynamics using the generalized Gaussian moment t
mostating~GGMT! approach~Ref. 30! and a run length of 2.53108 steps
~dashed line! compared to the analytical result~solid line!; ~b! the same
comparison for AFED dynamics using the Nose´–Hoover chain thermostat
ting approach~Ref. 29!. In ~b!, the dotted line shows the free energy profi
obtained using AFED dynamics with the Nose´–Hoover chain approach for a
run length of 1.83109 steps.
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studied. In this case the two stable configurations occu
3.78 Å and 4.22 Å, separated by a bare potential barrie
46.64 kcal/mol.

In this model, the reaction coordinate isr, the diatomic
bond length. The AFED method requires that the equati
of motion be formulated in a coordinate system in whichr is
an explicit coordinate and is given both a large mass
high temperature. To see how this can be easily acc
plished, consider the Lagrangian of the system,

L5 1
2m~ ṙ1

21 ṙ2
2!1Kbath2Vintra~ ur12r2u!

2VLJ~r1 ,r2 ,r3 ,...,rN!, ~23!

whereKbath is the kinetic energy of the Lennard-Jones ba
particles. First, we transform to center-of-mass and rela
coordinates for the diatomic,R5(r11r2)/2 andr5r12r2 ,
yielding

L5 1
2M Ṙ21 1

2m ṙ21Kbath2Vintra~ ur u!

2VLJ~R1 1
2r ,R2 1

2r ,r3 ,...,rN!, ~24!

whereM52m andm5m/2 are the total and reduced mass
of the diatomic, respectively. Finally, we transform to sphe
cal polar coordinates (r ,u,f) in the relative coordinate giv-
ing

L5 1
2M Ṙ21 1

2m ṙ 21 1
2mr 2u̇21Kbath2Vintra~r !

2VLJ~R1 1
2ru,R2 1

2ru,r3 ,...,rN!, ~25!

where the unit vectoru5~sinu cosf,sinu sinf,cosu! is the
bond orientation vector. The adiabaticity condition is im
posed by choosing a temperatureTr associated with the ra
dial degree of freedom only and by redefining the Lagra
ian in Eq.~25! according to

L5 1
2M Ṙ21 1

2m̃ ṙ 21 1
2mr 2u̇21Kbath2Vintra~r !

2VLJ~R1 1
2ru,R2 1

2ru,r3 ,...,rN!, ~26!

wherem̃@m is a mass associated with ther degree of free-
dom only.

It is important to note that, although it is necessary
work with the coordinater explicitly, it is not necessary to
work directly with the angular degrees of freedomu andf.
Rather, we work with the Cartesian components (ux ,uy ,uz)
of the vectoru directly so that the kinetic energy term in
volving u becomes

1
2mr 2u̇25 1

2mr 2~ux
21u̇y

21u̇z
2!. ~27!

When this is done, the equations of motion generated by
~26! will be in terms ofr and the three Cartesian componen
of u. In order to ensure thatu remains a unit vector as th
system evolves in time, it is necessary to add a simple c
straint to the equations of motion thatux

21uy
21uz

251. De-
tails of how the equations of motion are integrated and h
the constraint is implemented are given in Appendix B.

For r 054.26, AFED simulations were carried out usin
temperaturesTr5200T560000 K andTr530T59000 K. At
Tr5200T, masses ofmr[m̃53000m'1203103 amu and
mr5m̃56000m'2403103 amu were used with a time ste
of Dt55 fs. At Tr530T, masses of mr[m̃5300m

e
e
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511984 amu andmr[m̃5900m535953 amu were used. I
addition, blue moon ensemble simulations were carried
using 11 evenly spaced fixed values ofr between 4.0 Å and
4.50 Å ~this was found to be the minimum number of poin
needed to generate an accurate free energy profile in
range!. Each blue moon simulation consisted of 23104 steps
with a time step ofDt510 fs for a total run time of 2.2 ns
Although this is slightly longer than is actually needed
generate the free energy profile via the blue moon ensem
method, such a long run ensures a highly converged
energy profile against which the AFED method can
benchmarked. In Fig. 4, the free energy profiles obtain
from the AFED calculations for the various mass and te
perature choices and that obtained from the blue moon
culation are shown. It can be seen that forTr5200T and
mr[m̃52403103 amu, the agreement between the tw
methods is good as well as forTr530T andmr[m̃5300m
511984 amu. In the former case, atmr56000m a 600 ps
run is sufficient to converge the free energy profile, as
shown in Fig. 4~a!. In the latter case, a 600 ps run yield
good agreement formr5300m, however, even a 200 ps ru
reproduces the free energy barrier to within about 5%.
mr5900m, a 600 ps run is insufficiently long to converg
the free energy profile, however, as can be see in Fig. 4~b!, if
the trajectory is allowed to run for 2 ns, it is found that t
correct free energy profile is obtained. The free energy p

FIG. 4. Adiabatic dynamics free energy profile for an isomerizing diatom
with equilibrium bond lengthr 054.26 Å, in a Lennard-Jones solvent de
scribed in Sec. III~B!. The reaction coordinate is the distance between
two atoms. The figure shows the convergence as a function of the mam̃
@cf. Eq.~26!# with Tr5200T560000 K~a! and forTr530T59000 K~b!. In
both panels, the solid line is the free energy profile obtained employing
‘‘blue moon ensemble’’ method~Refs. 15, 16!. In all casesm539.94 amu
and the temperature and density areT5300 K andrs350.84, respectively.
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files show that, at this bond length, the stable conformat
at r 1 is favored by approximately 1.1 kcal/mol.

In order to compare the efficiency of the AFED and bl
moon methods, the following analysis was carried out. Fi
note in Fig. 4, that the AFED method actually generate
larger range ofr than the blue moon method. Of course, t
blue moon method can be made to sample the same ran
r by carrying out more simulations. In this case, 22 eve
spaced points would be required, hence, 22 simulatio
Next, an AFED simulation using 22 bins for the histogram
P(r ) was carried out, and the error bar on the forceFr on r
in one of the bins computed and compared to the error
obtained from the blue moon ensemble method for the sa
value ofr. It was found that, in order to obtain an error bar
size 831025 a.u., an AFED simulation of 880 ps wa
needed compared to a blue moon calculation of 80 ps u
the same timestep in both cases. However, since one AF
simulation generates the full free energy profile, while
individual blue moon simulations are needed, the total sim
lation time for the blue moon method would then be 22380
ps51.76 ns. Thus, comparing the total simulation time
shows that the AFED method is nearly twice as efficient
the blue moon method for this example. In practice, o
might be content with a restricted range for the reaction
ordinate in the blue moon method. In the present exam
the above analysis shows that, in this case, the two me
are, then, of equal efficiency, however, the AFED meth
gives a more complete picture of the free energy profile.

For r 054.00 Å, AFED simulations using temperature
Tr530T with mass ofmr[m̃5300m511984 amu, and tem
peraturesTr5200T, Tr5400T with mass ofmr[m̃5240
3103 amu were performed. The free energy profiles obtain
with the AFED method were compared with the result of t
blue moon ensemble. In this case, the blue moon simulat
were carried out using 12 evenly spaced fixed values or
between 3.70 Å and 4.30 Å. The results are shown in Fig
Again, it can be seen that good convergence~within 5%! is

c

e

e

FIG. 5. Adiabatic dynamics free energy profile for an isomerizing diatom
with equilibrium bond lengthr 054.00 Å, in a Lennard-Jones solvent a
described in Sec. III B. The reaction coordinate is the distance between
two atoms. The figure shows the AFED profile generated usingTr530T and
corresponding massmr511984 amu. For comparison, the free energy p
file obtained using the blue moon ensemble approach is also shown.
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obtained forTr530T and mr[m̃5300m already after 600
ps. For this case, the free energy profiles show that the st
conformation atr 2 is only slightly favored by approximately
0.2 kcal/mol.

C. United-atom butane and pentane in the gas phase

In this section, butane treated within a united-ato
model,32 will be used to illustrate the application of th
AFED method to a more complex reaction coordina
namely, a backbone dihedral angle. In the united-atom
resentation, each CH3 or CH2 group is treated as a singl
‘‘pseudoatom’’ as shown schematically in Fig. 6. LettingR
[$r1 ,r2 ,r3 ,r4% denote the four pseudoatom positions in t
molecule, the intramolecular potential is given by32

Vintra~R!5Vbond~R!1Vbend~R!1Vdihed~R!

1Vone–four~r1 ,r4!, ~28!

where the separate terms are

Vbond~R!5 (
i 51

nbond 1

2
kbond,i~ ubi u2b0,i !

2,

Vbend~R!5 (
i 51

nbend 1

2
kbend,i~u i2u0,i !

2,

~29!

Vdihed~R!5 (
i 51

ndihed

C cos~Af i1d!,

Vone–four~r1 ,r4!5 (
i 51

none–four

4eF S s

ur i2r i 13u D
12

2S s

ur i2r i 13u D
6G ,

where bi5r i 112r i , cosui5bi 11•bi /ubi 11uubi u, and
f5f~R! is the dihedral angle. The potential parameters
as follows: For the CH3– CH2 and CH2– CH2 bonds, the
equilibrium bond lengths are 1.54 Å and 1.52 Å, resp
tively, and the force constant for both bonds iskbond

5226570 K/Å2; for the CH3– CH2– CH2 bend, u05111°
and kbend545314 rad/Å2; for the dihedral angle, C
5805.6 K, A53, andd5180°; for the one–four interaction
between the two CH3 pseudoatoms,e/k550.35 K, and
s53.385 Å. In order to apply the AFED method to the d
hedral angle, it is necessary to transform to a coordin
frame in whichf is an explicit coordinate. A simple schem
for performing this transformation is given in Appendix C
Once the transformation is applied, a high temperature
large mass are assigned to the dihedral angle, thus ens
an adiabatic separation between this degree of freedom
the remaining degrees of freedom in the system, and an a
batic Hamiltonian is constructed as described in Appendi
@cf. Eq. ~A12!#.

AFED simulations of butane were carried out using te
peraturesTf55T51500 K andTf510T53000 K. At Tf

55T51500 K, masses ofmf55m575 amu, mf510m
5150 amu and ofmf5100m51500 amu were used. AtTf

510T53000 K, masses ofmf510m5150 amu and ofmf
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5100m51500 amu were used. The simulation time step w
Dt50.5 fs in all runs. The profiles are compared against
blue moon ensemble result. In order to perform the b
moon calculations, simulations were performed at 18 eve
spaced values between 0 and 2p of the dihedral angle in the
generalized coordinates frame. This avoids the need to c
strain the dihedral angle explicitly. Each blue moon simu
tion was carried out with a time step ofDt50.2 fs for a total
time of 1.26 ns in order to obtain a very accurate profi
against which to compare. Figure 7 shows the free ene
profiles obtained from AFED simulations for differen
choices of the mass parameter,mf . It can be seen that fo
Tf55T51500 K good agreement with the blue moon res
is obtained for a run of length 800 ps.

Once again, the relative efficiency of the AFED and bl
moon methods was analyzed in a manner similar to tha
Sec. III B. Thus, an AFED simulation using 18 bins for th

FIG. 6. United-atom representation of butane, in which each of the CH2 and
CH3 groups are treated as ‘‘pseudoatoms.’’ The right panel shows that,
particular coordinate frame, the azimuthal angle of the vectorr3–r4 corre-
sponds exactly to the dihedral angle.

FIG. 7. Free energy profiles of the dihedral angle in united-atom but
generated using the AFED approach usingmf55m575 amu andTf55T
51500 K compared with the blue moon ensemble approach.
P license or copyright; see http://jcp.aip.org/jcp/copyright.jsp
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histogram was carried out and the error bar on the forceFf

was calculated for both methods for the same value off. In
so doing, it is found that error bars of comparable sizes w
obtained for the AFED and blue moon methods for runs
length 600 ps and 65 ps, respectively. The blue moon me
requires 18 such simulations, while AFED only requires o
so the total length of 18 runs in the case of the former wo
be 1.17 ns. Comparing this number to 600 ps for the AF
simulation, it is concluded that the AFED method is rough
twice as efficient as the blue moon approach.

In order to test the ability of the AFED method to ge
erate free energy surfaces, the example of united-atom
tane was chosen. Here, the two dihedral angles are treat
reaction coordinates which must be adiabatically decoup
from the remaining degrees of freedom in the system. Us
the valuesTf52T5600 K, mf55m575 amu andTf55T
51500 K andmf510m5150 amu and all other paramete
the same as in the butane example, both the two o
dimensional free energy profiles of the two dihedral ang
F(f1) andF(f2) and the two-dimensional free energy su
face F(f1 ,f2) were generated using a single run for ea
set of parameters. The results are shown in Figs. 8 an
respectively. In Fig. 8, it can be seen that both on
dimensional free energy profiles are generated accurately
ing either parameter set. Here, the comparison is made
variable transformation based scheme recently introduce

FIG. 8. Free energy profiles of the dihedral angle in united-atom pen
generated using the AFED approach usingmf55m575 amu andTf52T
5600 K, mf510m5150 amu andTf55T51500 K. ~a! The C1– C2–
C3– C4 dihedral angle profiles;~b! the C2– C3– C4– C5 dihedral angle pro-
files. In both cases, comparison is made to the recently introduced var
transformation approach of Zhuet al. ~Ref. 21!.
Downloaded 26 Jun 2009 to 137.205.57.125. Redistribution subject to AI
re
f

od
,
d

n-
as
d
g

e-
,

9,
-
s-
a

by

Zhu, Tuckerman, and Martyna,21 which also yields accurate
free energy profiles. In Fig. 9, it is shown that the full fre
energy surface of the two dihedral angles is accurately g
erated, again using a comparison to the variable transfor
tion method. It is important to note that the full surface c
be generated with the AFED method using a simulat
length no longer than that which is needed to converg
single dihedral angle distribution function, i.e., 2.2 ns in th
case. By contrast, methods such as the blue moon and
brella sampling approaches require anN3N grid in the
angle space, whereN is the number of points needed to pe
form an accurate sampling of one of the angles. Thus,
scaling of these methods would beN2 for a surface~and,
generally,Nd for a d-dimensional free energy surface!. Thus,
the scaling of the AFED method appears to be superior
the generation of higher dimensional free energy surface

IV. DISCUSSION: CHOOSING THE ADIABATICITY
PARAMETERS

In this section, a protocol for choosing the paramet
for the reaction coordinate temperature and mass in orde
ensure that adiabaticity is maintained and that phase spa
properly sampled will be discussed. The temperature of
reaction coordinate needs to be high enough to permit a
vated barrier crossing on the bare potential surface, howe
as Fig. 4 shows, it is possible for the value to be somew
less than actual barrier height divided by Boltzmann’s co
stant. In cases where free energy barriers are expected
higher than the bare potential barrier, a larger tempera
will likely be needed. In general, higher temperatures wo
as well but require higher masses. The mass of the reac
coordinate, which controls the adiabaticity, needs to be c
sen such that the characteristic frequency of the reaction
ordinate motion is small compared to that of the remain
degrees of freedom~see discussion in Sec. II!. In order to
determine whether a given choice of parameters lead
adiabatic dynamics, it is useful to study the velocity autoc
relation function of the two subsystems. Figure 10 shows

e

le

FIG. 9. Free energy surface of the two dihedral angles in united-atom
tane generated using the AFED approach withmf55m575 amu andTf

52T5600 K compared to that generated using the variable transforma
approach of Zhuet al. ~Ref. 21!. For the AFED method, the surface wa
generated using a run length of 2.2 ns.
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x and y velocity autocorrelation functions,Cvxvx
(t) and

Cvyvy
(t), wherevx5 ẋ5px /mx andvy5 ẏ5py /my , for the

model system studied in Sec. III A for two different choic
of the parameters. Figure 10~a! depicts the velocity autocor
relation functions for a ‘‘poor’’ choice of parameters, i.e.,
choice that does not provide an adequate adiabatic de
pling of the two degrees of freedom, while Fig. 10~b! depicts
these functions for a choice of parameters that does lea
adiabatic decoupling. Figure 10~b! shows that, when the dy
namics is adiabatic, the motion ofx andy are strongly cor-
related, with the long time scale ofy following the single
characteristic time scale ofx. The short time scale ofy arises
from the harmonic potential contributionky2/2 @cf. Eq.
~19!#. This correlation is completely absent in Fig. 10~a!,
which corresponds to the nonadiabatic case. Note that on
mass scale separation for the reaction coordinate is cho
the time scale for the evolution of the dynamical thermos
needs to be adjusted accordingly~see Refs. 29 and 30!.

V. CONCLUSION

Given the importance of free energy calculations in
study of rare events, it is crucial to develop novel and e
cient methods for computing free energy profiles along re
tion paths. In this paper, a new approach to the determina
of free energy profiles has been introduced. The metho
based on the creation of an adiabatic separation betwee
reaction coordinate and the remaining degrees of freed

FIG. 10. Velocity autocorrelation functionsCvxvx
(t) and Cvyvy

(t) for the
modelx–y system defined by Eq.~19! for a ‘‘poor’’ choice of adiabaticity
parameters~mx55my andTx520Ty! ~a! and for a good choice of adiaba
ticity parameters~mx5300my andTx510Ty! ~b!.
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within a molecular dynamics simulation. In addition, the r
action coordinate is maintained at a high temperature rela
to the remaining degrees of freedom. In this way, the f
configuration space corresponding to the rare event
sampled and the free energy profile is rigorously genera
directly from the probability distribution of the reaction co
ordinate. It has been rigorously shown that the dynam
leads to a simple expression for the free energy profile
terms of the probability distribution function of the reactio
coordinate. Thus, the new method requires no biasing of
configuration space, hence, no postprocessing of the ou
data, and leads to a scheme that is more efficient than m
ods based on constraining~or restraining! the reactive degree
of freedom. It has also been shown that the AFED metho
capable of generating free energy surfaces with an efficie
that does not scale as a power of the number of dimens
of the surface.

The new AFED method can be employed in any situ
tion to which other free energy methods can be applied
particular, in complex biomolecular applications, it offe
several advantages in addition to increased efficiency. F
it requires no ‘‘by-hand’’ adjustments of the reaction coord
nate. Such adjustments, usually needed in the blue m
ensemble and umbrella sampling methods, can often be
ficult to perform for complex reaction coordinates and/or
action coordinates that are strongly coupled to other deg
of freedom. A good example is that of one or more intern
dihedral angle~s!.

Clearly, it is not always possible to identify a usef
reaction coordinate subspace however, when a useful s
reaction coordinates exists, as is often the case, the pre
approach has many desirable features. In addition, it is n
easy to see how the AFED method can be extended to
other types of free energy calculations, such as solvation
binding free energies or empirical valence bond approac
to charge transfer reactions.5,6,11 Specifically, by introducing
potentialsUA(r1 ,...,rN) and UB(r1 ,...,rN), corresponding
to initial and final states A and B, respectively, a parame
l, and a generalized potentialUl(r1 ,...,rN) such thatU0

5UA and U15UB , then by introducing a momentumpl

and a mass,ml , one would define an extended Hamiltonia
involving the potentialUl and an additional kinetic energ
term pl

2/2ml . In this way, an adiabatic dynamics forl can
be constructed such that the switching between the two t
modynamic states is achieved directly without using therm
dynamic integration. We are currently developing such
technique.35 It is also expected that such an adiabatic a
proach could be combined with transition path sampling2–4

to yield a method for adiabatically generating harvesta
trajectories, another application that we are currently con
ering. Finally, we are extending the AFED method to t
computation of free energies in the isothermal–isoba
~NPT! ensemble and to the calculation of quantum free
ergies in both the canonical and isothermal–isobaric36 en-
sembles via the Feynman path integral using path inte
molecular dynamics techniques.37,38,36
P license or copyright; see http://jcp.aip.org/jcp/copyright.jsp
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APPENDIX A: TREATING AN N-PARTICLE SYSTEM IN
GENERALIZED COORDINATES

In this appendix, the problem of treating anN-particle
system in a set of generalized coordinate that explicitly c
tains the reaction coordinate is considered. From a dynam
point of view, if one begins with the Lagrangian in Cartesi
coordinates,r1 ,...,rN ,

L5(
i 51

N
1

2
mi ṙ i

22V~r1 ,...,rN!, ~A1!

then, under a transformation to generalized coordina
q1 ,...,q3N ,

q15q1~r1 ,...,rN!

¯ ~A2!

q3N5q3N~r1 ,...,rN!,

the Lagrangian becomes

L5 (
a,b51

3N
1

2
Gab~q!q̇aq̇b2V~r1~q!,...,rN~q!!, ~A3!

where q[$q1 ,...,q3N% denotes the full set of generalize
coordinates, andGab(q) is given by

Gab~q!5(
i 51

3N

mi S ]r i

]qa
D •S ]r i

]qb
D ~A4!

is the mass-metric tensor. By performing the Legendre tra
form, the Hamiltonian can be shown to be

H5
1

2 (
a,b51

3N

Kab~q!papb1V~r1~q!,...,rN~q!!, ~A5!

where

Kab~q!5(
i 51

N
1

mi
S ]qa

]r i
D •S ]qb

]r i
D ~A6!

is the inverse ofGab . The introduction of coordinate
dependent mass-metric factors into the Lagrang
Hamiltonian of a system via a transformation to generaliz
coordinates leads to a considerable increase in complexi
the description of the true dynamics of the system.

Although the AFED method requires that generaliz
coordinates be used, the dynamics only needs to generat
correct configurational averages, and, hence, it is not ne
sary to work with correct conjugate momenta and the t
adiabatic dynamics. This fact leads to a large simplificat
in the analysis and implementation of the method. In orde
show this, consider the canonical partition function of t
system. In Cartesian coordinates, this is given by
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Q~N,V,T!5
1

N!h3N E dNpdNr

3expF2bS (
i 51

N pi
2

2mi
1V~r1 ,...,rN!D G . ~A7!

If the coordinate integration only is transformed according
Eq. ~A2!, leaving the momentum integrals unchanged,
partition function picks up a Jacobian factor according to

Q~N,V,T!5
1

N!h3N E dNpd3NqJ~q!

3expF2bS (
i 51

N pi
2

2mi
1V~r1~q!,...,rN~q!!D G

5
1

N!h3N E dNpd3Nq

3expF2bS (
i 51

N pi
2

2mi
1V~r1~q!,...,rN~q!!

2
1

b
ln J~q!D G . ~A8!

Defining an effective potential according to

Ṽ~q1 ,...,q3N ;b!5V~r1~q!,...,rN~q!!

2
1

b
ln J~q1 ,...,q3N!, ~A9!

the partition function becomes

Q~N,V,T!5
1

N!h3N E dNpd3Nq

3expF2bS (
i 51

N pi
2

2mi
1Ṽ~q1 ,...,q3N!D G .

~A10!

It is, thus, clear that the phase space distribution function
Eq. ~A10! can be generated via molecular dynamics with
Hamiltonian of the form,

H5(
i 51

N pi
2

2mi
1Ṽ~q1 ,...,q3N!, ~A11!

where the 3N Cartesian momenta are treated as ‘‘conjuga
to the qs even though they are not the true conjugate m
menta. Similarly, ifq1 is a reaction coordinate of interes
then the AFED method can be implemented by introducin
temperatureT1 for this variable and writing the Hamiltonian
in the form,

H5
p1

2

2m̃1
1 (

a52

3N pa
2

2ma
1Ṽ~q1 ,...,q3N!, ~A12!

wherem1@ma , a52,...,3N, in order to ensure an adiabat
separation. Under these conditions, the analysis of Sec. II
be applied to a generalN-particle system in generalized co
ordinates with no modification except for a simple replac
ment of theN-particle potentialV with the modified potential
P license or copyright; see http://jcp.aip.org/jcp/copyright.jsp
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Ṽ. The Hamiltonian in Eq.~A12! will not generate the true
adiabatic dynamics, however, it will generate a correct sa
pling of the configuration space and produce the correct
energy profile~see discussion in Sec. II!. It should be noted
that, under certain conditions, it may be straightforward
work in terms of a full canonical set of generalized coor
nates, such as in the example of Sec. III B.

APPENDIX B: A SIMPLE, REVERSIBLE INTEGRATOR
FOR TREATING A DISTANCE AS A REACTION
COORDINATE

In this appendix, the implementation of the AFE
method for the isomerization reaction of Sec. III B is d
cussed. The procedure presented here is generally applic
to any problem for which the reaction coordinate is a d
tance. As seen in Sec. III B the Lagrangian of the system
be rewritten as

L5 1
2M Ṙ21 1

2m̃ ṙ 21 1
2mr 2u̇21Kbath2Vintra~r !

2VLJ~R1 1
2ru,R2 1

2ru,r3 ,...,rN!, ~B1!

wherer, the bond length, is the reaction coordinate,u is the
unit vector along the bond,Kbath is the kinetic energy of the
bath, andm̃@m is a mass associated with ther degree of
freedom only. In addition,Fr52Vintra8 (r )2]VLJ /]r andFu
52]VLJ /]u. From Eq.~B2!, the equations of motion forr
andu follow directly,

ṙ 5v r ,

u̇5vu,
~B2!

v̇ r5
m

m̃
rvu

21
1

m̃
Fr ,

v̇u52
2

r
v rvu1

1

mr 2 Fu.

The equations of motion, Eqs.~B2!, are slightly more com-
plicated that the usual equations of motion encountered
ordinary molecular dynamics, and, therefore, the problem
constructing a reversible, symplectic integrator for the
based on the Liouville operator formalism is discussed
low.

The Liouville operator corresponding to Eqs.~B2! is

iL 5 iL 11 iL 21 iL 3 ,

iL 15v r

]

]r
1vu•

]

]u
,

~B3!

iL 25S Fr

m̃
1

m

m̃
rvu

2D ]

]v r
,

iL 35S 2
2

r
v rvu1

1

mr 2 FuD • ]

]vu
.

In order to generate a reversible integrator for Eqs.~B2!, the
following factorization of the classical propagator, exp(iLDt)
for a time step,Dt is constructed:
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exp~ iLDt !'expS iL 2

Dt

4 DexpS iL 3

Dt

2 DexpS iL 2

Dt

4 D
3exp~ iL 1Dt !expS iL 2

Dt

4 D
3expS iL 3

Dt

2 DexpS iL 2

Dt

4 D . ~B4!

Application of this operator to the phase space vector gi
the time evolution of the variables,r, v r , u, vu. The opera-
tors that act on the variablesr, v r , u yield a simple time
translation, while the action of exp(iL3Dt/2) gives the follow-
ing evolution ofvu:

vu~Dt/2!5vu~0!expS 2
1

r
v rDt D

1
1

2mrv r
F12expS 2

1

r
v rDt D GFu~0!, ~B5!

where v r has the value it has obtained when the ope
tor, exp(iL3Dt/2) is applied. The potentially singular term
@12exp(2(2/r )v r t)#/v r , can be expanded in a Maclauri
series whenv r is small, since its limit forv r→0 is finite.

In order to complete the scheme, it is necessary to ad
additional force that constrainsu to be a unit vector. This is
accomplished by modifying the equation of motion foru
according to

v̇u52
2

r
v rvu1

1

mr 2 ~Fu2lu!. ~B6!

In Eq. ~B6!, a constraint force2lu has been added toFu,
wherel is a Lagrange multiplier that ensures the conditi
u(t)•u(t)51 is maintained at all timet. The multiplier is
calculated using the standard procedure. The vectoru is up-
dated in the absence of the constraint force using Eq.~B5! to
produce the unconstrained evolutionuu(Dt). The vector
u(Dt) is then constructed according to

u~Dt !5uu~Dt !2l
Dt2

2mr 2 u~0!. ~B7!

Defining l85lDt2/2mr 2, the conditionuu(Dt)u251 is then
imposed, which leads to the following expression forl8:

l85u~0!•uu~Dt !2Auu~0!•uu~Dt !u22~ uuu~Dt !u221!.
~B8!

Once the multiplier has been determined,u(Dt) is obtained
from Eq. ~B7!, and the velocityvu(Dt/2) at the half-step
obtained from

vu~Dt/2!5vu~Dt/2!2
l8

Dt
u~0!. ~B9!

The forces are then recalculated at the new positions, anvu
is updated with the appropriate updated unconstrained fo
according to Eq.~B5!. Finally, the constraint force is applied
and the resulting update forvu, leading to the fully updated
velocity is

vu~Dt !5vu
u~Dt !2~u~Dt !•vu

u~Dt !!u~Dt !, ~B10!

wherevu
u(Dt) is the velocity just before the constraint forc

at Dt is applied. Additionally, it is necessary to apply the
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mostats to ensure canonical sampling. As discussed in
II, a thermostat is applied to the reaction coordinater, main-
taining its temperature at an elevated valueTr . Because of
the constraint onu, it is necessary to thermostat the thr
components ofu together and separately from the remaini
bath degrees of freedom.39 Apart from this, the application o
the thermostat operators follows the procedure describe
detail in Refs. 29 and 39. Finally, it should be noted that
formulation of the integrator via the Liouville operator a
lows the AFED method to be easily combined with multip
time scale integration~RESPA! ~Ref. 31! techniques for the
bath.

APPENDIX C: A SIMPLE VARIABLE
TRANSFORMATION SCHEME FOR TREATING A
DIHEDRAL ANGLE AS A REACTION COORDINATE

Although it may seem that the need to use generali
coordinates in the AFED method is a disadvantage, it
been shown in Appendices A and B that this is less o
disadvantage than one might expect. In Appendix A, it w
shown that it is only necessary to transform the coordina
and not the momenta, which considerably simplifies
problem of working in generalized coordinates. In Append
B, a simple scheme was developed to integrate the equa
of motion in spherical polar coordinates when a distan
~radial! coordinate is the reaction coordinate. In addition, c
ordinate transformations can be used in other ways to
hance conformational sampling in molecular dynam
calculations.21 Here, it is shown that treating dihedral angl
is also possible with relatively little effort, thus allowing fo
a wide range of applications for the AFED method. AFE
can be implemented easily using a set of generalized coo
nates which contains explicitly the dihedral angle as an
plicit coordinate. Below, an algorithm for generating such
coordinate transformation is described.

It is particularly convenient to carry out the transform
tion in three successive steps. First, a translation of the
tor r4 ~see Fig. 6! to a frame in whichr3 is at the origin is
performed,

r185r1 , r285r2 , r385r3 , r485r42r3 . ~C1!

The coordinate frame is then rotated to a frame in which
vector r282r38 lies along thez-axis and the vector (r282r38)
3(r282r18) lies along they-axis,

r195r18 , r295r28 , r395r38 , r495R~r18 ,r28 ,r38!r48 . ~C2!

The matrix,R(r18 ,r28 ,r38) is a rotation matrix for orienting the
coordinate frame in this manner. The elements of the rota
matrix are as follows:

R~r18 ,r28 ,r38!5S ~r382r28!3~r182r28!

u~r382r28!3~r182r28!u
3

r382r28

ur382r28u
~r382r28!3~r182r28!

u~r382r28!3~r182r28!u
r382r28

ur382r28u

D ,

~C3!
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where thex, y, andz components of the three vectors cons
tute the rows of the matrix. When this is done, the vectorr49
is resolved into spherical polar coordinates, so that the fi
coordinates are

r1-5r19 , r2-5r29 , r3-5r39 ,

r 4-5Ax49
21y49

21z49
2,

~C4!
u4-5arctan~Ax49

22y49
2/z49!,

f4-5arctan~y49/x49!.

The azimuthal angle,f4- is, then, the required dihedral ang
as shown clearly in Fig. 6. Using this set of generaliz
coordinates, AFED simulations can be performed straight
wardly, using a Hamiltonian of the form given in Eq.~A12!,
by associating a high temperature and large mass with
coordinatef4- .
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