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Abstract

This paper develops an econometric theory for large dimensional factor models with
a multi-level factor structure. Such a multi-level feature arises in a wide range of eco-
nomic applications, such as finance, labor economics and international economics. For
example, in labor economics, households can be divided into different income groups,
each group facing both economy-wide common risk and group-specific risk. The base-
line model is a two-level factor model, where factors are interpreted as unobserved
economic shocks and categorized into two types: one is pervasive, affecting all eco-
nomic sectors; the other is nonpervasive, affecting only a specific economic sector.
Under these assumptions, the resulting large dimensional factor model has two fea-
tures that are different from the usual model: (i) a large number of zero restrictions
are imposed on factor loadings; (ii) the number of factors grows with the number of
sectors. I provide a minimal set of identifying conditions of these two types of factors,
as well as effective estimation methods. The estimators, which are jointly determined
by a set of eigenvector problems, are shown to be consistent and have a normal limiting
distribution. Finally, I apply the model to investigate different patterns of comovement
within real and financial sectors respectively. Empirical results suggest that comove-
ment within each sector is largely sector specific and the pervasive common factors
play only a limited role.
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1 Introduction

This paper provides an econometric theory for analyzing large dimensional factor models
with a multi-level factor structure. Such a multi-level feature arises naturally in a wide
range of economic applications. For example, in labor economics, a panel of households can
be divided into several income groups. Each income group faces both the economy-wide
common risk and the group-specific risk, being understood as the top-level factor and the
sub-level factor respectively. In international economics, the global economy consists of the
industrialized economy and the emerging economy, each being understood as an economic
group of the world economy. Further more, both groups include a large number of countries,
each country being a subsector of either economic group. The global common shocks, or the
top-level factors, have impact on all countries, while one group-specific shock, or a level-2
factor, only directly affects one particular economic group. A country-specific shock, or a
level-3 factor, only has direct impact on one country.

Factor model itself as a dimension reduction tool has been widely applied in various
economic fields. Inferential theory concerning explanatory static factor models of large di-
mensions has been derived for the computationally simple principal components estimators
(Bai, 2003), where the model is estimated under a set of exact identifying restrictions'. Cur-
rently, neither computationally simple estimators nor inferential theory for large dimensional
factor model is available when extra restrictions are present. The multi-level factor model is
a special restricted model, which differs from the conventional explanatory factor model in
two aspects.

Firstly, the multi-level factor structure implies lots of zero restrictions on the factor load-
ings. When the number of variables is small, such models are objectives of confirmatory
factor analysis, where maximum likelihood estimator (MLE) is proposed and inferential the-
ory is available (see Geweke and Singleton 1981). However, under a large N and large T
setup, the dimension of parameters regarding factor loadings is of the order O(N), which
makes MLE computationally intensive. Another issue with MLE is that distributional as-
sumptions are often made for both the factors and idiosyncratic terms, and it is still an open
question whether misspecification matters for the inference under such a large N and large
T setup. In particular, existing identification method requires sector-specific factors are or-

thogonal to each other. Instead, I provide a minimal set of identifying conditions, which does

'For large dimensional dynamic factor models, see Forni, Hallin, Lippi and Reichlin (2000, 2001, 2004,
2005), Forni, Giannone, Lippi and Reichlin (2003), Doz, Giannone and Reichlin (2007), Stock and Watson
(1998, 2002a, 2002b, 2005). A nice survey of the literature is given by Bai and Ng (2008).



not impose the orthogonality restrictions between sector-specific factors. Furthermore, such
a orthogonality assumption is testable using the inferential theory derived in this paper.
Secondly, the number of factors grows with the number of sectors. When we add more
variables into a model by adding more sectors, we are also expanding the factor space because
new sectors bring new sector-specific shocks into the model. While in the conventional setup,
the number of factors is always a fixed number. The multi-level factor structure allows the
number of factors to grow without bound as the number of sectors increases to infinity.
The multi-level factor structure is used to characterize how different shocks affect different
range of economic variables. The baseline model considered in this paper is a two-level
factor model, consisting of several or many parallel economic sectors. Within each sector,
we observe a large number of time series. Factors are interpreted as unobserved economic
shocks, and are categorized into two types: one is the pervasive top-level factor, or the
common factor, affecting every individual time series across all economic sectors; the other
is the nonpervasive sub-level factor, or the sector-specific factor, affecting only one particular
sector. Let sector s be a specific subsector. Let x5, be the i variable of sector s observed

at time ¢, then the baseline model has the following representation,

5, = WG+ NF +e¢e, i=1,.,N;,s=1,..,5, (1)
G; : common shock, an r x 1 vector,

F? :  shock specific to sector s, an ry x 1 vector,

N, :  number of time series within sector s,

N = Nj+ ..+ Ng: total number of time series,

S number of sectors,

where the exposure to common shocks and sector-specific shocks for individual 7 in sector s

is captured by v; and \] respectively.

We can also write down the above model in a vector form to compare with the conven-

tional factor model,

z} ‘At .0 0 Gy e

x? _ Iz 0 A* .. 0 F} n e’ 2)
0

zy rs 0 0 A° F? ey



This representation makes clear its difference from conventional factor models: (i) lots of
zero restrictions are imposed on factor loadings; (i) the number of factors grows with the
number of sectors. I leave the discussion of identification strategies and efficient estimation
methods to the next section.

Recently, Boivin and Ng (2006) use empirical assessment to argue that a large N not
necessarily helps the estimation of common factors, due to potential existence of strong
cross-sectional correlations. The multi-level factor model deals with this problem from a
special angle, using sector-specific factor to capture cross-correlation within one sector not
explained by common factors, which in turn helps estimation of the common factors. It is
worth mentioning that, when the number of sectors is large, the information criteria in Bai
and Ng (2002) is not able to consistently estimate the total number of factors. This is because
the sector-specific factors are not pervasive enough to be counted as economy-wide common
factors, and the rank condition for factor loadings in Bai and Ng (2002)’s Assumption B
is not satisfied when the number of sectors is large. To handle this problem, I provide a
two-step procedure to consistently estimate the number of both common factors and sector-
specific factors. Then a /N —consistent estimator for the common factor is proposed, which
is not possible from methods using less observations.?

In general, the economic sectors are differentiated into K hierarchical levels, with each
level containing many units, any next level sector being a subsector for one of those units.
Level-1 sector is assumed to have only one unit, which includes all the time series considered.
Any unit in level k + 1 sector is a subsector of a specific unit within level k sector. To see
an example, the whole world is the level-1 sector. Region is the level-2 sector, consisting of
two units, the industrialized economy and the emerging economy, each being a subsector of
the world. Country is the level-3 sector. US is a unit in the level-3 sector, and is a subsector
of the northern economy. Likewise, we may define country’s industry as the level-4 sector,
consisting of units such as automobile and agriculture industry within one country, so on
and so forth.® Accordingly, Factors are interpreted as unobserved economic shocks, and are
categorized into different levels ordered from 1 to K. For example, a level-2 factor will only

directly affect economic variables within one specific level-2 sector. By assumption, level-1

2For example, if sector-specific factors are uncorrelated with each other and independent of common
factors, then we may consistently estimate common factors using a subsample, consisting of one time series
from each subsector. However, the estimated common factors are only min(\/g, T')—consistent as proved in
Bai (2003).

3An important feature of the model in this paper is to allow level-k factors to be correlated across
units within level-k sector. This is one feature generally not allowed in the state space approach to small
dimensional multi-level factor models. (Kose, et al., 2003)



factors affect all economic variables.

Next, we provide an example to further illustrate economic environments where the
multi-level factor structure will present.

Example (Serial correlated factors): Assume a world with only two countries, home
and foreign. Suppose home country’s technology shock a; affects a vector of contemporaneous
home country’s variables x,, while only affects the foreign country’s variables x} with a lag.
And wvice versa for the foreign country’s technology shock ay. The technology shocks follow

an AR(1) process with i.i.d. error terms ; and €}
a; = pay_1 +¢¢ and a; = p*a;_; +<;.
Assume a linear model for x; and x; with i.i.d. error terms e; and e}

Ty = Q10+ Paay | + ey,

ri = ¢ra; + dsaiq + €.
Combined with the AR(1) process for technology shocks, the above model can be rewritten as

vy = ¢1(pa—1 +e¢) + oty + €y = Qrpay_1 + Poa;_y + 15y + ey,
i = ¢i(ptaj_y T er) + Prar1 +ef = Prar1 + PipTa;_y + diep + e,

or in the vector form

at—1

[%]:[%P by Oy O] a;_q 4

Ly ¢5  @ip" 0 ¢ €t
&t
In this case, the global factor is defined as Gy = |a;_1,a; |, while country specific factor

for home and foreign countries are defined as F;, = ¢, and F} = &} respectively. Denote the
factor loadings as T' = [p,p, ds], ['* = |3, d1p*], A = ¢, and A* = ¢7, then the model can be

represented as model (2) with a 2-level factor structure

Gi
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By model assumption, Gy is uncorrelated with [Fy, F}|'. This is also an example where a
special form of dynamic factor model can be reinterpreted as a static factor model with a

multi-level factor structure.

2 The Multi-Level Factor Structure and Model As-

sumptions

I first briefly review the conventional static factor model setup. A static factor model for
{{zie}iL1 3, s given by*
Tip = N fe + e, (3)

where x;; is the observation for individual ¢ at time ¢, factor f; is assumed to be common to
all individuals, and factor loading \; is individual ¢’s specific response to the common factor,
e; is the idiosyncratic error term, or the part of x;; not explained by the common component
. fi. The number of factors r, or the dimension of the vector f;, is assumed to be known for
simplicity.

Recall that in our baseline model with a two-level factor structure, 5, is the i’ observa-

tion of sector s at time ¢, which admits the representation given by equation (1):
5 =G+ NF + e, i=1,...,N;,s=1,..,5,

where G, is the pervasive factor, which affects all sectors. F; is the nonpervasive factor,
which only affects sector s. It is convenient to express the model as N—dimensional time

series with T observations:

v =G+ N F +¢j, s=1,...,5, xjis Ny x 1. (4)
Define
1 1 A0 ... 0 i o
t 0 A2 0 t t
Ty = ,F: ,AF— ,Ft— , €t = , (5)
el s el Le

40r in matrix form, X = FA’ + E, with dimension of X, F, A being T x N, T x r,and N X r respectively.
Both N and T are assumed to be large and are allowed to increase to infinity.



then the model can be represented by

1
Ly
Ty = iFGt+AFFt+€t: [F,AF]

s
Ty

Gy

t

—+ €, (6)

where A is block diagonal. If A”F, is known, then I' and G, are obtained based on data
from all countries using the pure static factor model z; — A" F, = I'G;+e;. If I'G, is known, A®
and F; are obtained using data from sector s from the pure static factor model zj —I'*G; =
A°F¥ + e} using principal components method. However, we do not directly observe G; or
F}, which must be jointly inferred from data.

The estimator for (v;, G, A, F}) we considered in this paper is the one which minimizes

sum of squared residuals

(It - FGt - AFFt), (Z‘t - FGt - AFFt) y

1

T S
SOSTS @ - G- N =

N, T
t=1 s=1 i=1 t=

subject to some identifying assumptions for (7%, Gy, Af, F¥), which we provide in the next
section. Notice that A is a block diagonal matrix, which provides a large number of zero
restrictions. Moreover, the number of sector-specific factors, or the dimension of F}, grows
with the number of sectors, and thus we must specify the asymptotic behavior of the number
of subsectors S when deriving large sample theory for F; and G;. In sum, we need to derive
a new asymptotic theory for estimators defined above.

Let ||A|| = [tr(A’A)]"? denote the norm of matrix A. The following assumptions are
extensions of Bai and Ng (2002) and Bai (2003) to the multi-level factor model, which are

needed to prove the consistency and large sample theory for the estimators.

Assumption A (Factors): E||Gy||* < M < oo, T-' S0, GGl 2 ¥ for some 7 x 7
positive definite matrix Yg. E||Ff|[* < M < oo, T~ FFFY % Yp. for some 7, x 7
positive definite matrix Xps, s = 1,..., S. Define H; = [G}, F/]’. When S is fixed, assume that
Tt Zthl H.H] L, 2y for some positive definite matrix ¥y with rank r +r; + ... +r,. When

S — 00, assume that plimr gy 2222 < ¢ for some constant ¢ > 0, where 1, .. and p,;, are
’ Foan
the largest and smallest eigenvalues of 7! Zle H, H] respectively.
Assumption B (Factor loadings): ||7§|| <7 < oo, [|A]|] <7 < oo, ||[AYA® /Ny —Xps

0 for some r x r positive definite matrix ¥,s, and |[|[I*'T* /Ny — Yps

—

— 0 for some r X r

positive definite matrix Xrs, s = 1,...,.S, and ||[['T/N — Xr|| — 0 for some r x r positive



definite matrix Yr = limg_, o % Zle Yrs. Further, rank([ s As ]) =r,+r.
Assumption C (Time and Cross-Section Dependence and Heteroskedasticity): There

exists a positive constant M < oo such that for all 7, s and ¢ :
1. E(es) =0, B(e)® < M.
2. E(epe/N) = E(% Zf:1 fo\; eieir) = Yk, t), [yn(t1)] < M for all ¢, and

1 LT
fZZ|7th|<M

k=1 t=1

3. Eejtes;) = 7i;3, with |7717%] < 771 for some 7;°* > 0 and for all ¢. Moreover

Nsy Nay

1 S S
FEEY S s
s1=1s2=1 1 j=1

S2 1=

S S S18 — NS NS S18
4. E( 21126]?): ’lek2t and (NT) 1231 1252 12 12 2Zkz 1215 1| zjlk2t|SM
5. For every (k,t), E|N_1/2 2;9:1 21:1[ exeq — Ele z‘k:eit)”4 <M.

Assumption D (Weak dependence between factors and idiosyncratic errors):

2

1 Ny T
E le g Sed < M,s=1,..,5,
S N, 1 X 2
— N G < M.

Assumption A allows factors to be arbitrary stationary autoregressive processes, while
the relationship between factors and zj, is still static. When a finite number of lagged factors
also affect z3,, we can always redefine a new factor as a vector of current and lagged original
factors, such that the relationship between the newly defined factor and zj, is static. For

example, if we have the following dynamic factor model
=11G + 155G 1 + AJEY + ASF | + €.

We may redefine a new global factor G, = [Gt, Gy_1]" and new sector-specific factor Fts =

[F?, F7? ], such that a new static factor model is obtained

DG, 4 AFS 4 e,



where the new factor loadings are defined as I'* = [I',T'5] and A® = [A5, Aj]. Thus we may
focus on the static factor model, while the derived properties still hold for dynamic factor
specification with a finite number of lagged factors directly affecting z3,. The rank condition
for H, rules out the possibility that different factors are perfectly correlated.

Assumption B guarantees that each global factor GG,,,; has a nontrivial contribution to the
variance of x;, m = 1,...,r, while each sector-specific factor F};; has a nontrivial contribution
to the variance of x}, j = 1,...,r,. Thus G; is pervasive to all variables, while F; is only
pervasive within sector s. Further, the rank condition, rank([ s A® D = rs+7, guarantees
enough heterogeneity among individual variables within sector s when responding to both
factors. This rank condition is crucial for separate identification of G; and F};. For example,

the following model is not identified without further assumptions,

v, = Gi+F'+e, i=1,.. Ny,
a3, = G+ Fl+¢é,, j=1,..No.

Assumption C allows for limited time series and cross section dependence, as well as
heteroskedasticities in both the time and cross-section dimensions in the idiosyncratic er-
rors. The cross-section correlation in the idiosyncratic errors allows the model to have
an approximate factor structure as in Chamberlain and Rothschild (1983), in contrast to
the conventional strict factor model where idiosyncratic errors are uncorrelated across sec-
tion. Moreover, assumption C is more general than the approximate factor model defined
in Chamberlain and Rothschild (1983), because heteroskedasticity in the time dimension is
also allowed.

When deriving the large sample theory, I assume that the numbers of factors r, r;,
s=1,...,5 are fixed and known. When the number of factors is unknown, we may apply a
two step procedure to select the number of factors. In step 1, Bai and Ng (2002)’s information
criteria is applied to each sector to obtain (ﬁ—\rs), s = 1,...,.5. Then, combining any two
sectors, say s = 1 and j, we may use the information criteria again to estimate the dimension
of [G4, FY, F}')", with the estimator given by r T r; for j = 2,...,S. In the second step,
define

F= min {r+r+r+r—r+rn+r} (7)
{5=2,....,5}

Then the resulting 7 is a consistent estimator for the dimension of global factors. And we
may consistently estimate r, by 75 = (r +75) — 7.

It is worth mentioning that (r + 1 + r2) is not necessarily consistent for the true r+r;+r;.



The reason is that a factor common to two sectors is not necessarily common to all sectors.
One example is the regional effect. The shocks common to the North America region are
not necessarily pervasive enough to be counted as global shocks. Thus in a two level sector
setup, such regional effects, if not directly affecting countries out of the North America
region, should be regarded as factors specific to countries in North America. In fact, we may
only prove that plim{(r —|—/7‘1\—|— re) <T4+71r+10}) = 1.

We leave the efficient selection of the number of factors to future research, where r, vy, ..., rg
are jointly estimated. It is also worth mentioning that the asymptotic theory for factors and
factor loadings is not affected if the number of factors is estimated. This is shown in the

footnote 5 in Bai (2003). In this case, the following stronger assumption is needed.

Assumption E (Weak Dependence): For all k,t, j, so, T and N
L Yy [yw(k, B)] < M < oo
2. Y LTt < M < oo

This assumption is stronger than assumption C2 and C3, but is still very general.

3 Identification of the Multi-Level Factor Model

The objective of this section is to find restrictions on the model, such that (i) the model is
uniquely identified under such normalization, and (ii) common factors and sector-specific fac-
tors are separately identified. Notice that (i) can be achieved by imposing extra restrictions
on factor loadings only, while the resulting factor estimators are lack of economy explana-
tions. We treat (ii) as an important issue, because it allows us to cast economic meanings
and examine the interaction of different factors.

Although the multi-sector factor model imposes a large number of zero restrictions on fac-
tor loadings, common factors and sector-specific factors are not separately identified, unless
we made further model assumptions about correlations between G; and F;. To see a simple
example, notice that the data generating process x; = I'*G; + A°F¢ + e} is observationally
equivalent to z{ = Gy + A*F? + ¢, where I'® = T'* — A*R® and F? = F? + R°G,, R® being
an arbitrary rs x r matrix. Thus we make the following model assumptions such that the
sector-specific factors is separately identified from common factors.

Assumption F': If factors have zero mean, assume Zle G FY =0fors=1,.. 5 If
factors have nonzero mean, assume 7 ST G — (% ST G+ ST LUEY]=0.

The population correspondent of Assumption F is Cov(Gy, Ff) = 0 for s =1,...,5. We

assume assumption F holds throughout. The above assumptions rule out the possibility that

10



common factors contains information about sector-specific factors.

In general, consider a transformation(rotation) matrix of the following form

A 0 .. O
B, A

R— 1 1
BS 0 AS

for any A, A;,7 =1,...,.S full rank and B; conformable. A multi-sector factor model scaled
by the rotation matrix R will retain the zero restrictions on factor loadings and still be

observationally equilvalent to the original one. For example

It Al 0 .. 0 A 0 .. 0 T'A+A'B; A4, 0 .. 0
2 0 A2 .. 0 By Ay .. .| | TPA+A’B, 0 A4, . 0
PR e .0
'S .. 0 0 AS Bs 0 .. Ag I'SA+ASBs ... 0 0 ASAg

This implies that we need at least r* + (ry + ... + rg)r + r? + ... + r% more restrictions to
make the model identified. If there is no structural restrictions from economic theory to
achieve that amount, we need some normalizations to obtain a unique solution for both
factor loadings and factors.

Recall that for a pure static factor models of the same dimension as the above one, the

number of restrictions needed for identifying the model is
(r+r +..+rg)?

while in the multi-sector factor model, the number of restrictions implied by zero restrictions
on the factor loadings is
(S — 1) . (N1T1 —I— + Ngrs)

Notice that (r +7ry + ... +75)* < S+ (r? + 72 + ... + r%). Although this upper bound is much
smaller than (S — 1) - (Ny7r1 + ... + Ngrg), the model still lacks identification.

Definition 1: Within sector identification. If I'*G; is known for s = 1,..., 5, A®
and F? in the model xi — I'°Gy, = N Ff + €] are uniquely identified.

Definition 2: Between sector identification. If A°F? is given for s=1,...,S, then
I' and G; are uniquely identified from the model x; — A°F; =1°G, + €.

11



Remark: Between sector identification requires r* more restrictions, given the sector-
specific common components, while within sector need 13 + ... + % more given the common
components. The orthogonality between common and sector-specific factors impose (rq +
... +1g)r restrictions. We expect these restrictions will uniquely pin down the above rotation

matrix as an identify matriz.

Proposition 1: Given the rank conditions in Assumption B, the factor loadings for the

multi-level factor model (2) are identified up to a linear transformation of the following form,

AOO 0 0

Aw An ... O
R — 10 11

ASO 0 ASS’

where A;; is any r; X r; matriz with ro = r. It means that the factor loadings in model (6),
after being multiplied by the matrix R*, will preserve the same zero restrictions. Common
factors can be identified up to an v X r transformation, while the sector-specific factors can
only be identified as a linear combination of common factors and original sector-specific
factors. If we further assume Assumption F holds, then the space spanned by columns of G
and the space spanned by columns of F* are separately identified, s =1, ..., S.

Proof of proposition 1: Assume a rotation matrix R will preserve the same zero
restrictions, which means the structural form of the grand factor loading matrix will not

change after being multiplied by R,

A .0 0 Aoy Ao ... Aos A . 0 0
2 0 A2 .. 0 A An o A | | T2 0 A2 L0
PR | N T |
'S 0 .. 0 AS Agg v .. Agg S 0 .. 0 AS

Notice that A;; is of dimension r; x r; and ry = r. First consider the second block column

of the transformed grand factor loading matrix, the restrictions implies (j,2) — th block of

12



rotated loadings are zeros, j = 2, ..., S, in particular

F2A01 + A2A21 = 0,.., FSA()l + ASA51 =0
Aot
A21

An

[PQ AQ} —0,

= 0 implies [

21

Provided that rank ([ 2 A2 D = 1o+

Similarly, rank ([ s As D = ry,+r implies A; =0,s=2,...,5

The rank condition for factor loadings is implied by model assumptions. Likewise, we have

A;; =0, for i # j and j # 0. Thus we can pin down the rotation matrix to have the following

form
AOO 0 0
A A .0
R — 10 1
ASO 0 ASS’

The above transformation implies the rotated factor loadings become

r‘r A .. 0 0 Aw 0 ... 0 A +A'A A'Ay; 0 0 0
I'Z 0 A2 .. 0 Apw Ay . 0 | 0 A?Ay .. 0
AURRRR B e .0
r“ o0 .. 0 A° Agg 0 ... Agg [SAgp +A%Agy 0 .. 0 ASAgg

The inverse of the rotation matrix R* takes a special form as well, which is determine by the

following formula

AOO 0 0 BOO BOl BOS Ir
Alg A11 0 B10 B11 _ I,«l
ASO 0 ASS BSO BSl BS’S [TS

After solving the above equation, we obtain

By O 0
Bsy 0 Bggs



with Bj; = Aj’jl. Apply this transformation on factors and we obtain

G, Bo 0O .. 0 G, BooG
() F'| | B Bu .. 0 F' | | BuwGi+BuF}
S S S
F Bss 0 .. Bgs || F BsoGy + BssF

We can see that common factor (up to an r x r rotation) is well identified, while sector-
specific factors is mixed with common factors after the rotation. Recall the example that
the data generating process x; = G, + A°F} + e} is observationally equivalent to z; =
[5G, + Asﬁ’ts + ef, where s =15 — A*(B,,s) ! By, As = A*(B,s)™! and Fts = ByG: + B Fy.
Without further assumptions, we can always redefine a new sector-specific factor as a linear
combination of common factor and original sector-specific factor, such that the new model
is observationally equivalent to the original one.

If we further assume assumption F holds, then B,y =0, s = 1,..., S. The rotation matrix
R* becomes a block diagonal matrix, and then ByG; and By F} are separately identified.
Thus the space spanned by columns of G and the space spanned by columns of F* are
separately identified. Q.E.D.

Suppose we have estimated both common factors and sector-specific factors, with G,
being an estimator for the true common factors up to a rotation while Ff estimating a
linear combination of rotated true common factors and rotated true sector-specific factors
for sector s. After imposing the orthogonality assumption F, we can recover rotated sector-

specific factors Ff based on the following regression
FP=RG, + E?

where R; is the OLS estimator. If factors have nonzero mean, Fts cannot be treated just
as residuals of a linear regression equation. Since the objective is to estimate R, we can

demean the above equation to obtain

A A

F} = = Ry(Gy — p€) + Fy —
where ;%, u¢ and p! are sample average of corresponding variables. Then R, = {Zle(ﬁf —

1) (Gy — uG)’}{Zthl(ét — uG)(Gy — puC)'} 1 is consistent, because of the orthogonality

assumption between common and sector-specific factors. The resulting Fts = Fts — R,G,

14



will be an estimator for the true sector-specific factor up to a full rank r, x r, matrix
transformation.
The original estimated model has the representation z; = Gy + /A\Sﬁ’ts + é; which is

equivalent to
:Ef = (fws + AsRs>ét + AS<FtS — Rsét) + éf

If theory suggests that upper square block of sector-specific factor loadings is identity matrix,

we have
Gt BOO 0 0 Gt BOOGt
= Ft1 _ By I, ... 0 Ft1 _ BioGy + Ft1
FtS Bsy 0 I, Fts Bg oGy + FtS

Then the projection yields estimates for true sector-specific factors instead of a rotation.
Remark: We achieve identification through assumptions on both factors and factor
loadings. For example, we require G'F*° =0 for all s = 1,...,.S, which pins down Bsp = 0.
As a by-product, Gy and F} are separately identified. Adding the assumption that within and
between sector identification is achieved, the model will be uniquely identified. For example,

we may require that the upper r x r blocks of T, A* are I. and I,, respectively, s =1, ..., S.

3.1 Exact Identifying Restrictions

The following identification scheme imposes r% + (r; + ... + rg)r + r? + ... + r% restrictions
to make the multi-level factor model exactly identified, namely, the multi-level factor model
structure coupled with our extra imposed restrictions uniquely pin down factors and factor

loadings as parameters.

type Summary of restrictions # of restrictions
1 % = I, and I'"T" diagonal r?
2 FS:'FFS = I,; and A¥A® diagonal, Vs 7%+ ...+ 1%
3 G'F* =0,Vs (ri+ ... +rg)r
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Recall that

' A ... 0 0 Ao 0 ... 0 IAg + A Ay A4y .. 0 0
I'Z 0 A2 .. 0 Ay Ay ... 0 B 0 A?Ay .. 0
PR | PR B .0
r‘ o0 .. 0 A° Aso 0 ... Ags [¥Ap +A%Asy 0 w0 ASAgg

The following chart is a summary of role played by each type of restrictions

type 2 & Ass=1,,,s=1,....,8
type land 3 <— Al(] = O, --'7ASO = O, AOO = Ir

We may see both within group identification and between group identification are necessary
conditions for the identification of the model.

Remark: Restrictions implied by model assumptions only involve zero blocks in the grand
factor loading [T, A¥] and orthogonality between common factors and sector-specific factors.
All other restrictions we assume serve the purpose of 1) producing unique solution of the least
squares problem, and 2) separately identifying common factors and sector-specific factors.
Type 1 and type 2 restrictions are normalizations as in the standard analysis of static factor
models. Type 3 restriction is not a normalization, but an indispensable additional model
assumption such that the sector-specific factor is well defined instead of being mixed with the
common factor.

The existing identification scheme for small dimension models, such as in Kose, et al
(2003), assumes not only sector-specific factors are uncorrelated with common factors, but
sector-specific factors are mutually uncorrelated to each other. When the true sector-specific
factors show certain degree of correlation, this identification scheme misspecifies the model,
and it is still an open question whether the resulting estimators, explained as quasi maximum
likelihood (QMLE) estimators, are consistent or not. The exact identifying restrictions
assumed by this paper is immune to such misspecification problems, and thus will be able
to provide valid information about dynamic properties as well as the correlation feature of

the factors.
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4 Estimation of the Multi-Level Factor Model

4.1 Maximum Likelihood Estimation

When we have small N and large 7', maximum likelihood estimation method can be used. In
particular, an EM algorithm can be easily derived following Anderson (1980). If in addition
dynamic structure is imposed on factors, we can form a state space model with restrictions
on its parameters, and use Kalman filter to compute the likelihood function, with Kalman
smoother being used as estimators for factors. The latter approach was applied by Kose, et al
(2003) to study global, regional and country-specific shock under an international business
cycle context. However, when N is large, MLE involves a large number of parameters,
imposing a great burden to the computation of the maximum.

Another alternative method is to apply Geweke and Singleton (1981)’s spectral density
estimation, to deal with the restrictions imposed on the model. However, the large sample
theory therein is set forth for fixed N and large 7. When the number of cross section variables
is large, inference should be based on both N and T going to infinity, where although sample
covariance matrix is component-wise convergent to population covariance matrix, the overall
convergence for the covariance matrix is not defined for the case with large N. When N > T,
the sample covariance matrix is not a full rank matrix, however the population covariance
matrix can always be of full rank.

One challenge for likelihood approach is that explicit dynamic processes and correlation
assumptions need to be made for the whole factor vector [Gy, F}, ..., F¥], which would be a
nontrivial parametrization task. When the number of sectors is large, it is more likely that
sector-specific factors will show certain degree of cross correlation, and the correlation might

be strong for a group of sector-specific factors.

This paper treat both factor loadings and factors as parameters of interest, and allow cer-
tain degrees of correlation between sector-specific factors. We also allow stochastic volatility
to present in factors, as long as assumption A and D are satisfied. The asymptotic theory is
based on asymptotic expansion for the nonlinear restricted least squares estimator, which is

defined in the next section.
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4.2 Least Squares Estimation

In the least squares estimation, one chooses (vi, Gy, A, F;’) to minimize the total sum of

squared residuals
Ns

S
min Z Z (x5, — T7'Gy — A]FY)? (8)

t=1 s=1 i=1
subject to the following three types of restrictions,

1) Within sector identification: F*¥'F*/T = I, and A”A® diagonal.

2) Between sector identification: G'G/T = I, and I'T" diagonal.

3) Separating common and sector-specific factors: G'F = 0.

The following theorem characterizes least squares solution under the above restrictions.

Theorem 1: Assume 1) within sector identification, 2) between sector identification, 3)
orthogonality between common factors and sector-specific factors. Let F = [F', F? ... F¥],
X¢ = [z3,...,25]". Define A> = X*X* and A = A'+ ...+ AS. Assume rank(F) =r +...+rg,

then the least squares solution for factors is determined by the following eigenvector problem

1) \/%f(? = r eigenvectors for Pz A corresponding to its largest r eigenvalues,
2) \/LTZ:“ = r, eigenvectors for Py A® corresponding to its largest 7, eigenvalues,
3) Pp=1Ip— F(F'F)'F

4) Py=Ir—-GG'G)'G =Ir - GG'T

The estimators for factor loadings are given by [fs, As] =X [G, F 1/T.
Proof of theorem 1: see appendix.

Remark: The solution is quite intuitive. For example, the entire data sets contain

information of global factors, resulting the use of A, and common factors are orthogonal to
all sector-specific factors, resulting the use of projection matrixz Pg to eliminate information
of sector-specific factors contained in A. Likewise, only sector s contains information of
sector-specific factor F*°, resulting the use of only A* = X*X*¥ . and the projection matrix
Pg removes information regarding common factors from A®.

Remark: [terative Principal Component Analysis (Iterative PCA): It is easy to prove

that an equivalent characterization of the least squares estimators is given by
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where z = [V, ..., 25 with 25 = x5 —AF?, and y; = 25 —1G,. This motivates the following
alternative computational algorithm, which is fast and robust to choice of starting values.
1) Choose an initial estimates for global factors G and corresponding factor loadings I.
2) Perform principal component analysis according to yi = NFF + ef to obtain A and
E? for all s, where yi = x5 — [G,.
3) Perform principal component analysis according to z; = I'Gy 4w, to obtain new I and
G, where z = [2)', ..., 2% and z = x5 — N F?.

4) Iterate between 2) and 3) until some convergence criteria for global factors is met.

The above algorithm only imposes within and between sector identification restrictions,
and does not utilize the assumption that G'F = 0. However, the common factors are well
identified up to an r X r matrixz transformation, then we may obtain estimates for sector-
specific factors as F* = P@FS, where Pg = Ip — Gé'/T. Also notice that the iterative PCA
has the desired property that each iteration will decrease the objective function, i.e., the total
sum of squared residuals. To guarantee that the alternative algorithm converges to the fixed
point solution characterized by theorem 1, we need to add the projection step F* = Péﬁ s

between step3 and step 4.

Theorem 1 can be readily extended to estimate a factor model with more than two levels

of factors. For example, suppose one has a three-level factor model defined as follows

v = G XUE RS+ e,
i = 1,.,Ny, s=1,...8, k=1,.., K,

where s is the index for level-2 factors and k is the index for level-3 factors. Using similar
notations as Theorem 1, the following Corollary characterizes the least squares estimators
for the above three-level factor model. Define the 7' x Ny, matrix X** = (z5F)".
Corollary 1: Assume 1) within sector identification, 2) between sector identification,
3) orthogonality between common factors Gy, level-2 factors Ff and level-3 factors RF. Let
F =[FYF?, .. F%, R=[R,R? . RX], FR = [F,R], FG = [F,G], RG = [R,G] and
Xk = [a5F, . 28¥]). Define A% = Xk XM A = A1 + .4+ A*K and A = Al + ... + A5,

Assume FR, FG and RG all have full column rank, then the least squares solution for factors
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is determined by the following eigenvector problem,

—_

r eigenvectors for Pz A corresponding to its largest r eigenvalues,

\)

G
B =, eigenvectors for Pz A° corresponding to its largest r, eigenvalues,
R

¥ = r), eigenvectors for P@Ak corresponding to its largest r; eigenvalues,
FR=[F,R], RG=[R,G], FG = [F,G],
Py = Iy — Y(Y'Y)"Y" is the projection matrix for a matrix ¥

S-3-3)-

(S

The estimators for factor loadings are given by [fSk,ASk, f[Sk] = XM [C’, F, Rk] /T.

5 Inference

Additional assumptions are needed to derive the large sample theory.
Assumption G (Moments and Central Limit Theorem): There exists a positive constant
M < oo such that for all N, S and T":

1. for each t and s

N, T
1 S
E Feles el — E(ed.el < M
\/W 12:; kz:; k [ezkezt (ezkezt)] ~
1 S N, T 2
Ellm= D > > Grleneh — Elehed)l| < M
H NT s=1 i=1 k=1
2. for F and G
1 Ny, T 2
K ZZFtS)‘fleft < M
NT i=1 t=1
1 S N, T 2
- G ,}/Zslef S M




where 37 = limy, o (1/Ny) z ZN“ )\S)\S’E( e5es, ) and
Et - th_)OO(l/N) Es 1 Z Z] 17 P)/zf}/] ( ztej‘t);

4. for each i, as T — o0

4 N0, @)
N(0

3\

07)

Zi:tzt
Lot

3\

s T S8 ,5 ,8 s T T s s
where &7 = f Zt 1 Zk8/1] E(Fy Fejej,) and W = \/LT Dt Zkilu E(G.Giejejy).

Assumption H: The eigenvalues of the ry X 7y matrix (X sXps) are distinct. The

eigenvalues of the r x r matrix (XrXq) are distinct.

Given the model x} = G} + A°F? + E}, the least squares estimator is not equivalent
to the least squares estimator from a transformed representation using projection matrix
pPs = IM _ AS(AS/AS)_lAS’

Péxi = P°T°G, + U}

because the latter loses information on F; and the information on the orthogonality between
F, and G;. Asymptotic theory is based on the fixed point solution for {G;} and {F};} jointly

determined by first order conditions.

Remark: If S is fived, then Bai’s 2003 results can be applied with some modification,
taking into account the zero restrictions. The convergence rates for G; and F; are at the
same level.

Remark: If S is large, we may perform sector by sector analysis. Convergence rates for
Gy and F, will be different. We will prove that to make inference on Fy, we can treat G; as
known. The convergence rate is VN for G, while /N, for F,.

Remark: Requiring orthogonality between F and G pins down rotation matriz as block
diagonal, in order to let the rotated model have same factor loading structure. To separately

wdentify Gy and F}, two sectors in the sample are enough for the purpose.

The development of asymptotic theory for the fixed point type estimator is a non-standard
one, because the estimation error for G' depends on the estimation error for {F*, ..., F'¥},

and vice versa. Assuming S — oo, the approach taken by this paper follows three steps.
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1) We provide an v/N —consistent initial estimator for G; and /T —consistent estimator
for corresponding factor loadings ;.

2) We then prove that the estimated F} is /N, —consistent, given v/ N —consistent initial
estimator of G;. The limiting distribution for estimated F}’ is normal, and invariant to the
choice of initial estimator for G, as long as it is v/ N—consistent.

3) Given the asymptotic expansion of the previous step estimated F}, we are able to
derive the asymptotic expansion of estimated G as a function of previous step estimated
G;. The fixed point representation for this asymptotic expansion will provide the asymptotic
distribution of fixed point estimator for Gy, which is v/ N—normal.

5.1 Inference when S =2

To fix idea, we assume S = 2. Let H = [G, F',F?] be T x (r +r; +m2) and H! = [G, F1],
H? =[G, F?]. The overall model can be seen as a static factor model with 7+ r; + 75 factors,

with V. = N; 4+ N, observations at any time t,

rt Al o

Y, = AH,; + e;, where A =
t t t F2 0 A2

Notice that by assumption

Fl/FI + F2/F2 Fl/Al F21A2
AN'A/N = AVT? AVAY 0 /N — ¥
A2/F2 0 A21A2

It is straightforward to check that assumptions A—G in Bai (2003) are satisfied, which means
the inferential theory developed in Bai (2003) regarding principal components estimator A
and H, hold. However, the inferential theory is developed with only (r+7;+75)? restrictions,
while the zero restrictions on the grand factor loading matrix A are not considered. This
implies that, even with S = 2, the multi-level factor model structure impose extra restrictions
over the grand static factor model, because Nory + Niry >> (r + 11 + r9)? for Ny and N,
large. Also the principal components estimator H, does not directly translate into ét, F’tl
and F2. Thus we need to estimate a rotation matrix for H; such that G;, F}' and F? are

separated obtained.
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5.1.1 A Two-Step Estimator

Before turning to our iterative type estimator, we first present a two-step estimator whose
properties are easily studied. For simplicity, we assume r = r;, Ny = Ny = M. Let a variable

Wk

with superscript denotes foreign variable and assume

Xt — FGt + AFt —|— Et
X, = I"Gy+ANF+ Ef

To separately identify G; and Fi, F}, we assume G; L (F}, F}).
In the first step, we conduct sector-by-sector principal component analysis to extract

sectorial factors H,, ﬁt*, which have the following property
~ R R G
Ao - 1 I ( t) +u,
Ro1 R I
]:IZ‘ = zl 32 (Gi) + uf
51 B3 Iy
1

where w;, u; = Op(\/—ﬁ) if assuming % — 0 according to Theorem 1 in Bai (2003), R;;
and R}, are r X r matrices for all 7, j. Moreover, vV Mu; and VM u; have normal limiting
distributions and are asymptotically independent.

In the second step, we provide consistent estimator for the rotation matrix based on our
identifying assumptions. Then the two step estimator for Gy, F; and F}* are obtained by
multiplying H, and I:It* using the estimated rotation matrix. The resulting estimators have
the same convergence rate as H, and ﬁt*

Proposition 2: Assuming 1) Ry; = Ri2 = R, = I, 2) Zle G F] = Zthl G FY =0,
then all the remaining parameters { Ra, Raa, R}, R3;, Ry, X, X, X+ } are uniquely identi-
fied.

Remark: We are interested in estimating a rotation of Gy, F} and F}* respectively, which

leaves r% + r} + 3 = 3r? degrees of freedom. Rewrite the above equations as
. I, I, R G
i o= » » < 11 t) +ou,

. * Rt I, Ri1G
H; = 11 1711 * * \—1 < ilFi> +U:
R5 Ry R3(Ri,) 1217
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Because R11G; can be treated the same as true global factors G; as our objective of interest,
to save notation, we replace R;1G; by G; and similarly for Ri3F; and R}, F}. Redefine the

coefficient matrix to obtain the following equivalent representation
A I I G
Ht - " " ( t> + Ut
Az Ag Fy

R A I, G
oy = <Ail P )(Fi>+u:
21 22 t

or more specifically

Hy = Gi+ Fy + uy,

Hy = AnGi+ ApF, + uy,
HY, = ALG,+ Ff 4 ul,
Hy, = A5G+ AbWES +u,

or in matrix notation

I. I. 0
H Ay Ay 0 Gy 1
[_? = At _ 21 22 F —|—O
¢ <Ht) A0, Fi ”<\/M)
A5 0 A '

The above proposition states that, coupled with the assumption that G'F = 0,G'F* = 0,

the above model is identified.

Proof for Proposition 2: see appendix.
The above analysis implies that quasi maximum likelihood analysis of the above system

yields unique solution. Assume that

Ve 0 0
(G, F,F*Y - (G,F,F"))T —, | 0 v Vv
0V Ve

where the RHS is the covariance matrix for factors.
In the second step, we can perform confirmatory factor analysis on the above restricted

linear system. Using quasi maximum likelihood estimation or minimum distance estimator
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(least squares estimator)®, we will obtain at least +/7 —consistent coefficient estimator A and
A*S

The 2-step estimator for common factors and sector-specific factors are given by

Gt ﬁ
E | =@BB)'B| .}
. Hy
Fy

I, I, 0

A

where B = 2 An 0
A, 0O 1,
A5 0 A3

Proposition 3. The two-step estimators for Gy, F; and F;* are v/ M —consistent.

Proof: see appendix.

5.2 Inference when S — oo

We first provide a candidate estimator for common factors, which is v/N —consistent.

To fix idea, we assume throughout the rest of the paper Ny = ... = Ng = M, and
r=ry =..=rg and thus N = M - S. Notice that using pairwise sectorial data, we can
separately identify common factors and sector-specific factors, and obtain /M — consistency
of G;. We have

gs = VMG — H*Gy) = 0,(1),5s = 1,2,,,5/2 (9)

where any two pairs contain different four sectors. Assuming i.i.d. e across s = 1,2,...5,
then {g;} are asymptotically independent across s, and we can apply central limit theorem
on g; such that

g+ .+ g

5/2 = Op(l)

5The sample covariance matrix provides 2r(4r+ 1) restrictions, while we have 6r%+3r(r+1)/2 parameters
regarding {As1, Aag, Afq, ASy, Ay, 3, X, X« }, which is strictly less than the first number for all » > 1.

6The convergence rate might even be v MT given that ug, u} = Op(ﬁ)v and we might indeed obtain
(VMA — V/MA) = Op(ﬁ) The latter argument needs further justification although not essential for
deriving the large sample properties.

25



s/2

If we define CAT’t % then

S/2-VM(G, — HG,)

where H = %Zfﬁ H*.
The above procedure provides a v/ N —consistent estimator G; for the common factor.
This would have important implications when we derive limiting distribution of estimators

for sector-specific factors, which is proved to have a slower convergence rate v M.

5.3 Asymptotic Expansion for Iterative Principal Components Es-

timator

Given a static factor model z; = AF; +e;, t = 1,...,T, the principal components estimator
yields the following identity as in Bai and Ng (2002), and equation (A.1) in Bai (2003)

1 T . T
T Z an Z st}
s=1 s=1

IIM’%

T
N 1 A
F,—HF, = v];;{TZFsyN s,1)

s=1
ee
5st = SWt_fYN(Sut)
ele;
t) = E(=2
7N(S7) (N)

Nst = FslAlet/N
Eq = F[Nes/N =€ AF,/N

where by definition = X X'F = FVyror 3z XX'FVyp = F,and H = (NA/N)(F'F/T)Vy7-

. . . . N . . .
Vnr is a diagonal matrix consisting of the first r eigenvalues of % in decreasing order.

5.3.1 Sector-Specific Factors

Let G, be the candidate estimator with the property that v N(G; — H'G;) = O,(1), and let

['* be the estimator from pairwise principal components estimation, which is a rotation of
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principal component estimator, we can rewrite the model zj = Gy + A°F} + €} as
= NF] +u}

where yf = 25 — G, and v = [5G, — TG, + €. Assume S — oo, then VM (G, — H'G,) =

0p(1). Using the identity for principal components estimator Fts, we may prove the following
FtS_HSIF’tS = Z)\z zt_l—op

T
A® = plszM% ZFkF,f’
k:

1 U 1 U
Y Z Nujy = — Z N (TG — ff/ét +€3)
M =1 M =1

M
1 1 L
= —ME Ajeq + —ME N (HT'T; = T7)' Gy
+— § jASPS’H’ YH'G, — Gy)

where the last equality comes from he fact that TG, —I'¥'G, = (H'T3) H'G,— (H'T')' G+
(H'TSY Gy —T9Gy = (H'TS) (H'Gy — Gy) + (H™'T3 — %) Gy

The second term is 0,(1). From Bai (2005), we have - SV ON(H T -T3) = Op(m),
then f SMON(H'TS - T3) = OP(%) = 0,(1) if either M < T or ¥ = 0,(1).

The third term is 0,(1). By assumption - SSMONTY = 0,(1). And VM (H'G, — Gy) =

i=1"Y%"1

i=1""

0p(1), given S — oo.

In sum

S _S 3 "M
\/_Z Ju, = \/_Z)\Zelt—i-op , glven ——— — 0.

Theorem 2: Under assumptions A— H, assume YL — 0 and /M (G, — H'G,) = 0,(1),

then we have
s sl s s FS/FS s s
VM(F? — HYF?) = (Vipp)™ \/—Z%ezﬁop 1) (11)

= ZA@ ¢5 + 0,(1) 5 N(0, A°9; A%
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where A* =plimVy; 37 Zgzl(ﬁ’ CE), Vi is a diagonal matriz consisting of the first r eigen-

Y's Ys/
MT

Remark: The candidate estimator for G; is provided in the previous section using

values o in decreasing order, ®; is defined in assumption F3.
disjoint pairwise principal components estimation. A key result is that the convergence rate
for global factor is v/N, and thus when S — oo, v M(H'G, — Gy) = 0,(1).

Proof of theorem 2: see appendix.

Define the asymptotic covariance matrix as

5j = ASA” =plim(Vir) B (4 M (032NN ) B (Vi) and let &, = a7, —

A ] 7~ . . . . . .
v¥'Gy — A F}, then a consistent estimator of the covariance matrix is given by

o\ FoES -~
- ) TS (12)

s . . . . . . YSYS’ . .
where Vi is a diagonal matriz consisting of the first v eigenvalues of 577 in decreasing

order.

5.3.2 Common Factors

Rewrite the data generating process as

z; = IGy+v;, where
s s NER AL
2z, = z; —NF

vi o= ANFS—NFP el

Recall the representation of the identity for principal components estimator

T T T
A 1 N 1 A 1 N
VNT<Gt - H,Gt) = W Z GsU;Ut + T Z Gsnst + f Z Gsfst
s=1 s=1 s=1
Net = G;F/Ut/N
&y = GI'vg/N =0v.I'G;/N

where Viyr is a diagonal matriz consisting of the first r eigenvalues o % in decreasing

order. The following theorem can be proved based on the above identity.
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Theorem 3: Under assumptions A — H, assume ‘/TN — 0, we have

VN(G, — H'Gy) = VNp, % N(0,2F) (13)

where i, = O(\/LN%) 1s the bias correction term. The bias correction term can be ignored if

S

To prove theorem 3, we need the follovvlng lemmas.
Lemma 1: I1 = y7 Y., Gatitr = On(Jgy/37) + Onl7) + Onlxy) = Ou(

(mln{lNT})
Lemma 2: /2 = 7 ZS 1 Gsnst =0 ( ) + 0 ( )Op(min\(/]\N/I,T )

Lemma 3: I3—TZS LGl =0, (ff)
Proof for Lemma 1-3 and Theorem 3: see appendix for details.

=

) +

5.3.3 Factor Loadings

The factor loadings measure individual variables’ heterogeneous response to both common
factors and sector-specific factors. If assuming ‘]/V—T — 0, the convergence rate of the estima-
tors of factor loadings will be v/T', which is the same as Bai (2003). The following corollary

summarizes the asymptotic distribution of factor loadings. Define the (r + rg) x 1 vector

_ H 0
wi = [y, \Y'). Define the (r +r,) X (r +r,) rotation matrix H = [ o | where H and

H?® are defined in Theorem 2 and Theorem 3.
VT

Corollary 2: Under assumptions A — H, assume ~. — 0, then we have
VT(ji; — H7 ) 5 N(0,53)

where ¥f is defined in Theorem 2 of Bai (2003).
The above corollary is a direct application of Theorem 2 in Bai (2003).
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5.3.4 Estimating the Covariance Matrices

According to theorem 2, v M(FF — H¥Ff) —% N(0,%¢). The following estimator can be

used in our Monte Carlo experiments.

2g s _ FSIFS ]_ M ~S ~S~s/ FSIFS s _
X = (Varr) 1T (M izl(eit)Q)‘i)‘i) T(vMT) ' (14)
s \— FS/FS 1 NGRS ~S ~5 ~5 ASFS/FS s \—
= (Varr) ' T MA /dzag{(elt)27 (6215)2’ L) (eMt)2}A (Varr) '

1 s \—1Aslg: ~5 ~5 ~5 AS(T/5 \—
= M(VMT) A Idzag{(elt)2a(€2t)27'-'7(€Mt)2}A (Varr) '

where V3 is a diagonal matrix Wit}l %argest r eigenvalues of Y;};GI on the diagonal, Y* =
X*® — GT'¥, and the normalization % = I, is applied. The estimator for error term is

o =y —A7G = A Ey
Theorem 3 proves vV N(G, — H'G,) —% N(0,%;). We first define

H® = (AA/M)(FF*)T)(Vip) ™Y, H=(I'T/N)(G'G/T)Vyt, H = blockdiag{H", ..., H}

. Fst

A® = plim(Vyp) T

. A = blockdiag{ A, ..., A%}

0 C?
C', C? not necessarily having the same dimension. Then let

T S
_ 1 N , 1 FSIAS sl SAS/FS 1
- (o) (s e ey

1 Ay ’ 7\ —1 / -1
= =G (G (M) ™) (AX) (PH')

G'G 1 5 1
() _ ‘/ _\(_Z -1 - § FS/ _ _~ AS f[S/ -1 45/\5/

= (Var—Q)7! (G;G> VLNF, <1N — %A(H’)‘%A’)

ct 0
where the operator is defined as blockdiag(C*,C?) = < > , for arbitrary matrices

Because H' is the rotation matrix for G, and thus H’~! is the rotation matrix for I", which
implies we can use I' to estimate TH'~!. Likewise, we can use A to estimate A(H")~L. Because

factors and factor loadings appear in AA’ as products, we can use (V&T)’I%F SIS =
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(Vi) A¥ to estimate AA*, which is the s™ block diagonal term of AN, s = 1,...,5.
Similarly, we can use GI” to estimate true GI”. In sum, let A® = (VAZT)_I%FSFS, then the

estimator for €2 is given by
O = @ (GP) A (AN) T = oAART
MNT MN
1 - o A A
= mf’ -blockdiag{\*(V3,7) 'A" s =1,...8}-T
Using the same argument, we may estimate () using

(VNT—Q)1< = >F (IN—MAAA)

~ ~ 1 ~ ~4
(Vv — Q)T ([N - MAAA’)

-3- 3~

A A 1 o "
= —WVyr—Q)'1r’ ([N - Mblockdiag{As(V]\ZT)’lAs’, s=1,.., S}>

2

elde;
T

Then we can use the following estimator for the covariance matrix

where the normalization ( ) = I, is applied.

£, = Qdiag{(e1,)%, ()%, .. (&3)°} Q' (15)

6 Monte Carlo Studies of the Least Squares Estimator

We evaluate the estimators by projecting them onto the true ones. The goodness of fit
of common factors and their loadings, sector-specific factors and their loadings, as well as
fit of common components are reported. Consider the iterative principal components (IPC
hereafter) method with projection in the last step. Given common components regarding
common factors, the sum of squared residuals is minimized by principal components esti-
mators for sector-specific factors and loadings sector by sector. Likewise, given common
components regarding sector-specific factors, the objective function is minimized by princi-
pal components estimators for common factors and loadings. Thus each step of iteration
will decrease the objective function. The solution is characterized by first order conditions
regarding all the model parameters. The fixed point solution is the least squares solution.
Simulations suggest that this algorithm is robust to the choice of initial values, given enough

number of iterations.
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6.1 Robustness of the IPC Algorithm and Consistency

In this simulation design, we assume the number of sectors S = 2, number of periods T" = 200,
number of variables within one sector M = 200, and number of factors r = r;, = 2. Let
N(m,n) denotes an m x n matrix with elements being i.i.d. standard normal. Then we

simulate model (1) as follows.

Common factors: G=2+15-N(T,r)?

Common factor loadings: I'=0.54+N(N,r)
Sector-specific factors: F?=2+2-N(T,r)% for s =1,2
Sector-specific factor loadings: A®* = 0.5+ N(M,r),for s = 1,2
Idiosyncratic error terms: E=2-N(T,N)

When evaluate the performance, we first project true factors on the estimated one to find
the rotation matrix. Then we use the inverse of the same rotation matrix to rotate factor
loadings.

Let G_proj be the rotated estimated common factors and let G fit = trace(G_proj’ -
G _proj)/trace(G_true’ - G_true), which is a measure of the fit of estimated factors. Simi-
larly define F°_ fit, LG fit, LF _ fit, where LG and LF denote factor loadings for common
factors and sector-specific factors respectively. Our default choice of initial values for G are
chosen to be the first r principal components of data matrix X. The following table shows
that principal components estimators for factors and factor loadings are not consistent.
Instead, the iterative principal components estimators are consistent, where the common

factors and sector specific factors are separately identified.

# of iterations = 1 5 80
G fit 0.84598  0.86992 0.99939
LG fit 287.4504 230.6089 0.99508
F_ fit 0.76044  0.82007  0.9980
LF _fit 135.9995 821.1267  1.03

In the following figure, we plot the time series of projected estimators against the true ones.
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We can see that the estimators accord with the true ones very well.
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The dashed line are the estimators for factors projected onto the true factors. To make the
graph clear, we only show the estimation results from ¢ = 1 to 20. The title "F1,s=2" means
the graph is for the first element of sector-specific factor of sector 2, FZ. The title "G2"

means the graph is for the second element of common factor, Go;.

To check the robustness of the iterative principal components algorithm to the choice
of initial values, we reestimate the above model, using the same data but with arbitrary
random initial values to start the iteration. The results suggest that the fixed point solution,

which is approximated by enough number of iterations, is consistent.

# of iterations = 200 1000

G_fit 0.30166 0.99948

LG fit 2.2437 0.98362
F_fit 6.0591  0.99794
LF _fit 4.7297 1.04

12 + 2 -

N(T,r)%. The outcome still performs very well. For a typical experiment we obtain G__fit =

For the same model, we modify sector-specific factors according to F*
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0.99813, LG fit = 1.1779, F _fit = 0.99969, LF'_ fit = 0.99018. This suggests that rela-
tive magnitude of common factors and sector-specific factors would not affect the estimation
results.

Now we add dynamics in factors. Let pp = 0.7, po = 0.8. Then we generate the model
as follows.

Global factors: G(t,:) =2+ ps - G(t —1,:) + N(1,r).

Country factors: F*(t,:) =44 pp - F*(t —1,:) + N(1, 7).

After iterating over the first order conditions 100 times, we obtain G fit = 0.9999, LG _ fit =
1.0924, F _fit = 0.99882, LF' _ fit = 0.96947. Plot of projected estimators accord with the

true ones with great precision.
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Another observation is that common factors are more precisely estimated than sector-specific
factors. This is consistent with our theory, which states that the convergence rate of common

factors is generally faster than that of sector-specific factors.

34



6.2 Finite Sample Performance of the Asymptotic Theory for Fac-

tors

In this section, we choose the sample size to be T' = 30, M =40, S =5 and r = r, = 1.
We generate data according to zf, = v¥'Gy + X' Ff + e, where 75, Gy, A, Ff and ¢, are
iid. N(0,1) for all ¢,¢ and s. We then run various Monte Carlo experiments to evaluate
finite sample performance of our asymptotic theory. For the given model, we make 2000
independent simulations. For each of the 2000 samples, we estimate factors F** (s = 1, ..., 10)
and G, and their asymptotic covariance matrices according to theorem 2 and 3. Then the
estimated asymptotic covariance matrices are used to normalize the difference of estimated
factor and rotation of true factors. If our asymptotic theory provides a nice approximation
in such a finite sample, then the standard normal density should resemble the resulting
histogram for each element of v/N <i]t) o (Gy — H'Gy) and VM (2?)_1/2 (Fp — HYFY),
s=1,...,5, where 3, and f]ts are estimated asymptotic covariance matrices for factors. The

following figure justifies that our asymptotic theory performs nicely in such a finite sample.
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As we can see, each histogram well accords with the standard normal density function. This

suggests that our theory provides a nice approximation in the finite sample.
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7 Comovement in Real and Financial Sectors

In this section, I carry an empirical study about different patterns of comovement within real
and financial sectors, using a 2-level factor model. Suppose we have a large vector of data
for each sector, z and zI, where the superscript R and F denote real sector and financial
sector respectively. Using a 2-level factor model, we are able to decompose the shock to any
economic variable into three components, namely, the common component, sector-specific

component, and the idiosyncratic component. The model for z* and ! is given by
x; =1"G,+ N F +ef, s=R F,t=1,...,T

where the Ny x 1 observed vector zj is affected by factor common to both sectors G,
factor common within the s sector F}’ and idiosyncratic shock e;. Under the orthogonality
conditions between different components, we may decompose the sample covariance of x;}
into three parts

. é/é R Fs/ FS 1

1 o A A A
_XsXs/ ~ F FS/ As As/ _EsEs/ — R F
T T AT A TEh R s

A A N 1 ~ -
= DT + A°AY + fESES’ , by normalization of factors

where X* is the T'x N data matrix for sector s, G is the estimated common factor, F'* is the
estimated sector specific common factor, and E* is the estimated 7' x N idiosyncratic error
term matrix defined as E* = X — GI' — F*A¥. Then we are able to analyze how different

types of factors explain the variation observed in the data.

7.1 Data and Empirical Results

For real sector data, we use Boivin, Giannoni and Mihov (2007)’s monthly BBE dataset,
covering 353 months from 1976 Feb to 2005 Jun. We only use those series transformed by
log difference, which amounts to 234 series of real sector data, covering categories including
industrial production, employment, personal consumption expenditure, etc. The following

chart provides the summary statistics of the standard deviations of all 234 series.

Summary for standard deviations of real sector time series (in %)
mean  std min max median 75% percentile
2.5955 5.6968 0.1656 75.60 1.4588  2.3595
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We remove those series with standard deviation greater than 1.5%, which contains very noisy
information about factors so far as monthly growth rates are considered. Finally, we have
120 series for the real sector.

For financial sector data, I adopt the 100 portfolios data sets constructed by Fama and
French’, using the same time span as the real sector data and removing four portfolios due
to missing observations. I also add the Dow Jones Industrial Average, S&P Composite,
and S&P Industrials. This amounts to 99 series for the financial sector. All the series are
demeaned. Before doing factor analysis, I multiply the data sets of the real sector with a
constant such that they share similar magnitudes as the data sets of the financial sector.

As a benchmark, we select the number of common factors to be r = 3, the number
of sector specific factors to be rg = 9,7 = 5. The following chart reports the variance

decomposition exercise.

Real Sector (x1) Financial Sector (x};)
WG, AVER e oG, NEF o
Disaggregated Series

Total 0.1729 0.3593 0.4677 0.0099 0.8495 0.1406
Average 0.1232 0.3002 0.5766 0.0103 0.8363 0.1534
Median 0.0585 0.2728 0.6143 0.0093 0.8464 0.1437
Minimum 0.0014 0.0251 0.0758 0.0015 0.6716 0.0451
Maximum 0.5291 0.8743 0.9697 0.0240 0.9477 0.3173
Std. 0.1435 0.1996 0.2474 0.0057 0.0648 0.0629

Aggregated Series
Industrial Production 0.0712 0.7418 0.1869

Personal Income 0.0374 0.1484 0.8141
Nonfarm Employment 0.0593 0.4894 0.4513
PCE 0.1145 0.2100 0.6754
Dow Industrial Avg. 0.0397 0.5240 0.4363
S&P Composite 0.0397 0.5703 0.3900
S&P Industrials 0.0411 0.5674 0.3914

The above table shows that a vast majority of variation within real sector and stock markets

I use the value-weighted return data. Data source:
http://mba.tuck.dartmouth.edu/pages/faculty /ken.french/data_library.html
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are due to different sources or factors. The level-1 factors, which are common to both sectors,
only contribute to 17.29% of the total variation observed in real sector, and 0.99% of the
total variation in stock market. For the real sector, 9 sector specific factors account for
around the same amount of variations as idiosyncratic shock, while for the financial sector,
84.95% of the total variation is explained by 5 sector specific factors.

The sample covariance between sector specific factors is given by the following 5 x 9

matrix
—0.110 0.029 0.097 0.066 0.155 —0.037 —0.002 0.022 0.001
FE R —0.023 —-0.024 —-0.082 —-0.124 -0.071 —-0.051 -—-0.036 —0.013 —0.030
T = —0.096 0.057 0.049 -0.063 —-0.012 0.021 —0.035 —0.042 0.045

—0.006 —0.008 0.010 -0.011 0.048 0.021 0.052 0.073  0.012
0.050  0.079 —0.008 —-0.061 0.052 —0.088 0.054 —0.028 —0.080

Coupled with the normalization that E F/TF " = Iy and E R:lpﬁ ® = Iy, the above matrix reveals
only slightly correlations between sector specific factors.
Let [|A]| = [tr(A’A)]*? denote the norm of matrix A. The estimated factors are show to

be orthogonal to idiosyncratic terms

IG'ER/TI| [|[FPER/TI| ||IG'EY/TI| [|[FTE"/T|
49-10%  85-10° 69-10%  33.107°

Next, we compare our estimated factors with Fama-French benchmark 3 factors, denoted

by Hrys. We normalize H such that H'H/T = I3. Sample covariance matrices are given by

e [ 0.0275  0.0068 —0.0990
T 0.1170 —0.0144 0.0400
| —0.0684 0.0157  0.0044
R [ —0.074 0.041 0.083 0.128 0.148 —0.020 0.002 0.024 —0.003
T = —0.111 0.012 0.037 —-0.089 0.014 —-0.031 —0.034 0.003  0.020
| —0.026 0.014 0.071 0.052 —0.054 0.076 —0.010 —0.029 0.049
HRF 0.8604 —0.3010 —0.2494 —0.1817 —0.0099
T = 0.4305 0.5550  0.5401  0.2592  0.0121
| —0.1134 —-0.5242 0.5567 —0.1636 —0.1068

Two direct observations are in order. First, the Fama-French factors are only weekly cor-
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related with our estimated common factors and factors specific to the real sector, which
implies that the factors constructed by Fama and French are not able to explain variations
in the real sector. Second, the Fama-French factors are strongly correlated with the first
three factors specific to the financial sector.

In the next exercise, we first regress the Fama-French factor H on FF
H,=RUEF + UM

and the resulting R—square is R? = trace(T-R" RM) /trace(H'H) = 0.8048, with || FF'UH /T|| =
1076, Then we regress H on both G and F'?

H, = R'G, + R’ FF + U,

and the resulting R—square is R2 = 0.0432, with ||[G, FE)U/T|| = 0.0379. This exercise also
suggests that, for the periods between 1976 and 2005, the Fama-French factors are largely
specific to the financial sector or stock market, and have very limited explaining power for

variations in the real sector.

8 Concluding Remarks

This paper develops a computationally simple estimation method, namely the iterative prin-
cipal components method, to analyze large dimensional factor models with a multi-level
factor structure. We treat common factors, sector-specific factors and factor loadings as
parameters. Thus this method is nonparametric since we do not need to specify the dynamic
process of the factors. The estimators explicitly take into account such a multi-level struc-
ture, which is not considered by the conventional principal components estimators. I prove
that the estimators are consistent and have normal limiting distributions under very mild
conditions. The estimators of common factors have a faster convergence rate than the esti-
mators of sector-specific factors. The proposed estimation algorithm is easily implemented
in practice and is computationally efficient. A two step procedure is proposed to select the
number of both common factors and sector-specific factors. Monte Carlo experiments show
that the iterative principal components estimators have nice finite sample performance. Such
a model is then applied to investigate different patterns of comovement within real and fi-

nancial sectors for the US economy. Empirical results suggest that the comovement within
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each sector is largely sector specific and the economy-wide common factors play only a lim-
ited role. The new method can also be readily applied to address a wide variety of issues in
macroeconomics, international economics, labor economics and finance, where the multi-level
structure is likely to present.

Future research agenda includes determining the number of both common factors and
sector-specific factors based on their different convergence rate. A new theory is needed for a
modified information criteria similar to Bai and Ng (2002)’s. Such a modification is necessary
because common factors and sector-specific factors have different degree of pervasiveness.
It is also interesting to develop a new large random matrix approach similar to the one
proposed by Onatski (2006) to study the large dimensional factor models with a multi-level
factor structure.

Another line of research would be empirical applications of the method developed in this
paper. For example, in international economics, it is interesting to estimate both global
common shocks and country-specific shocks, and then investigate how different types of
shocks affect a country’s monetary policy. The empirical results in this paper also suggests
that one should be cautious when trying to extract global common factors from only the
financial data, because those factors might ignore important information for the real sectors.
If we want to study international business cycles using data from both real sector and financial
sector, the multi-level factor model suggests a model of the following representation. Let x3,

denote the time-t observation of the ¢ — th variable within country s, then

vy = %G+ VmGR - Lis + ypGF - (L= Lis) + N'FY + N FRY - L + N FFY - (1= L) + €,
i = 1,...,Ngs=1,..5,

Gy : global common shock,
GR; : global common shock specific to the real sector,
GF, : global common shock specific to the financial sector,

F? :  shock specific to country s, common to both real and financial sectors,
FR; : shock specific to the real sector in country s,
FFy :  shock specific to the financial sector in country s,

N = Nj+ ..+ Ng: total number of time series,

S : number of countries.

where the indicator I;; = 0 if 3, is a financial variable, and I;; = 1 if 23, is a real variable.
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Such a model divides the world economy into four levels of sectors. The top level is the
global economy. The second level includes world real sectors and world financial sectors.
The third level includes different countries. The fourth level consists of country-specific real
sectors and financial sectors. Such a four-level factor model is easily estimated using the
iterative principal components methods similar to Corollary 1. An inferential theory for the
estimated factors similar to Theorem 2 and Theorem 3 can also be derived using similar
asymptotic expansion method given in the appendix. This would be an important extension

and generalization of the theory presented in this paper.

9 Appendix

Proof of theorem 1: Let H* = [G, F*| be T x (r+rs), then by 1) and 3), HYH* /T = I,,..
For each sector we have xf = [['*, A°|H; + ¢, thus for a least squares objective function,

given H?®, we can solve for the optimal loadings as function of H?®. In particular
{FS’AS] — XSIHS/T

The objective function after concentrate out loadings becomes

S S
8! AS s . ! Sl AS 178
n}{asxtmce<§ H AH> = trace (GAG—i— E F AF),

s=1 s=1

with A° = X°X¥ A=A'+ .. 4+ A%
st.F'F*|T = I,,G'G/T =1,,G'F =
A*A® and I"T'diagonal

Form the Lagrangian

r

L= ZG’AG +ZZF5’ASFS > (GiGi—T)a ZZG’G b
s=1 i=1 i=1 7>i =1

rs—1

S rs
S LLEETITES 9 9p ofcle

s=1 =1 s=1 j>i 1=1

S T
Y yand

s=1 j>i i=1
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F.O.C. w.r.t. Ff, (given G)
0=24°F) = 2F}aj = ) Fbj; = Y G,
J#1 '

1) Left multiply F}’ to obtain af = F'A*F?/T.
2) Left multiply F}’ to obtain b3; = 2F" A*F? /T.
3) Left multiply G to obtain ¢f; = 2GA*F;/T. The implied F.O.C. becomes

0 = 24°F —2F FJAF} /T —2) FFJAF; /T -2 G;GAF}/T, or
J#L J

F;S(FiSIASF;S/T) _ ( Z Fst//T Z G e /T) ASFS

J#i
Let Po = I — GG'/T = I — 3, G;G%/T. Then we may prove that F} can be solved as
eigenvectors of the matrix P;A®. To see this suppose

F;jsui = PGASF’Z‘sai = ]-7 wy s

Notice that p; = FY PG A*Ff /T = F' P A*F? /T because Ff'G; = 0.

Moreover
( Y FFT - ZG G’ /T> ASFS = PoA°F?
J#i
because F{'A°F} = F{'A*PoA°F [, = (F5'A°Po)(PaA°FY [ j1;) = p FY'F; = 0 for i # j.
Notice that we use the assumption that G'G/T = I, and thus Ps = — GG'/T = Ps =
I — G(G'G)~'@" is the projection matrix with PgPg = Pg.

F.O.C. wr.t. G;, (given F))

0 =2AG; — 2G;a; — ¥ G;bi; — ZZF”

J#i

Use the same method to solve for the Lagrangian multiplier to obtain

a; = G,AG,;/T
by = 2G;AG;/T
ij - ZFJS/AGz/T(lf assuming Fjsllﬁ’;? — 0)
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The implied F.O.C. becomes
Gi(GLAG,/T) = (1 =) GG T => > FF /T) AG;.
J# s J
If we assume Fjsl'Ffz = 0, then the following solution will do the job:

Gin; = PrAG;, with
Prp = I- Z Z F;F;'/T, Pp is projection matrix because F;"F;* = 0

s J

If FYF? # 0, we left multiply F.O.C. by F} to obtain

FYAG; = F)' > N Frep + Tc,
m#s k

Then after some algebra we can solve for G and F by defining Pr = [ — F(F'F)"'F’ and

G consists of r eigenvectors for PrA with respect to its largest r eigenvalues.

F? consists of r, eigenvectors for Py A® with respect to its largest r, eigenvalues.

Q.E.D.

Remark: Given the sum of squared residuals objective function, given I' and G, the
objective function and the restrictions are the same as the one resulting in principal com-
ponents estimators for A® and F*, and vice versa for I' and G. This is the base for iterative

principal components algorithm.

Proof of the proposition 2: Consider any rotation matrix such that

I, I, O I, I, O
R1 R2 R3

* 0 * x 0
R4 R5 R6 =

* I, * 0 I,
R7 R8 R9

* * * 0 =%

The zero restrictions imply R3 = R6 = R2 = R8 = 0, and other restrictions imply R9 =
R5 = 1., R1 + R4 = I, which pins down the equation to
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I. I, 0O I, I, 0O
R1 0 0
x % 0 x x 0
I.—Rl1 I, 0 |=
x* 0 I, * 0 I,
R7 0 I
¥* 0 = ¥* 0 =
Now look at the inverse of the implied rotation matrix
R1 0 0 R171 I, 0 0
I.— Rl I, 0O I, —R17Y 1, o 1. 0 |,
R7 0 I, —R7-R171 0 0 I
R1 0 0 1t 0 0
orinv| I, — Rl I, O = I, —R17Y I, 0 which implies rotated factors of
R7 0 I, ~R7T-R17Y 0 I
the following form
Rl_l 0 0 Gt Rl_th = g
I,—R17Y I, 0 F, = (I, — R1™Y)G; + Fy = f; | . The restrictions
—~R7-R17Y 0 I, Fy —R7-RI7'Gy + FF = f;

G'F=0GF*=0, ZtT:l g:+fi =0 and ZtT:l g+ = 0 imply that R1 = I, and R7 = 0.
The above analysis implies that maximum likelihood analysis or minimum distance esti-

mation of the above system yields unique solution. Q.E.D.

Proof of Proposition 3: First notice that

G, G,
E | = (BB 'BB| F |+ ( “: ))
fax Fr e
Gt Gt 1
g Ft + (E/B)_IB/(B - B) Ft + Op(\/_M)
Ft* Ft*
G,

Fy
Gy
which proved the v/ M— consistency of | £, given that % — ¢ < 00.Then we proved
Ft*



that /A (Gt - Gt> = 0,(1), VM (Ft - Ft> = 0,(1), and v (F; . F:) = 0,(1). Notice
that here G, F; and F} are still rotations of the original true G, F; and F} respectively,

the above representations ignore the rotation matrix just to save notation. Q.E.D.

Proof of theorem 2: First notice that

Ff—HYFS = J1+J24 J3

where J1 = (Viir) ™! T k 1 Flfu?\;t7 J2 = (Vi)™ (FSITFS> 1\1/1 ZZ ) ATy,
and J3 = (Vi) 1A ST e FE
Considering J2, we have proved that

VMJ2 = (Vi)™ (FS/FS)\/_ZAfeft+op)

Considering J1 and using the restriction that 3", _, F¢G" = 0, we have

T
1 ) . : .
VML = (Ve ) le—e S(FSG _ e +eS) (FSG B re —1—63)
(Varr) MT; i k K+ e ¢ ¢+ e
1 T
- V) e G’Fs’<F$G—FG +e)
(Virr) MT’; i i+ e
1 T
(V8 -1 Asesl <1—15G _ fsé« +€s>
i)™ g 2o Fiel (TG~ G

The first term
1 T
Vir) ' S B GIT (TG, — TGy + )
VMT =
1 T
= Vi)' Y BGI T H T (H'G, - Gy)
1 T
+ Vs -1 sG/ Fs/ FSH/ 1 fws é
Vier) ™ 77 2o FRGHT™ )G

T
1 “
+ (Vi) ==Y FiGiTe;
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T a
k=1
1 - 1 .
+(Virr) ™! (— > 5G;> =D - )G
T k=1 M
1 < - 1
+(Virr) ™ (—Z /fG%) ——=I"e;
T k=1 M
= 0p(1)
To see the last equality, notice that
V M(H/Gt — ét) = Op(]_>
1 / 1—1 r VM : vV M
—I(I” -I¥) = ——— =90,(1 — =0
\/MF (I*H ) {0 T 0p(1) given 7 =
and
1 < -
=2 G,
k=1
1 « 1 «
= ZYBGH) T + 2 Y B (Ge— (H) G
k=1 k=1
1 - /
= 3R (H’Gk . Gk> (H)™" = 0,(1)
k=1

\/LMFS’ e; = 0,(1) and F]({ = 0,(1) are by assumption.

The second term

T
1 : o
(Vi) 3 Fieil (D°Gy = G-}
k=1
1 T
= (Vi)' = ) Fieile;
MT &
1 < .
Vi)™ S S Fpel (DH T (H'Gy = G+ (D H — )Gy )
k=1

where ﬁ S Feef'es = 0,(1) comes from Bai (2003). ﬁ S FeefT*H-Y(H'G, —
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Gy) = (% S FpeyT) HWM(H'G, — Gy) = 0,(1). And S S, Frey (T H! —
)G, = L (ﬁzk Ered(DsH! fs)) Gy = o0,(1).

Now considering .J3,

T
VMJI3 = (Vig)™ fZF,f ul N F?

A

MHII

= (Vi)™ S(0°Gy, — DGy + ¢} A°F;

b
VMT

B
Il

1

Notice that ﬁ Z;‘::l Epei’ A Ff = 0,(1) has been established by Bai (2003). The other
term

(Vi)™ P0G — TGy N Fy

-
[M] =

T
I

= (V]\S/[T)_l

]~

(D H T (H Gy = Gy + (T H = TGy ) A

B
Il
—

- (VJ\S/[T)fl

%F 33

E

A]j(Hle . GA«k)IHflrs/Astts

£
Il

1

FS/AS
SN M(H'Gy — Gy)H™ —r F =01

A

= (Vz\sn)fl

N| =
E

i

1

So we have proved v M .J3 = 0,(1).

Combine all the above evidence, we proved that
VM(E; — HYFY) = VMJ2+0,(1)
= (Vo)™ (F/F) ZAZ e+ o,(1
Z Xoes, + 0,(1) 5 N(0, A%, A¥)
where A® is defined in the theorem. Q.E.D.

9.1 Proof of theorem 3
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First we prove Lemma 1-3.

Lemma 1:
1 « 1 /S 1 1
1 = — As WU = —F\/ 75 O,(= O,(—
w7 2 Gl = 0yl = ) + Oul) + Oulp)
Op(rnin{N, T})
Proof of Lemma 1: Substitute v = A*F — A*F? + 5 into 1 to obtain

1 . 1 A
Il = WZGSUgUt = WZGS(AS +€s)/(At +€t)

where the N x 1 vector A, = [MF/ — MFJ j=1,..,5].

Consider the first term

T
1 N
—= > GAA,
NT &
1 S T o ‘ o
= N—ZZ G [FI'N' — FVANF) — N Y]
j=1 s=1
1 S T
= — > > GFINNF — NVF)
NT =1 s=1
_ 1 i Zle GAS s A]/[AJFJ A]F]]
- A t
N & T
11w o L
= ¥ Z - Z G PN (NH'™ — NYF] + NH'"YH'F] — )]}

where the second equality is based on the identification restriction Zstl G.F 7" = 0. Also we
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have

Nl
]~
CAC)
«d
|
*ﬂl

T
SV (HT) Z (FI" — FI'(H7)™Y

(F' = B (H)™) = 0,(1)

ﬂ |

i

Then consider the second term
T
1
3G -

Ale

(N H'Y — AYE) + NVHI' Y HY'F) — F))]

Z‘H Z‘H

i

Il Mm i Mm

where the second term inside the second summation

M M
o o 1 U |
el NH'N(H'F] - F) = {\/_M > Afeft}/Hﬂ*lA]{\/—M > Alel,+0,(1)} = 0,(1)
=1

i=1
The first term of the above equation
s

T S T
1 a 1
7 2> G (WH - M) E] = NG (W HIT - NYe] =0
1 s=1

~

s=1 j=1 ]

by the identifying assumption Zstl G, A;j’ = 0. In sum, the second term in /1 becomes

1 < . 1 s T 5 . N
N 2 e = g 2 2 AN I ED
1 S T A M
- ! J ]
- _ﬁglzlc’\/——; Sed + o,(1)] A7 (HY)~ \/—ZAz j
1 1 S T M
- VN NT;; \/_—ZAZGZJ% ) A" (HY)~ \/_ZAZ el



ngé FZA’ el + 0,(1) AV (H7)~ \/_ZAZ I

Now consider the third term, ﬁ Zstl Gse’sAt. Similarly e.A; = Zle A{'eg and
Al'el = ' [NF] — NF]] = 2 [(NH'' — AMYE] + NH' N (H'F] — F})]
Still the second term

M

!N H'YHYF] - F}) = —{\/_ZAj el Y HI'"™ W{\/lMZAJGJ +0,(1)}

1 it
=1

. The first term e/ (A7 H/'~' — AV)F} = 0,(1), which is dominated in magnitude by the second

term. In sum
1 T 1 ST
T 2 G = 7 2, 204
_ f\f

Finally, consider the fourth term. The component ﬁ Zz " G ele; can be split into two
terms

ﬂ\

M
;AZ is} HJ, 1AJ{\/_ZA1 zt+0p )}

1« o I -
N_Z — Z )+T821G55St, where

T
s=1
ele ele
S = S (1) and (s, 1) = B2

Notice that

1 & 1 <& 1
il g 2 < il 12 il
||T S; Goyn(s,t)|]? < (T ;:1 |G| ) <T

20



by assumption. And
1 < 1 < 1 < 1
L Z A I Z A2 1 Z 2 | _ L
||T — C:r’855t|| — <T = ||GS|| ) <T — 5515) Op(N)

2
which comes from the observation that that <ZT 52> <T (ZT 54> < T+ M, thus

s=1 "st s=1 "st
LY L 6% < LMV?2=0,(%). QE.D.

Lemma 2:

T - VN VN min(M,T)
Proof of Lemma 2
1 & 1 — 1 «
o A . SIa a2 Sl
12 = T ; sNst = W ; GSGSF Uy = W ; GSGSF [At + et]
1 « 1 ¢ 1
N A il 7N - oAl il o
7 ; GGl DA+ [ ; GG e
The second term
1
122 = GGl - —F’e Op(—=
Z ' = On(—=)

determines the limiting distribution. The first term

T
_ il A G / J J
21 = [TZGS ' ZFJ [N F) — N FY]
s=1 ] 1
T
= [l G,G'] ZPJ’ (M H?Y — ANE) 4+ N H Y HYF] — F))]
T Gl
s=1 ]—1
The term [+ ST GG is O,(1), so the first term of 121 is O,(1)- % Z] LD (A HI -

A])Ft] = Op(min&W,T)

) by Lemma A.10 of Bai (2006).
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The second term of 121 is O,(1) - + Zle VA HI'=Y(HV'F} — F7), where

H'F} — F} = le el — ZAJ H'TY —T9Y@G,
ZAJPJ’H’ YH'G, — Gy) + 0,(1).

Substitute into & 27| VAV HI"Y(HI'F) — F}) = £ 37 S3M TIAVHI-Y(HI'FY — FY)
and analyze each term:
Firstly, we have

s
_% Z (%Fj’AjHj'lAjAj’e{)

1 1 | , 1 1
- - TN Jr=1 JAI LT —
Z((Mr A ) = A et) Op(—=).

Secondly, we have
1

S

1 1 R
YN Vi J1—1 Aj 7 —11J / —

52 ( FA)H A E:A e TR

by Lemma A.10 of Bai (2006).

Lastly, we have

S
]_ Z ( J/Ag> ]/ lAj (MAJ/F]> H/—I(H/Gt . ét)

Fl
S
1

> (M J’AJ) HI' AT (Alj/v'rf) H™Y(G, — H'G,) = Op(ﬁ)

=
S
1

J

which will be moved to the LHS to solve for the equilibrium fixed point representation

Q.E.D.

L

Lemma 3: [3= 1Y G&,=0 (\/LN\/T)



Proof of lemma 3:

I3 = ?Yi Ti G TG, /N
T T
= ?Z (As + €,)TGy/N = = Z (As + ¢,)TGy/N.
The term
1 < . 1 < (S P L
~7 Y G(A)TG, = ~7 > G, (Z[(AJHJ"I — MEFI + NH' Y (HV'FI — Fg)]'rﬂ> Gy
s=1 s=1 j=1

in which the first part
1S T
— ( Gng") [(AJHJ"*1 — AJ’)’FJ} Gy =0
s=1
by the identifying assumption 23:1 G, F Y = () for all j, and the second part

T S
1 N A~ )
WE G, <§ N H Y HIFY — F,f)]TJ) G,
s=1

T S
_ \/MlST G, (Z VM(HYF} — FJ) (H7)™ AJTJ) Gy
s=1 j=1
1

= - mngés (= Yo Al + o)) lﬁAJ‘T]’) ¢,

1 1 1 < 1SMAjj/j—11j/j
= T R VIV \ TR & 2 Gl ) AT ) Gy

Vo)
Il
—
.
I
—
S
I
—

s=1 7=1 i=1
11
= Op(—=—1=).
N VT
The term =31, Goe,/ TGy = =31 (Gy — H'G)e,/ TGy + 3.1 H'Ge /TG, =
0,(1/v/NT). Q.E.D.
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Proof of Theorem 3: Recall the data generating process can be represented as

2z, = IGy+v], where

T
~ 1 R
VNVir(Gy — H'Gy) = —— Z GrG.IMv + 0p(1)
NT Py
T S M
1 1 N
_ L —szG;) SO o)
\/N<T k=1 s=1 i=1
T S M
1 A / 1 S _8
= <T;Gka> \/—N;;%elt
1 T 1 S M
_ a U - 1ys $ s
+(T;Gkak>\m;;7(( )TN — XY E
T S M
1 A ! 1 s\ s/ s\ —1 sl s s
+<T;Gka>ﬁ;;7i)‘i (H*)"(H*Fy — F) + 0,(1)

The term <% ST C;’;CG@ \/—% S M yses, is O,(1), which partly determines the limiting
distribution. From the proof of Lemma 2, we know that
1 « 1
N GG S((HS) TN\ — X)) Ey
TR LY )
VN :
= OP(W) = Op(]_), assuming M — 0.

From the proof of theorem 2, we have

M

n 1 s —1.5 A8\ A

HYF; —F} = Z)‘z Cit — SMZ)V(H 1%‘_%‘)/Gt
i=1

MZ)\S TH'VH'Gy, — Gy) + O, )

1
VM min{v/M, T}

04



Substitute into \/LN S M NS (HY)Y(HY Fp — FF) and analyze each term:

Firstly, we have

1 S M 1 M
L'q)\{;/ Hsl —1 _As_ /\s s
\/N;;/yz z( ) ( Mzzl zezt)
S M
1 Fs/As s — SYyS S
= __NZ Vi (H")"'A Ajes = Op(1)
s=1 j=1

which partly determines the limiting distribution.

Secondly, we have

M
S ) A SN = 3G
=1 i= =1

e 5 TA L1 . .
= —VN-— H) A — N(H 'y —=4)G
S; M ( ) MZZI z( Vi 71) t

VN

) = 0p(1), assuming v 0.

Lastly, we have

M

M
LN > Wf'(HS')l(—AS% S XA H T H'G, - Gy)

1 =1 i=1

S SIAS sITs
_ {%Z A (Hsl)lAsA_FHll} {\/N(ét - H/Gt)}
O

The asymptotic equilibrium representation for v N (é’t — H'G,) is given by

VN(G, — H'G,)

-1 1 o A l 1 ° & s [*'A® sIN—1 gs\s s
= (Vnr—Q) - fZG’“Gk _NZZ Vi — T(H )TARAY ) €iy ¢ +op(1)
k=1 s=1 i=1
T S
1 A ! 1 s/ 1 s s/ — S A S/ s
k=1 s=1
— N(O,Et)



where

with Vi being a diagonal matriz consisting of the first r eigenvalues of

1 N
AT = plimVyr > (FRFY)

YSYSI
MT

in decreasing

order. Q.E.D.
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