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Abstract

This paper develops an econometric theory for large dimensional factor models with
a multi-level factor structure. Such a multi-level feature arises in a wide range of eco-
nomic applications, such as �nance, labor economics and international economics. For
example, in labor economics, households can be divided into di¤erent income groups,
each group facing both economy-wide common risk and group-speci�c risk. The base-
line model is a two-level factor model, where factors are interpreted as unobserved
economic shocks and categorized into two types: one is pervasive, a¤ecting all eco-
nomic sectors; the other is nonpervasive, a¤ecting only a speci�c economic sector.
Under these assumptions, the resulting large dimensional factor model has two fea-
tures that are di¤erent from the usual model: (i) a large number of zero restrictions
are imposed on factor loadings; (ii) the number of factors grows with the number of
sectors. I provide a minimal set of identifying conditions of these two types of factors,
as well as e¤ective estimation methods. The estimators, which are jointly determined
by a set of eigenvector problems, are shown to be consistent and have a normal limiting
distribution. Finally, I apply the model to investigate di¤erent patterns of comovement
within real and �nancial sectors respectively. Empirical results suggest that comove-
ment within each sector is largely sector speci�c and the pervasive common factors
play only a limited role.
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1 Introduction

This paper provides an econometric theory for analyzing large dimensional factor models

with a multi-level factor structure. Such a multi-level feature arises naturally in a wide

range of economic applications. For example, in labor economics, a panel of households can

be divided into several income groups. Each income group faces both the economy-wide

common risk and the group-speci�c risk, being understood as the top-level factor and the

sub-level factor respectively. In international economics, the global economy consists of the

industrialized economy and the emerging economy, each being understood as an economic

group of the world economy. Further more, both groups include a large number of countries,

each country being a subsector of either economic group. The global common shocks, or the

top-level factors, have impact on all countries, while one group-speci�c shock, or a level-2

factor, only directly a¤ects one particular economic group. A country-speci�c shock, or a

level-3 factor, only has direct impact on one country.

Factor model itself as a dimension reduction tool has been widely applied in various

economic �elds. Inferential theory concerning explanatory static factor models of large di-

mensions has been derived for the computationally simple principal components estimators

(Bai, 2003), where the model is estimated under a set of exact identifying restrictions1. Cur-

rently, neither computationally simple estimators nor inferential theory for large dimensional

factor model is available when extra restrictions are present. The multi-level factor model is

a special restricted model, which di¤ers from the conventional explanatory factor model in

two aspects.

Firstly, the multi-level factor structure implies lots of zero restrictions on the factor load-

ings. When the number of variables is small, such models are objectives of con�rmatory

factor analysis, where maximum likelihood estimator (MLE) is proposed and inferential the-

ory is available (see Geweke and Singleton 1981). However, under a large N and large T

setup, the dimension of parameters regarding factor loadings is of the order O(N); which

makes MLE computationally intensive. Another issue with MLE is that distributional as-

sumptions are often made for both the factors and idiosyncratic terms, and it is still an open

question whether misspeci�cation matters for the inference under such a large N and large

T setup. In particular, existing identi�cation method requires sector-speci�c factors are or-

thogonal to each other. Instead, I provide a minimal set of identifying conditions, which does

1For large dimensional dynamic factor models, see Forni, Hallin, Lippi and Reichlin (2000, 2001, 2004,
2005), Forni, Giannone, Lippi and Reichlin (2003), Doz, Giannone and Reichlin (2007), Stock and Watson
(1998, 2002a, 2002b, 2005). A nice survey of the literature is given by Bai and Ng (2008).
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not impose the orthogonality restrictions between sector-speci�c factors. Furthermore, such

a orthogonality assumption is testable using the inferential theory derived in this paper.

Secondly, the number of factors grows with the number of sectors. When we add more

variables into a model by adding more sectors, we are also expanding the factor space because

new sectors bring new sector-speci�c shocks into the model. While in the conventional setup,

the number of factors is always a �xed number. The multi-level factor structure allows the

number of factors to grow without bound as the number of sectors increases to in�nity.

The multi-level factor structure is used to characterize how di¤erent shocks a¤ect di¤erent

range of economic variables. The baseline model considered in this paper is a two-level

factor model, consisting of several or many parallel economic sectors. Within each sector,

we observe a large number of time series. Factors are interpreted as unobserved economic

shocks, and are categorized into two types: one is the pervasive top-level factor, or the

common factor, a¤ecting every individual time series across all economic sectors; the other

is the nonpervasive sub-level factor, or the sector-speci�c factor, a¤ecting only one particular

sector. Let sector s be a speci�c subsector. Let xsit be the i
th variable of sector s observed

at time t; then the baseline model has the following representation,

xsit = 
s0i Gt + �
s0
i F

s
t + e

s
it; i = 1; :::; Ns; s = 1; :::; S; (1)

Gt : common shock, an r � 1 vector,
F st : shock speci�c to sector s; an rs � 1 vector,
Ns : number of time series within sector s;

N = N1 + :::+NS : total number of time series,

S : number of sectors,

where the exposure to common shocks and sector-speci�c shocks for individual i in sector s

is captured by 
si and �
s
i respectively.

We can also write down the above model in a vector form to compare with the conven-

tional factor model,266664
x1t

x2t

:::

xSt

377775 =
266664
�1 �1 ::: 0 0

�2 0 �2 ::: 0

::: ::: ::: ::: 0

�S ::: 0 0 �S

377775
266664
Gt

F 1t

:::

F St

377775+
266664
e1t

e2t

:::

eSt

377775 : (2)
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This representation makes clear its di¤erence from conventional factor models: (i) lots of

zero restrictions are imposed on factor loadings; (ii) the number of factors grows with the

number of sectors. I leave the discussion of identi�cation strategies and e¢ cient estimation

methods to the next section.

Recently, Boivin and Ng (2006) use empirical assessment to argue that a large N not

necessarily helps the estimation of common factors, due to potential existence of strong

cross-sectional correlations. The multi-level factor model deals with this problem from a

special angle, using sector-speci�c factor to capture cross-correlation within one sector not

explained by common factors, which in turn helps estimation of the common factors. It is

worth mentioning that, when the number of sectors is large, the information criteria in Bai

and Ng (2002) is not able to consistently estimate the total number of factors. This is because

the sector-speci�c factors are not pervasive enough to be counted as economy-wide common

factors, and the rank condition for factor loadings in Bai and Ng (2002)�s Assumption B

is not satis�ed when the number of sectors is large. To handle this problem, I provide a

two-step procedure to consistently estimate the number of both common factors and sector-

speci�c factors. Then a
p
N�consistent estimator for the common factor is proposed, which

is not possible from methods using less observations.2

In general, the economic sectors are di¤erentiated into K hierarchical levels, with each

level containing many units, any next level sector being a subsector for one of those units.

Level-1 sector is assumed to have only one unit, which includes all the time series considered.

Any unit in level k + 1 sector is a subsector of a speci�c unit within level k sector. To see

an example, the whole world is the level-1 sector. Region is the level-2 sector, consisting of

two units, the industrialized economy and the emerging economy, each being a subsector of

the world. Country is the level-3 sector. US is a unit in the level-3 sector, and is a subsector

of the northern economy. Likewise, we may de�ne country�s industry as the level-4 sector,

consisting of units such as automobile and agriculture industry within one country, so on

and so forth.3 Accordingly, Factors are interpreted as unobserved economic shocks, and are

categorized into di¤erent levels ordered from 1 to K: For example, a level-2 factor will only

directly a¤ect economic variables within one speci�c level-2 sector. By assumption, level-1

2For example, if sector-speci�c factors are uncorrelated with each other and independent of common
factors, then we may consistently estimate common factors using a subsample, consisting of one time series
from each subsector. However, the estimated common factors are only min(

p
S; T )�consistent as proved in

Bai (2003).
3An important feature of the model in this paper is to allow level-k factors to be correlated across

units within level-k sector. This is one feature generally not allowed in the state space approach to small
dimensional multi-level factor models. (Kose, et al., 2003)

4



factors a¤ect all economic variables.

Next, we provide an example to further illustrate economic environments where the

multi-level factor structure will present.

Example (Serial correlated factors): Assume a world with only two countries, home
and foreign. Suppose home country�s technology shock at a¤ects a vector of contemporaneous

home country�s variables xt; while only a¤ects the foreign country�s variables x�t with a lag.

And vice versa for the foreign country�s technology shock a�t . The technology shocks follow

an AR(1) process with i.i.d. error terms "t and "�t

at = �at�1 + "t and a�t = �
�a�t�1 + "

�
t :

Assume a linear model for xt and x�t with i.i.d. error terms et and e
�
t

xt = �1at + �2a
�
t�1 + et;

x�t = ��1a
�
t + �

�
2at�1 + e

�
t :

Combined with the AR(1) process for technology shocks, the above model can be rewritten as

xt = �1(�at�1 + "t) + �2a
�
t�1 + et = �1�at�1 + �2a

�
t�1 + �1"t + et;

x�t = ��1(�
�a�t�1 + "

�
t ) + �

�
2at�1 + e

�
t = �

�
2at�1 + �

�
1�
�a�t�1 + �

�
1"
�
t + e

�
t ;

or in the vector form

"
xt

x�t

#
=

"
�1� �2 �1 0

��2 ��1�
� 0 ��1

#266664
at�1

a�t�1

"t

"�t

377775+
"
et

e�t

#
:

In this case, the global factor is de�ned as Gt = [at�1; a
�
t�1]

0; while country speci�c factor

for home and foreign countries are de�ned as Ft = "t and F �t = "
�
t respectively. Denote the

factor loadings as � = [�1�; �2]; �
� = [��2; �

�
1�
�]; � = �1 and �

� = ��1; then the model can be

represented as model (2) with a 2-level factor structure

"
xt

x�t

#
=

"
� � 0

�� 0 ��

#264 GtFt
F �t

375+ " et
e�t

#
:
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By model assumption, Gt is uncorrelated with [Ft; F �t ]
0: This is also an example where a

special form of dynamic factor model can be reinterpreted as a static factor model with a

multi-level factor structure.

2 The Multi-Level Factor Structure and Model As-

sumptions

I �rst brie�y review the conventional static factor model setup. A static factor model for

ffxitgNi=1gTt=1 is given by4

xit = �
0
ift + eit; (3)

where xit is the observation for individual i at time t; factor ft is assumed to be common to

all individuals, and factor loading �i is individual i�s speci�c response to the common factor,

eit is the idiosyncratic error term, or the part of xit not explained by the common component

�0ift. The number of factors r; or the dimension of the vector ft; is assumed to be known for

simplicity.

Recall that in our baseline model with a two-level factor structure, xsit is the i
th observa-

tion of sector s at time t; which admits the representation given by equation (1):

xsit = 

s0
i Gt + �

s0
i F

s
t + e

s
it; i = 1; :::; Ns; s = 1; :::; S;

where Gt is the pervasive factor, which a¤ects all sectors. F st is the nonpervasive factor,

which only a¤ects sector s: It is convenient to express the model as N�dimensional time
series with T observations:

xst = �
sGt + �

sF st + e
s
t ; s = 1; :::; S; x

s
t is Ns � 1: (4)

De�ne

xt �

264 x1t

:::

xSt

375 ;� =
264 �1

:::

�S

375 ;�F =
266664
�1 0 ::: 0

0 �2 0 :::

::: ::: ::: :::

0 ::: 0 �S

377775 ; Ft =
264 F 1t

:::

F St

375 ; et �
264 e1t

:::

eSt

375 ; (5)

4Or in matrix form, X = F�0 +E; with dimension of X;F;� being T �N; T � r;and N � r respectively.
Both N and T are assumed to be large and are allowed to increase to in�nity.
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then the model can be represented by

xt �

264 x1t

:::

xSt

375 = �Gt + �FFt + et = [�;�F ]" Gt
Ft

#
+ et; (6)

where �F is block diagonal. If �FFt is known, then � and Gt are obtained based on data

from all countries using the pure static factor model xt��FFt = �Gt+et: If �Gt is known, �s

and F st are obtained using data from sector s from the pure static factor model x
s
t ��sGt =

�sF st + e
s
t using principal components method. However, we do not directly observe Gt or

Ft, which must be jointly inferred from data.

The estimator for (
si ; Gt; �
s
i ; F

s
t ) we considered in this paper is the one which minimizes

sum of squared residuals

TX
t=1

SX
s=1

NsX
i=1

(xsit � 
s0i Gt � �s0i F st )
2
=

TX
t=1

�
xt � �Gt � �FFt

�0 �
xt � �Gt � �FFt

�
;

subject to some identifying assumptions for (
si ; Gt; �
s
i ; F

s
t ); which we provide in the next

section. Notice that �F is a block diagonal matrix, which provides a large number of zero

restrictions. Moreover, the number of sector-speci�c factors, or the dimension of Ft; grows

with the number of sectors, and thus we must specify the asymptotic behavior of the number

of subsectors S when deriving large sample theory for Ft and Gt. In sum, we need to derive

a new asymptotic theory for estimators de�ned above.

Let jjAjj = [tr(A0A)]1=2 denote the norm of matrix A: The following assumptions are

extensions of Bai and Ng (2002) and Bai (2003) to the multi-level factor model, which are

needed to prove the consistency and large sample theory for the estimators.

Assumption A (Factors): EjjGtjj4 � M < 1; T�1
PT

t=1GtG
0
t

p! �G for some r � r
positive de�nite matrix �G: EjjF st jj4 � M < 1; T�1

PT
t=1 F

s
t F

s0
t

p! �F s for some rs � rs
positive de�nite matrix �F s ; s = 1; :::; S: De�ne Ht = [G0t; F

0
t ]
0:When S is �xed, assume that

T�1
PT

t=1HtH
0
t

p! �H for some positive de�nite matrix �H with rank r+ r1+ :::+ rs:When

S !1; assume that plim(T;S)!1
�max
�min

< c for some constant c > 0; where �max and �min are

the largest and smallest eigenvalues of T�1
PT

t=1HtH
0
t respectively.

Assumption B (Factor loadings): jj
si jj � �
 <1; jj�si jj � �
 <1; jj�s0�s=Ns���s jj !
0 for some r � r positive de�nite matrix ��s ; and jj�s0�s=Ns � ��s jj ! 0 for some r � r
positive de�nite matrix ��s , s = 1; :::; S; and jj�0�=N � ��jj ! 0 for some r � r positive
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de�nite matrix �� = limS!1
1
S

PS
s=1��s : Further, rank

�h
�s �s

i�
= rs + r:

Assumption C (Time and Cross-Section Dependence and Heteroskedasticity): There

exists a positive constant M <1 such that for all i; s and t :

1. E(esit) = 0; E(e
s
it)
8 �M:

2. E(e0ket=N) = E(
1
N

PS
s=1

PNs
i=1 e

s
ike

s
it) = 
N(k; t); j
N(t; t)j �M for all t; and

1

T

TX
k=1

TX
t=1

j
N(k; t)j �M:

3. E(es1it e
s2
jt ) = �

s1s2
ij;t ; with j� s1s2ij;t j � � s1s2ij for some � s1s2ij � 0 and for all t: Moreover

1

N

SX
s1=1

SX
s2=1

Ns1X
i=1

Ns2X
j=1

� s1s2ij �M:

4. E(es1ike
s2
jt ) = �

s1s2
ij;kt and (NT )

�1PS
s1=1

PS
s2=1

PNs1
i=1

PNs2
j=1

PT
k=1

PT
t=1 j�

s1s2
ij;ktj �M:

5. For every (k; t); EjN�1=2PS
s=1

PNs
i=1[e

s
ike

s
it � E(esikesit)]j4 �M:

Assumption D (Weak dependence between factors and idiosyncratic errors):

E

0@ 1

Ns

NsX
i=1






 1p
T

TX
t=1

F st e
s
it







2
1A � M; s = 1; :::; S;

E

0@ 1

N

SX
s=1

NsX
i=1






 1p
T

TX
t=1

Gte
s
it







2
1A � M:

Assumption A allows factors to be arbitrary stationary autoregressive processes, while

the relationship between factors and xsit is still static. When a �nite number of lagged factors

also a¤ect xsit; we can always rede�ne a new factor as a vector of current and lagged original

factors, such that the relationship between the newly de�ned factor and xsit is static. For

example, if we have the following dynamic factor model

xst = �
s
1Gt + �

s
2Gt�1 + �

s
1F

s
t + �

s
2F

s
t�1 + e

s
t :

We may rede�ne a new global factor ~Gt = [Gt; Gt�1]
0 and new sector-speci�c factor ~F st =

[F st ; F
s
t�1]

0; such that a new static factor model is obtained

xst = �
s ~Gt + �

s ~F st + e
s
t ;
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where the new factor loadings are de�ned as �s = [�s1;�
s
2] and �

s = [�s1;�
s
2]: Thus we may

focus on the static factor model, while the derived properties still hold for dynamic factor

speci�cation with a �nite number of lagged factors directly a¤ecting xsit: The rank condition

for Ht rules out the possibility that di¤erent factors are perfectly correlated.

Assumption B guarantees that each global factor Gmt has a nontrivial contribution to the

variance of xt; m = 1; :::; r; while each sector-speci�c factor F sjt has a nontrivial contribution

to the variance of xst ; j = 1; :::; rs: Thus Gt is pervasive to all variables, while F st is only

pervasive within sector s: Further, the rank condition, rank
�h
�s �s

i�
= rs+r, guarantees

enough heterogeneity among individual variables within sector s when responding to both

factors: This rank condition is crucial for separate identi�cation of Gt and F st : For example,

the following model is not identi�ed without further assumptions,

x1it = Gt + F
1
t + e

1
it; i = 1; :::; N1;

x2jt = Gt + F
2
t + e

2
jt; j = 1; :::; N2:

Assumption C allows for limited time series and cross section dependence, as well as

heteroskedasticities in both the time and cross-section dimensions in the idiosyncratic er-

rors. The cross-section correlation in the idiosyncratic errors allows the model to have

an approximate factor structure as in Chamberlain and Rothschild (1983), in contrast to

the conventional strict factor model where idiosyncratic errors are uncorrelated across sec-

tion. Moreover, assumption C is more general than the approximate factor model de�ned

in Chamberlain and Rothschild (1983), because heteroskedasticity in the time dimension is

also allowed.

When deriving the large sample theory, I assume that the numbers of factors r; rs;

s = 1; :::; S are �xed and known. When the number of factors is unknown, we may apply a

two step procedure to select the number of factors. In step 1, Bai and Ng (2002)�s information

criteria is applied to each sector to obtain \(r + rs); s = 1; :::; S: Then, combining any two

sectors, say s = 1 and j; we may use the information criteria again to estimate the dimension

of [G0t; F
10
t ; F

j0
t ]
0; with the estimator given by \r + r1 + rj for j = 2; :::; S: In the second step,

de�ne

r̂ = min
fj=2;:::;Sg

f\r + ri +\r + rj � \r + ri + rjg: (7)

Then the resulting r̂ is a consistent estimator for the dimension of global factors. And we

may consistently estimate rs by r̂s = \(r + rs)� r̂:
It is worth mentioning that \(r + r1 + r2) is not necessarily consistent for the true r+r1+r2.
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The reason is that a factor common to two sectors is not necessarily common to all sectors.

One example is the regional e¤ect. The shocks common to the North America region are

not necessarily pervasive enough to be counted as global shocks. Thus in a two level sector

setup, such regional e¤ects, if not directly a¤ecting countries out of the North America

region, should be regarded as factors speci�c to countries in North America. In fact, we may

only prove that plimf \(r + r1 + r2) � r + r1 + r2g = 1:
We leave the e¢ cient selection of the number of factors to future research, where r; r1; :::; rS

are jointly estimated. It is also worth mentioning that the asymptotic theory for factors and

factor loadings is not a¤ected if the number of factors is estimated. This is shown in the

footnote 5 in Bai (2003). In this case, the following stronger assumption is needed.

Assumption E (Weak Dependence): For all k; t; j; s2; T and N
1.
PT

k=1 j
N(k; t)j �M <1:
2.
PS

s1=1

PNs1
i=1 �

s1s2
ij �M <1

This assumption is stronger than assumption C2 and C3, but is still very general.

3 Identi�cation of the Multi-Level Factor Model

The objective of this section is to �nd restrictions on the model, such that (i) the model is

uniquely identi�ed under such normalization, and (ii) common factors and sector-speci�c fac-

tors are separately identi�ed. Notice that (i) can be achieved by imposing extra restrictions

on factor loadings only, while the resulting factor estimators are lack of economy explana-

tions. We treat (ii) as an important issue, because it allows us to cast economic meanings

and examine the interaction of di¤erent factors.

Although the multi-sector factor model imposes a large number of zero restrictions on fac-

tor loadings, common factors and sector-speci�c factors are not separately identi�ed, unless

we made further model assumptions about correlations between Gt and Ft. To see a simple

example, notice that the data generating process xst = �
sGt + �

sF st + e
s
t is observationally

equivalent to xst = ~�
sGt +�

s ~F st + e
s
t ; where ~�

s = �s � �sRs and ~F st = F st +RsGt; Rs being
an arbitrary rs � r matrix. Thus we make the following model assumptions such that the
sector-speci�c factors is separately identi�ed from common factors.

Assumption F: If factors have zero mean, assume
PT

t=1GtF
s0
t = 0 for s = 1; :::; S: If

factors have nonzero mean, assume 1
T

PT
t=1GtF

s0
t � [ 1T

PT
t=1Gt][

1
T

PT
t=1 F

s0
t ] = 0:

The population correspondent of Assumption F is Cov(Gt; F st ) = 0 for s = 1; :::; S. We

assume assumption F holds throughout. The above assumptions rule out the possibility that
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common factors contains information about sector-speci�c factors.

In general, consider a transformation(rotation) matrix of the following form

R =

266664
A 0 ::: 0

B1 A1 ::: :::

::: ::: ::: :::

BS 0 ::: AS

377775
for any A; Aj; j = 1; :::; S full rank and Bj conformable. A multi-sector factor model scaled

by the rotation matrix R will retain the zero restrictions on factor loadings and still be

observationally equilvalent to the original one. For example266664
�1 �1 0 ::: 0

�2 0 �2 ::: 0

::: ::: ::: ::: 0

�S ::: 0 0 �S

377775
266664
A 0 ::: 0

B1 A1 ::: :::

::: ::: ::: :::

BS 0 ::: AS

377775 =
266664
�1A+ �1B1 �1A1 0 ::: 0

�2A+ �2B2 0 �2A2 ::: 0

::: ::: ::: ::: 0

�SA+ �SBS ::: 0 0 �SAS

377775
This implies that we need at least r2 + (r1 + ::: + rS)r + r21 + ::: + r

2
S more restrictions to

make the model identi�ed. If there is no structural restrictions from economic theory to

achieve that amount, we need some normalizations to obtain a unique solution for both

factor loadings and factors.

Recall that for a pure static factor models of the same dimension as the above one, the

number of restrictions needed for identifying the model is

(r + r1 + :::+ rS)
2

while in the multi-sector factor model, the number of restrictions implied by zero restrictions

on the factor loadings is

(S � 1) � (N1r1 + :::+NSrS)

Notice that (r+ r1 + :::+ rS)2 � S � (r2 + r21 + :::+ r2S): Although this upper bound is much
smaller than (S � 1) � (N1r1 + :::+NSrS); the model still lacks identi�cation.
De�nition 1: Within sector identi�cation. If �sGt is known for s = 1; :::; S, �s

and F st in the model x
s
t � �sGt = �sF st + est are uniquely identi�ed.

De�nition 2: Between sector identi�cation. If �sF st is given for s = 1; :::; S, then
� and Gt are uniquely identi�ed from the model xst � �sF st = �sGt + est :

11



Remark: Between sector identi�cation requires r2 more restrictions, given the sector-
speci�c common components, while within sector need r21 + ::: + r

2
S more given the common

components. The orthogonality between common and sector-speci�c factors impose (r1 +

:::+ rS)r restrictions. We expect these restrictions will uniquely pin down the above rotation

matrix as an identify matrix.

Proposition 1: Given the rank conditions in Assumption B, the factor loadings for the
multi-level factor model (2) are identi�ed up to a linear transformation of the following form,

R� =

266664
A00 0 ::: 0

A10 A11 ::: 0

::: ::: ::: :::

AS0 0 ::: ASS

377775
where Aij is any ri � rj matrix with r0 = r. It means that the factor loadings in model (6),
after being multiplied by the matrix R�; will preserve the same zero restrictions. Common

factors can be identi�ed up to an r � r transformation, while the sector-speci�c factors can
only be identi�ed as a linear combination of common factors and original sector-speci�c

factors. If we further assume Assumption F holds, then the space spanned by columns of G

and the space spanned by columns of F s are separately identi�ed, s = 1; :::; S:

Proof of proposition 1: Assume a rotation matrix R will preserve the same zero

restrictions, which means the structural form of the grand factor loading matrix will not

change after being multiplied by R;266664
�1 �1 ::: 0 0

�2 0 �2 ::: 0

::: ::: ::: ::: 0

�S 0 ::: 0 �S

377775
266664
A00 A01 ::: A0S

A10 A11 ::: A1S

::: ::: ::: :::

AS0 ::: ::: ASS

377775 =

266664
�̂1 �̂1 ::: 0 0

�̂2 0 �̂2 ::: 0

::: ::: ::: ::: 0

�̂S 0 ::: 0 �̂S

377775

with

266664
A00 A01 ::: A0S

A10 A11 ::: A1S

::: ::: ::: :::

AS0 ::: ::: ASS

377775 = R

Notice that Aij is of dimension ri � rj and r0 � r: First consider the second block column
of the transformed grand factor loading matrix, the restrictions implies (j; 2) � th block of

12



rotated loadings are zeros, j = 2; :::; S, in particular

�2A01 + �
2A21 = 0; :::;�SA01 + �

SAS1 = 0h
�2 �2

i " A01
A21

#
= 0 implies

"
A01

A21

#
= 0;

Provided that rank
�h
�2 �2

i�
= r2 + r

Similarly, rank
�h
�s �s

i�
= rs + r implies As1 = 0; s = 2; :::; S

The rank condition for factor loadings is implied by model assumptions. Likewise, we have

Aij = 0; for i 6= j and j 6= 0: Thus we can pin down the rotation matrix to have the following
form

R� =

266664
A00 0 ::: 0

A10 A11 ::: 0

::: ::: ::: :::

AS0 0 ::: ASS

377775
The above transformation implies the rotated factor loadings become266664
�1 �1 ::: 0 0

�2 0 �2 ::: 0

::: ::: ::: ::: 0

�S 0 ::: 0 �S

377775
266664
A00 0 ::: 0

A10 A11 ::: 0

::: ::: ::: :::

AS0 0 ::: ASS

377775 =
266664
�1A00 + �

1A10 �1A11 ::: 0 0

::: 0 �2A22 ::: 0

::: ::: ::: ::: 0

�SA00 + �
SAS0 0 ::: 0 �SASS

377775
The inverse of the rotation matrix R� takes a special form as well, which is determine by the

following formula266664
A00 0 ::: 0

A10 A11 ::: 0

::: ::: ::: :::

AS0 0 ::: ASS

377775
266664
B00 B01 ::: B0S

B10 B11 ::: :::

::: ::: ::: :::

BS0 BS1 ::: BSS

377775 =
266664
Ir

Ir1

:::

IrS

377775
After solving the above equation, we obtain

(R�)�1 =

266664
B00 0 ::: 0

B10 B11 ::: 0

::: ::: ::: :::

BS0 0 ::: BSS

377775
13



with Bjj = A�1jj : Apply this transformation on factors and we obtain

(R�)�1

266664
Gt

F 1t

:::

F St

377775 =
266664
B00 0 ::: 0

B10 B11 ::: 0

::: ::: ::: :::

BS0 0 ::: BSS

377775
266664
Gt

F 1t

:::

F St

377775 =
266664

B00Gt

B10Gt +B11F
1
t

:::

BS0Gt +BSSF
S
t

377775
We can see that common factor (up to an r � r rotation) is well identi�ed, while sector-
speci�c factors is mixed with common factors after the rotation. Recall the example that

the data generating process xst = �sGt + �
sF st + e

s
t is observationally equivalent to x

s
t =

~�sGt + ~�
s ~F st + e

s
t ; where ~�

s = �s ��s(Bss)�1Bs0; ~�s = �s(Bss)�1 and ~F st = Bs0Gt +BssF st :
Without further assumptions, we can always rede�ne a new sector-speci�c factor as a linear

combination of common factor and original sector-speci�c factor, such that the new model

is observationally equivalent to the original one.

If we further assume assumption F holds, then Bs0 = 0; s = 1; :::; S: The rotation matrix

R� becomes a block diagonal matrix, and then B00Gt and BssF st are separately identi�ed.

Thus the space spanned by columns of G and the space spanned by columns of F s are

separately identi�ed. Q.E.D.

Suppose we have estimated both common factors and sector-speci�c factors, with Ĝt
being an estimator for the true common factors up to a rotation while ~F st estimating a

linear combination of rotated true common factors and rotated true sector-speci�c factors

for sector s. After imposing the orthogonality assumption F; we can recover rotated sector-

speci�c factors F̂ st based on the following regression

~F st = R̂sĜt + F̂
s
t

where R̂s is the OLS estimator. If factors have nonzero mean, F̂ st cannot be treated just

as residuals of a linear regression equation. Since the objective is to estimate R̂s; we can

demean the above equation to obtain

~F st � �s = R̂s(Ĝt � �G) + F̂ st � �F

where �s; �G and �F are sample average of corresponding variables. Then R̂s = f
PT

t=1(
~F st �

�s)(Ĝt � �G)0gf
PT

t=1(Ĝt � �G)(Ĝt � �G)0g�1 is consistent, because of the orthogonality
assumption between common and sector-speci�c factors. The resulting F̂ st = ~F st � R̂sĜt

14



will be an estimator for the true sector-speci�c factor up to a full rank rs � rs matrix
transformation.

The original estimated model has the representation xst = �̂sĜt + �̂
sF̂ st + ê

s
t which is

equivalent to

xst = (�̂
s + �̂sR̂s)Ĝt + �̂

s(F̂ st � R̂sĜt) + êst

If theory suggests that upper square block of sector-speci�c factor loadings is identity matrix,

we have

R�1

266664
Gt

F 1t

:::

F St

377775 =
266664
B00 0 ::: 0

B10 Ir1 ::: 0

::: ::: ::: :::

BS;0 0 ::: IrS

377775
266664
Gt

F 1t

:::

F St

377775 =
266664

B00Gt

B10Gt + F
1
t

:::

BS;0Gt + F
S
t

377775
Then the projection yields estimates for true sector-speci�c factors instead of a rotation.

Remark: We achieve identi�cation through assumptions on both factors and factor

loadings. For example, we require G0F s = 0 for all s = 1; :::; S; which pins down Bs;0 = 0:

As a by-product, Gt and F st are separately identi�ed. Adding the assumption that within and

between sector identi�cation is achieved ; the model will be uniquely identi�ed. For example,

we may require that the upper r� r blocks of �1;�s are Ir and Irs respectively, s = 1; :::; S:

3.1 Exact Identifying Restrictions

The following identi�cation scheme imposes r2 + (r1 + ::: + rS)r + r21 + ::: + r
2
S restrictions

to make the multi-level factor model exactly identi�ed, namely, the multi-level factor model

structure coupled with our extra imposed restrictions uniquely pin down factors and factor

loadings as parameters.

type Summary of restrictions # of restrictions

1 G0G
T
= Ir and �0� diagonal r2

2 F s0F s

T
= Irs and �s0�s diagonal, 8s r21 + :::+ r

2
S

3 G0F s = 0;8s (r1 + :::+ rS)r

15



Recall that266664
�1 �1 ::: 0 0

�2 0 �2 ::: 0

::: ::: ::: ::: 0

�S 0 ::: 0 �S

377775
266664
A00 0 ::: 0

A10 A11 ::: 0

::: ::: ::: :::

AS;0 0 ::: AS;S

377775 =
266664
�1A00 + �

1A10 �1A11 ::: 0 0

::: 0 �2A22 ::: 0

::: ::: ::: ::: 0

�SA00 + �
SAS;0 0 ::: 0 �SAS;S

377775
The following chart is a summary of role played by each type of restrictions

type 2 , Ass = Irs ; s = 1; :::; S

type 1 and 3 () A10 = 0; :::; AS0 = 0; A00 = Ir

We may see both within group identi�cation and between group identi�cation are necessary

conditions for the identi�cation of the model.

Remark: Restrictions implied by model assumptions only involve zero blocks in the grand
factor loading [�;�F ] and orthogonality between common factors and sector-speci�c factors.

All other restrictions we assume serve the purpose of 1) producing unique solution of the least

squares problem, and 2) separately identifying common factors and sector-speci�c factors.

Type 1 and type 2 restrictions are normalizations as in the standard analysis of static factor

models. Type 3 restriction is not a normalization, but an indispensable additional model

assumption such that the sector-speci�c factor is well de�ned instead of being mixed with the

common factor.

The existing identi�cation scheme for small dimension models, such as in Kose, et al

(2003), assumes not only sector-speci�c factors are uncorrelated with common factors, but

sector-speci�c factors are mutually uncorrelated to each other. When the true sector-speci�c

factors show certain degree of correlation, this identi�cation scheme misspeci�es the model,

and it is still an open question whether the resulting estimators, explained as quasi maximum

likelihood (QMLE) estimators, are consistent or not. The exact identifying restrictions

assumed by this paper is immune to such misspeci�cation problems, and thus will be able

to provide valid information about dynamic properties as well as the correlation feature of

the factors.
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4 Estimation of the Multi-Level Factor Model

4.1 Maximum Likelihood Estimation

When we have small N and large T; maximum likelihood estimation method can be used. In

particular, an EM algorithm can be easily derived following Anderson (1980). If in addition

dynamic structure is imposed on factors, we can form a state space model with restrictions

on its parameters, and use Kalman �lter to compute the likelihood function, with Kalman

smoother being used as estimators for factors. The latter approach was applied by Kose, et al

(2003) to study global, regional and country-speci�c shock under an international business

cycle context. However, when N is large, MLE involves a large number of parameters,

imposing a great burden to the computation of the maximum.

Another alternative method is to apply Geweke and Singleton (1981)�s spectral density

estimation, to deal with the restrictions imposed on the model. However, the large sample

theory therein is set forth for �xedN and large T:When the number of cross section variables

is large, inference should be based on both N and T going to in�nity, where although sample

covariance matrix is component-wise convergent to population covariance matrix, the overall

convergence for the covariance matrix is not de�ned for the case with large N . When N > T;

the sample covariance matrix is not a full rank matrix, however the population covariance

matrix can always be of full rank.

One challenge for likelihood approach is that explicit dynamic processes and correlation

assumptions need to be made for the whole factor vector [Gt; F 1t ; :::; F
S
t ]; which would be a

nontrivial parametrization task. When the number of sectors is large; it is more likely that

sector-speci�c factors will show certain degree of cross correlation, and the correlation might

be strong for a group of sector-speci�c factors.

This paper treat both factor loadings and factors as parameters of interest, and allow cer-

tain degrees of correlation between sector-speci�c factors. We also allow stochastic volatility

to present in factors, as long as assumption A and D are satis�ed. The asymptotic theory is

based on asymptotic expansion for the nonlinear restricted least squares estimator, which is

de�ned in the next section.
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4.2 Least Squares Estimation

In the least squares estimation, one chooses (
si ; Gt; �
s
i ; F

s
t ) to minimize the total sum of

squared residuals

min

TX
t=1

SX
s=1

NsX
i=1

(xsit � �s0i Gt � �s0i F st )2 (8)

subject to the following three types of restrictions,

1) Within sector identi�cation: F s0F s=T = Irs and �
s0�s diagonal.

2) Between sector identi�cation: G0G=T = Ir and �0� diagonal.

3) Separating common and sector-speci�c factors: G0F = 0:

The following theorem characterizes least squares solution under the above restrictions.

Theorem 1: Assume 1) within sector identi�cation, 2) between sector identi�cation, 3)
orthogonality between common factors and sector-speci�c factors. Let F = [F 1; F 2; :::; F S];

Xs = [xs1; :::; x
s
T ]
0: De�ne As = XsXs0 and A = A1+ :::+AS: Assume rank(F ) = r1+ :::+rS;

then the least squares solution for factors is determined by the following eigenvector problem

1) 1p
T
Ĝ = r eigenvectors for PF̂A corresponding to its largest r eigenvalues,

2) 1p
T
F̂ s = rs eigenvectors for PĜA

s corresponding to its largest rs eigenvalues,

3) PF̂ = IT � F̂ (F̂ 0F̂ )�1F̂ 0

4) PĜ = IT � Ĝ(Ĝ0Ĝ)�1Ĝ0 = IT � ĜĜ0=T

The estimators for factor loadings are given by [�̂s; �̂s] = Xs0[Ĝ; F̂ s]=T:

Proof of theorem 1: see appendix.

Remark: The solution is quite intuitive. For example, the entire data sets contain

information of global factors, resulting the use of A; and common factors are orthogonal to

all sector-speci�c factors, resulting the use of projection matrix PF to eliminate information

of sector-speci�c factors contained in A: Likewise, only sector s contains information of

sector-speci�c factor F s; resulting the use of only As = XsXs0; and the projection matrix

PG removes information regarding common factors from As:

Remark: Iterative Principal Component Analysis (Iterative PCA): It is easy to prove
that an equivalent characterization of the least squares estimators is given by

1) [�̂; Ĝ] is principal components estimator for zt = �Gt + vt
2) [�̂s; F̂ s] is principal components estimator for yst = �

sF st + u
s
t ; s = 1; :::; S

3) Ĝ0F̂ = 0

18



where zt = [z10t ; :::; z
S0
t ]

0 with zst = x
s
t��̂sF̂ st ; and yst = xst��̂sĜt: This motivates the following

alternative computational algorithm, which is fast and robust to choice of starting values.

1) Choose an initial estimates for global factors Ĝ and corresponding factor loadings �̂.

2) Perform principal component analysis according to yst = �
sF st + e

s
t to obtain �̂

s and

F̂ st for all s; where y
s
t = x

s
t � �̂sĜt:

3) Perform principal component analysis according to zt = �Gt+ut to obtain new �̂ and

Ĝ; where zt = [z10t ; :::; z
S0
t ]

0 and zst = x
s
t � �̂sF̂ st :

4) Iterate between 2) and 3) until some convergence criteria for global factors is met.

The above algorithm only imposes within and between sector identi�cation restrictions,

and does not utilize the assumption that G0F = 0: However, the common factors are well

identi�ed up to an r � r matrix transformation, then we may obtain estimates for sector-
speci�c factors as ~F s = PĜF̂

s; where PĜ = IT � ĜĜ0=T: Also notice that the iterative PCA
has the desired property that each iteration will decrease the objective function, i.e., the total

sum of squared residuals. To guarantee that the alternative algorithm converges to the �xed

point solution characterized by theorem 1, we need to add the projection step ~F s = PĜF̂
s

between step3 and step 4.

Theorem 1 can be readily extended to estimate a factor model with more than two levels

of factors. For example, suppose one has a three-level factor model de�ned as follows

xskit = 
sk0i Gt + �
sk0
i F

s
t + �

sk0
i R

k
t + e

sk
it ;

i = 1; :::; Nsk; s = 1; :::; S; k = 1; :::; K;

where s is the index for level-2 factors and k is the index for level-3 factors. Using similar

notations as Theorem 1, the following Corollary characterizes the least squares estimators

for the above three-level factor model. De�ne the T �Nsk matrix Xsk =
�
xskit
�0
:

Corollary 1: Assume 1) within sector identi�cation, 2) between sector identi�cation,
3) orthogonality between common factors Gt, level-2 factors F st and level-3 factors R

k
t . Let

F = [F 1; F 2; :::; F S]; R = [R1; R2; :::; RK ]; FR = [F;R]; FG = [F;G]; RG = [R;G] and

Xsk = [xsk1 ; :::; x
sk
T ]

0: De�ne Ask = XskXsk0; As = As1 + ::: + AsK ; and A = A1 + ::: + AS:

Assume FR; FG and RG all have full column rank, then the least squares solution for factors
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is determined by the following eigenvector problem,

1) 1p
T
Ĝ = r eigenvectors for PdFRA corresponding to its largest r eigenvalues,

2) 1p
T
F̂ s = rs eigenvectors for PdRGAs corresponding to its largest rs eigenvalues,

3) 1p
T
R̂k = rk eigenvectors for PdFGAk corresponding to its largest rk eigenvalues,

4) dFR = [F̂ ; R̂]; dRG = [R̂; Ĝ]; dFG = [F̂ ; Ĝ];
5) PY = IT � Y (Y 0Y )�1Y 0 is the projection matrix for a matrix Y

The estimators for factor loadings are given by [�̂sk; �̂sk; �̂sk] = Xsk0[Ĝ; F̂ s; R̂k]=T:

5 Inference

Additional assumptions are needed to derive the large sample theory.

Assumption G (Moments and Central Limit Theorem): There exists a positive constant
M <1 such that for all N;S and T :

1. for each t and s

E






 1p
NsT

NsX
i=1

TX
k=1

F sk [e
s
ike

s
it � E(esikesit)]







2

� M

E






 1p
NT

SX
s=1

NsX
i=1

TX
k=1

Gk [e
s
ike

s
it � E(esikesit)]







2

� M

2. for F and G

E






 1p
NsT

NsX
i=1

TX
t=1

F st �
s0
i e

s
it







2

� M

E






 1p
NT

SX
s=1

NsX
i=1

TX
k=1

Gt

s0
i e

s
it







2

� M

3. for each t and s; as Ns !1 and N !1

1p
Ns

NsX
i=1

�sie
s
it

d! N(0;�st)

1p
N

SX
s=1

NsX
i=1


sie
s
it

d! N(0;�t)
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where �st = limNs!1(1=Ns)
PNs

i=1

PNs
j=1 �

s
i�
s0
j E(e

s
ite
s
jt) and

�t = limN!1(1=N)
PS

s=1

PNs
i=1

PNs
j=1i 


s
i

s0
j E(e

s
ite
s
jt);

4. for each i; as T !1

1p
T

TX
t=1

F st e
s
it

d! N(0;�si )

1p
T

TX
t=1

Gte
s
it

d! N(0;	si )

where �si =
1p
T

PT
t=1

PTs0
k=1j E(F

s
t F

s
k e
s
ite
s
jt) and 	

s
i =

1p
T

PT
t=1

PTs0
k=1j E(GtG

0
te
s
ite
s
jt):

Assumption H: The eigenvalues of the rs � rs matrix (��s�F s) are distinct. The

eigenvalues of the r � r matrix (���G) are distinct.

Given the model xst = �
sGt + �

sF st + E
s
t ; the least squares estimator is not equivalent

to the least squares estimator from a transformed representation using projection matrix

P s � IM � �s(�s0�s)�1�s0

P sxst = P
s�sGt + U

s
t

because the latter loses information on F st and the information on the orthogonality between

Ft and Gt: Asymptotic theory is based on the �xed point solution for fGtg and fFtg jointly
determined by �rst order conditions.

Remark: If S is �xed, then Bai�s 2003 results can be applied with some modi�cation,
taking into account the zero restrictions. The convergence rates for Gt and Ft are at the

same level.

Remark: If S is large, we may perform sector by sector analysis. Convergence rates for
Gt and Ft will be di¤erent. We will prove that to make inference on Ft; we can treat Gt as

known. The convergence rate is
p
N for Gt while

p
Ns for Ft:

Remark: Requiring orthogonality between F and G pins down rotation matrix as block

diagonal, in order to let the rotated model have same factor loading structure. To separately

identify Gt and Ft; two sectors in the sample are enough for the purpose.

The development of asymptotic theory for the �xed point type estimator is a non-standard

one, because the estimation error for G depends on the estimation error for fF 1; :::; F Sg;
and vice versa. Assuming S !1; the approach taken by this paper follows three steps.
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1) We provide an
p
N�consistent initial estimator for Gt and

p
T�consistent estimator

for corresponding factor loadings 
si :

2) We then prove that the estimated F st is
p
Ns�consistent, given

p
N�consistent initial

estimator of Gt: The limiting distribution for estimated F st is normal, and invariant to the

choice of initial estimator for Gt as long as it is
p
N�consistent.

3) Given the asymptotic expansion of the previous step estimated F st ; we are able to

derive the asymptotic expansion of estimated Gt as a function of previous step estimated

Gt: The �xed point representation for this asymptotic expansion will provide the asymptotic

distribution of �xed point estimator for Gt; which is
p
N�normal.

5.1 Inference when S = 2

To �x idea, we assume S = 2. Let H = [G;F 1; F 2] be T � (r + r1 + r2) and H1 = [G;F 1];

H2 = [G;F 2]: The overall model can be seen as a static factor model with r+ r1+ r2 factors,

with N = N1 +N2 observations at any time t;

Yt = �Ht + et; where � =

"
�1 �1 0

�2 0 �2

#

Notice that by assumption

�0�=N =

264 �
10�1 + �20�2 �10�1 �20�2

�10�1 �10�1 0

�20�2 0 �20�2

375 =N ! ��

It is straightforward to check that assumptions A�G in Bai (2003) are satis�ed, which means
the inferential theory developed in Bai (2003) regarding principal components estimator �̂

and Ĥt hold. However, the inferential theory is developed with only (r+r1+r2)2 restrictions,

while the zero restrictions on the grand factor loading matrix � are not considered. This

implies that, even with S = 2; the multi-level factor model structure impose extra restrictions

over the grand static factor model, because N2r1 + N1r2 >> (r + r1 + r2)2 for N1 and N2
large. Also the principal components estimator Ĥt does not directly translate into Ĝt; F̂ 1t
and F̂ 2t : Thus we need to estimate a rotation matrix for Ĥt such that Ĝt; F̂

1
t and F̂

2
t are

separated obtained.
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5.1.1 A Two-Step Estimator

Before turning to our iterative type estimator, we �rst present a two-step estimator whose

properties are easily studied. For simplicity, we assume r = rs; N1 = N2 =M: Let a variable

with superscript �*�denotes foreign variable and assume

Xt = �Gt + �Ft + Et

X�
t = ��Gt + �

�F �t + E
�
t

To separately identify Gt and Ft, F �t ; we assume Gt ? (Ft; F �t ):
In the �rst step, we conduct sector-by-sector principal component analysis to extract

sectorial factors Ĥt; Ĥ�
t , which have the following property

Ĥt =

 
R11 R12

R21 R22

!�
Gt
Ft

�
+ ut;

Ĥ�
t =

 
R�11 R�12

R�21 R�22

!�
Gt
F �t

�
+ u�t

where ut; u�t = Op(
1p
M
) if assuming M

T 2
! 0 according to Theorem 1 in Bai (2003), Rij

and R�ij are r � r matrices for all i; j. Moreover,
p
Mut and

p
Mu�t have normal limiting

distributions and are asymptotically independent.

In the second step, we provide consistent estimator for the rotation matrix based on our

identifying assumptions. Then the two step estimator for Gt; Ft and F �t are obtained by

multiplying Ĥt and Ĥ�
t using the estimated rotation matrix. The resulting estimators have

the same convergence rate as Ĥt and Ĥ�
t :

Proposition 2: Assuming 1) R11 = R12 = R�12 = Ir; 2)
PT

t=1GtF
0
t =

PT
t=1GtF

�0
t = 0;

then all the remaining parameters fR21; R22; R�11; R�21; R�22;�G;�F ;�F �g are uniquely identi-
�ed.

Remark: We are interested in estimating a rotation of Gt; Ft and F �t respectively, which
leaves r2 + r21 + r

2
2 = 3r

2 degrees of freedom. Rewrite the above equations as

Ĥt =

 
Ir Ir

R21R
�1
11 R22R

�1
12

!�
R11Gt
R12Ft

�
+ ut;

Ĥ�
t =

 
R�11R

�1
11 Ir

R�21R
�1
11 R�22(R

�
12)

�1

!�
R11Gt
R�12F

�
t

�
+ u�t
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Because R11Gt can be treated the same as true global factors Gt as our objective of interest,

to save notation, we replace R11Gt by Gt and similarly for R12Ft and R�12F
�
t : Rede�ne the

coe¢ cient matrix to obtain the following equivalent representation

Ĥt =

 
Ir Ir

A21 A22

!�
Gt
Ft

�
+ ut;

Ĥ�
t =

 
A�11 Ir

A�21 A�22

!�
Gt
F �t

�
+ u�t

or more speci�cally

Ĥ1t = Gt + Ft + u1t;

Ĥ2t = A21Gt + A22Ft + u2t;

Ĥ�
1t = A�11Gt + F

�
t + u

�
1t

Ĥ�
2t = A�21Gt + A

�
22F

�
t + u

�
2t

or in matrix notation

~Ht �
�
Ĥt
Ĥ�
t

�
=

0BBBB@
Ir Ir 0

A21 A22 0

A�11 0 Ir

A�21 0 A�22

1CCCCA
0B@ Gt

Ft

F �t

1CA+Op( 1p
M
)

The above proposition states that, coupled with the assumption that G0F = 0; G0F � = 0;

the above model is identi�ed.

Proof for Proposition 2: see appendix.
The above analysis implies that quasi maximum likelihood analysis of the above system

yields unique solution. Assume that

(G;F; F �)0 � (G;F; F �)=T !p

0B@ VG 0 0

0 VF V 0

0 V VF �

1CA
where the RHS is the covariance matrix for factors.

In the second step, we can perform con�rmatory factor analysis on the above restricted

linear system. Using quasi maximum likelihood estimation or minimum distance estimator
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(least squares estimator)5, we will obtain at least
p
T�consistent coe¢ cient estimator A and

A�:6

The 2-step estimator for common factors and sector-speci�c factors are given by0B@ Ĝt

F̂t

F̂ �t

1CA = (B̂0B̂)�1B̂0

 
Ĥt

Ĥ�
t

!

where B =

0BBBB@
Ir Ir 0

A21 A22 0

A�11 0 Ir

A�21 0 A�22

1CCCCA :

Proposition 3. The two-step estimators for Gt; Ft and F �t are
p
M�consistent.

Proof: see appendix.

5.2 Inference when S !1

We �rst provide a candidate estimator for common factors, which is
p
N�consistent.

To �x idea, we assume throughout the rest of the paper N1 = ::: = NS = M; and

r = r1 = ::: = rS; and thus N = M � S: Notice that using pairwise sectorial data, we can
separately identify common factors and sector-speci�c factors, and obtain

p
M� consistency

of Gt: We have

gst �
p
M(Ĝst �HsGt) = Op(1); s = 1; 2; ; ; S=2 (9)

where any two pairs contain di¤erent four sectors. Assuming i.i.d. est across s = 1; 2; :::S;

then fgstg are asymptotically independent across s; and we can apply central limit theorem
on gst such that

g1t + :::+ g
S=2
tp

S=2
= Op(1)

5The sample covariance matrix provides 2r(4r+1) restrictions, while we have 6r2+3r(r+1)=2 parameters
regarding fA21; A22; A�11; A�21; A�22;�G;�F ;�F�g, which is strictly less than the �rst number for all r � 1:

6The convergence rate might even be
p
MT given that ut; u�t = Op(

1p
M
); and we might indeed obtain

(
p
MÂ �

p
MA) = Op(

1p
T
): The latter argument needs further justi�cation although not essential for

deriving the large sample properties.
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If we de�ne Ĝt =
Ĝ1t+:::+Ĝ

S=2
t

S=2
; then

S=2 �
p
M(Ĝt �HGt)p
S=2

= Op(1); or

Ĝt �HGt = Op(
1p
MS

)

where H = 2
S

PS=2
s=1H

s:

The above procedure provides a
p
N�consistent estimator Ĝt for the common factor.

This would have important implications when we derive limiting distribution of estimators

for sector-speci�c factors, which is proved to have a slower convergence rate
p
M .

5.3 Asymptotic Expansion for Iterative Principal Components Es-

timator

Given a static factor model xt = �Ft + et; t = 1; :::; T; the principal components estimator

yields the following identity as in Bai and Ng (2002), and equation (A.1) in Bai (2003)

F̂t �H 0Ft = V �1NTf
1

T

TX
s=1

F̂s
N(s; t) +
1

T

TX
s=1

F̂s�st +
1

T

TX
s=1

F̂s�st +
1

T

TX
s=1

F̂s�stg (10)

�st =
e0set
N

� 
N(s; t)


N(s; t) = E(
e0set
N
)

�st = F 0s�
0et=N

�st = F 0t�
0es=N = e0s�Ft=N

where by de�nition 1
NT
XX 0F̂ = F̂ VNT or 1

NT
XX 0F̂ V �1NT = F̂ ; andH = (�0�=N)(F 0F̂ =T )V �1NT :

VNT is a diagonal matrix consisting of the �rst r eigenvalues of XX
0

NT
in decreasing order.

5.3.1 Sector-Speci�c Factors

Let Ĝt be the candidate estimator with the property that
p
N(Ĝt �H 0Gt) = Op(1); and let

�̂s be the estimator from pairwise principal components estimation, which is a rotation of
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principal component estimator, we can rewrite the model xst = �
sGt + �

sF st + e
s
t as

yst = �
sF st + u

s
t

where yst = x
s
t � �̂sĜt and ust = �sGt � �̂sĜt + est : Assume S !1; then

p
M(Ĝt �H 0Gt) =

op(1): Using the identity for principal components estimator F̂ st , we may prove the following

F̂ st �Hs0F st = As
1

M

MX
i=1

�siu
s
it + op(1)

As = plimV �1MT

1

T

TX
k=1

(F̂ skF
s0
k )

1

M

MX
i=1

�siu
s
it =

1

M

MX
i=1

�si (�
s0
i Gt � �̂s0i Ĝt + esit)

=
1

M

MX
i=1

�sie
s
it +

1

M

MX
i=1

�si (H
�1�si � �̂si )0Ĝt

+
1

M

MX
i=1

�si�
s0
i H

0�1(H 0Gt � Ĝt)

where the last equality comes from he fact that �s0i Gt��̂s0i Ĝt = (H�1�si )
0H 0Gt�(H�1�si )

0Ĝt+

(H�1�si )
0Ĝt � �̂s0i Ĝt = (H�1�si )

0(H 0Gt � Ĝt) + (H�1�si � �̂si )0Ĝt:
The second term is op(1). FromBai (2005), we have 1

M

PM
i=1 �

s
i (H

�1�si��̂si )0 = Op( 1
minfM;Tg);

then 1p
M

PM
i=1 �

s
i (H

�1�si � �̂si )0 = Op(
p
M

minfM;Tg) = op(1) if either M � T or
p
M
T
= op(1):

The third term is op(1): By assumption 1
M

PM
i=1 �

s
i�
s0
i = Op(1): And

p
M(H 0Gt � Ĝt) =

op(1); given S !1:
In sum

1p
M

MX
i=1

�siu
s
it =

1p
M

MX
i=1

�sie
s
it + op(1); given

p
M

T
! 0:

Theorem 2: Under assumptions A�H; assume
p
M
T
! 0 and

p
M(Ĝt�H 0Gt) = op(1);

then we have

p
M(F̂ st �Hs0F st ) = (V sMT )

�1

 
F̂ s0F s

T

!
1p
M

MX
i=1

�sie
s
it + op(1) (11)

= As
1p
M

MX
i=1

�sie
s
it + op(1)

d! N(0; As�stA
s0)
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where As =plimV �1MT
1
T

PT
k=1(F̂

s
kF

s0
k ); V

s
MT is a diagonal matrix consisting of the �rst r eigen-

values of Y sY s0

MT
in decreasing order, �st is de�ned in assumption F3.

Remark: The candidate estimator for Gt is provided in the previous section using
disjoint pairwise principal components estimation. A key result is that the convergence rate

for global factor is
p
N; and thus when S !1;

p
M(H 0Gt � Ĝt) = op(1):

Proof of theorem 2: see appendix.

De�ne the asymptotic covariance matrix as

�st � As�tAs0 =plim(V sMT )
�1 F̂ s0F s

T

�
1
M

PM
i=1(�

s
it)
2�si�

s0
i

�
F s0F̂ s

T
(V sMT )

�1; and let êsit = x
s
it�


s0i Ĝt � �s0i F̂ st , then a consistent estimator of the covariance matrix is given by

�̂st = (V
s
MT )

�1 F̂
s0F̂ s

T

 
1

M

MX
i=1

(êsit)
2�̂
s

i �̂
s0
i

!
F̂ s0F̂ s

T
(V sMT )

�1 (12)

where V sMT is a diagonal matrix consisting of the �rst r eigenvalues of
Y sY s0

MT
in decreasing

order.

5.3.2 Common Factors

Rewrite the data generating process as

zst = �sGt + v
s
t ; where

zst = xst � �̂sF̂ st
vst = �sF st � �̂sF̂ st + est

Recall the representation of the identity for principal components estimator

VNT (Ĝt �H 0Gt) =
1

NT

TX
s=1

Ĝsv
0
svt +

1

T

TX
s=1

Ĝs�st +
1

T

TX
s=1

Ĝs�st

�st = G0s�
0vt=N

�st = G0t�
0vs=N = v0s�Gt=N

where VNT is a diagonal matrix consisting of the �rst r eigenvalues of ZZ0

NT
in decreasing

order. The following theorem can be proved based on the above identity.
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Theorem 3: Under assumptions A�H; assume
p
N
T
! 0, we have

p
N(Ĝt �H 0Gt)�

p
N�t

d! N(0;�Gt ) (13)

where �t = O(
1p
N
S
M
) is the bias correction term. The bias correction term can be ignored if

S
M
! 0:

To prove theorem 3, we need the following lemmas.

Lemma 1: I1 = 1
NT

PT
s=1 Ĝsv

0
svt = Op(

1p
N

q
S
M
) + Op(

1
T
) + Op(

1
N
) = Op(

1p
N

q
S
M
) +

Op(
1

minfN;Tg):

Lemma 2: I2 = 1
T

PT
s=1 Ĝs�st = Op(

1p
N
) +Op(

1p
N
)Op(

p
N

min(M;T )
)

Lemma 3: I3 = 1
T

PT
s=1 Ĝs�st = Op(

1p
N

1p
T
):

Proof for Lemma 1�3 and Theorem 3: see appendix for details.

5.3.3 Factor Loadings

The factor loadings measure individual variables�heterogeneous response to both common

factors and sector-speci�c factors. If assuming
p
T
Ns
! 0; the convergence rate of the estima-

tors of factor loadings will be
p
T ; which is the same as Bai (2003). The following corollary

summarizes the asymptotic distribution of factor loadings. De�ne the (r + rs) � 1 vector

�si = [

s0
i ; �

s0
i ]
0: De�ne the (r+ rs)� (r+ rs) rotation matrix �H =

"
H 0

0 Hs

#
; where H and

Hs are de�ned in Theorem 2 and Theorem 3.

Corollary 2: Under assumptions A�H; assume
p
T
Ns
! 0; then we have

p
T (�̂si � �H�1�si )

d! N(0;�si )

where �si is de�ned in Theorem 2 of Bai (2003).

The above corollary is a direct application of Theorem 2 in Bai (2003).
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5.3.4 Estimating the Covariance Matrices

According to theorem 2,
p
M(F̂ st � Hs0F st ) !d N(0;�st): The following estimator can be

used in our Monte Carlo experiments.

�̂st = (V sMT )
�1 F̂

s0F̂ s

T

 
1

M

MX
i=1

(êsit)
2�̂
s

i �̂
s0
i

!
F̂ s0F̂ s

T
(V sMT )

�1 (14)

= (V sMT )
�1 F̂

s0F̂ s

T

1

M
�̂s0diagf(ês1t)2; (ês2t)2; :::; (êsMt)

2g�̂s F̂
s0F̂ s

T
(V sMT )

�1

=
1

M
(V sMT )

�1�̂s0diagf(ês1t)2; (ês2t)2; :::; (êsMt)
2g�̂s(V sMT )

�1

where V sMT is a diagonal matrix with largest r eigenvalues of
Y sY s0

MT
on the diagonal, Y s =

Xs � Ĝ�̂s0; and the normalization F̂ s0F̂ s

T
= Irs is applied. The estimator for error term is

êsit = x
s
it � 
̂s0i Ĝt � �̂

s0
i F̂

s
t :

Theorem 3 proves
p
N(Ĝt �H 0Gt)!d N(0;�t): We �rst de�ne

Hs = (�s0�s=M)(F s0F̂ s=T )(V sMT )
�1; H = (�0�=N)(G0Ĝ=T )V �1NT ;

�H = blockdiagfH1; :::; HSg

As = plim(V sMT )
�1 F̂

sF s

T
; A = blockdiagfA1; :::; ASg

where the operator is de�ned as blockdiag(C1; C2) =

 
C1 0

0 C2

!
; for arbitrary matrices

C1; C2 not necessarily having the same dimension. Then let


 =

 
1

T

TX
k=1

ĜkG
0
k

!(
1

S

SX
s=1

�s0�s

M
(Hs0)�1As

�s0�s

M
H 0�1

)
=

1

MNT
Ĝ0 (G�0)

�
�( �H 0)�1

�
(A�0)

�
�H 0�1�

Q = (VNT � 
)�1
 
Ĝ0G

T

!
1p
N

SX
s=1

�s0
�
IM �

1

M
�s(Hs0)�1As�s0

�

= (VNT � 
)�1
 
Ĝ0G

T

!
1p
N
�0
�
IN �

1

M
�( �H 0)�1A�0

�

Because H 0 is the rotation matrix for G; and thus H 0�1 is the rotation matrix for �; which

implies we can use �̂ to estimate �H 0�1: Likewise, we can use �̂ to estimate �( �H 0)�1: Because

factors and factor loadings appear in A�0 as products, we can use (V sMT )
�1 1

T
F̂ s0F̂ s�̂s0 =
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(V sMT )
�1�̂s0 to estimate As�s0; which is the sth block diagonal term of A�0; s = 1; :::; S:

Similarly, we can use Ĝ�̂0 to estimate true G�0: In sum, let Âs = (V sMT )
�1 1

T
F̂ sF̂ s; then the

estimator for 
 is given by


̂ =
1

MNT
Ĝ0
�
Ĝ�̂0

�
�̂
�
Â�̂0

�
�̂ =

1

MN
�̂0�̂Â�̂0�̂

=
1

MN
�̂0 � blockdiagf�̂s(V sMT )

�1�̂s0; s = 1; :::; Sg � �̂

Using the same argument, we may estimate Q using

Q̂ =
1p
N
(VNT � 
̂)�1

 
Ĝ0Ĝ

T

!
�̂0
�
IN �

1

M
�̂Â�̂0

�
=

1p
N
(VNT � 
̂)�1�̂0

�
IN �

1

M
�̂Â�̂0

�
=

1p
N
(VNT � 
̂)�1�̂0

�
IN �

1

M
blockdiagf�̂s(V sMT )

�1�̂s0; s = 1; :::; Sg
�

where the normalization
�
Ĝ0Ĝ
T

�
= Ir is applied.

Then we can use the following estimator for the covariance matrix

�̂t = Q̂diagf(ê11t)2; (ê12t)2; :::; (êSMt)
2gQ̂0 (15)

6 Monte Carlo Studies of the Least Squares Estimator

We evaluate the estimators by projecting them onto the true ones. The goodness of �t

of common factors and their loadings, sector-speci�c factors and their loadings, as well as

�t of common components are reported. Consider the iterative principal components (IPC

hereafter) method with projection in the last step. Given common components regarding

common factors, the sum of squared residuals is minimized by principal components esti-

mators for sector-speci�c factors and loadings sector by sector. Likewise, given common

components regarding sector-speci�c factors, the objective function is minimized by princi-

pal components estimators for common factors and loadings. Thus each step of iteration

will decrease the objective function. The solution is characterized by �rst order conditions

regarding all the model parameters. The �xed point solution is the least squares solution.

Simulations suggest that this algorithm is robust to the choice of initial values, given enough

number of iterations.
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6.1 Robustness of the IPC Algorithm and Consistency

In this simulation design, we assume the number of sectors S = 2; number of periods T = 200;

number of variables within one sector M = 200; and number of factors r = rs = 2: Let

N(m;n) denotes an m � n matrix with elements being i:i:d: standard normal. Then we
simulate model (1) as follows.

Common factors: G = 2 + 1:5 � N(T; r)2

Common factor loadings: � = 0:5 + N(N; r)
Sector-speci�c factors: F s = 2 + 2 � N(T; r)2; for s = 1; 2
Sector-speci�c factor loadings: �s = 0:5 + N(M; r); for s = 1; 2
Idiosyncratic error terms: E = 2 � N(T;N)

When evaluate the performance, we �rst project true factors on the estimated one to �nd

the rotation matrix. Then we use the inverse of the same rotation matrix to rotate factor

loadings.

Let G_proj be the rotated estimated common factors and let G_fit = trace(G_proj0 �
G_proj)=trace(G_true0 �G_true); which is a measure of the �t of estimated factors. Simi-
larly de�ne F_fit; LG_fit; LF_fit; where LG and LF denote factor loadings for common

factors and sector-speci�c factors respectively. Our default choice of initial values for G are

chosen to be the �rst r principal components of data matrix X. The following table shows

that principal components estimators for factors and factor loadings are not consistent.

Instead, the iterative principal components estimators are consistent, where the common

factors and sector speci�c factors are separately identi�ed.

# of iterations = 1 5 80

G_fit 0:84598 0:86992 0:99939

LG_fit 287:4504 230:6089 0:99508

F_fit 0:76044 0:82007 0:9980

LF_fit 135:9995 821:1267 1:03

In the following �gure, we plot the time series of projected estimators against the true ones.

32



We can see that the estimators accord with the true ones very well.
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The dashed line are the estimators for factors projected onto the true factors. To make the

graph clear, we only show the estimation results from t = 1 to 20: The title "F1,s=2" means

the graph is for the �rst element of sector-speci�c factor of sector 2, F 21t. The title "G2"

means the graph is for the second element of common factor, G2t:

To check the robustness of the iterative principal components algorithm to the choice

of initial values, we reestimate the above model, using the same data but with arbitrary

random initial values to start the iteration. The results suggest that the �xed point solution,

which is approximated by enough number of iterations, is consistent.

# of iterations = 200 1000

G_fit 0:30166 0:99948

LG_fit 2:2437 0:98362

F_fit 6:0591 0:99794

LF_fit 4:7297 1:04

For the same model, we modify sector-speci�c factors according to F s = 12 + 2 �
N(T; r)2. The outcome still performs very well. For a typical experiment we obtain G_fit =
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0:99813; LG_fit = 1:1779; F_fit = 0:99969; LF_fit = 0:99018: This suggests that rela-

tive magnitude of common factors and sector-speci�c factors would not a¤ect the estimation

results.

Now we add dynamics in factors. Let �F = 0:7; �G = 0:8: Then we generate the model

as follows.

Global factors: G(t; :) = 2 + �G �G(t� 1; :) + N(1; r):
Country factors: F s(t; :) = 4 + �F � F s(t� 1; :) + N(1; r):
After iterating over the �rst order conditions 100 times, we obtainG_fit = 0:9999; LG_fit =

1:0924; F_fit = 0:99882; LF_fit = 0:96947. Plot of projected estimators accord with the

true ones with great precision.
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Another observation is that common factors are more precisely estimated than sector-speci�c

factors. This is consistent with our theory, which states that the convergence rate of common

factors is generally faster than that of sector-speci�c factors.
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6.2 Finite Sample Performance of the Asymptotic Theory for Fac-

tors

In this section, we choose the sample size to be T = 30; M = 40; S = 5 and r = rs = 1:

We generate data according to xsit = 
s0i Gt + �
s0
i F

s
t + e

s
it; where 


s
i ; Gt; �

s
i ; F

s
t and e

s
it are

i.i.d. N(0; 1) for all i; t and s: We then run various Monte Carlo experiments to evaluate

�nite sample performance of our asymptotic theory. For the given model, we make 2000

independent simulations. For each of the 2000 samples, we estimate factors F s (s = 1; :::; 10)

and G; and their asymptotic covariance matrices according to theorem 2 and 3. Then the

estimated asymptotic covariance matrices are used to normalize the di¤erence of estimated

factor and rotation of true factors. If our asymptotic theory provides a nice approximation

in such a �nite sample, then the standard normal density should resemble the resulting

histogram for each element of
p
N
�
�̂t

��1=2
(Ĝt � H 0Gt) and

p
M
�
�̂st

��1=2
(F̂ st � Hs0F st );

s = 1; :::; S, where �̂t and �̂st are estimated asymptotic covariance matrices for factors. The

following �gure justi�es that our asymptotic theory performs nicely in such a �nite sample.
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As we can see, each histogram well accords with the standard normal density function. This

suggests that our theory provides a nice approximation in the �nite sample.
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7 Comovement in Real and Financial Sectors

In this section, I carry an empirical study about di¤erent patterns of comovement within real

and �nancial sectors, using a 2-level factor model. Suppose we have a large vector of data

for each sector, xRt and x
F
t ; where the superscript R and F denote real sector and �nancial

sector respectively. Using a 2-level factor model, we are able to decompose the shock to any

economic variable into three components, namely, the common component, sector-speci�c

component, and the idiosyncratic component. The model for xRt and x
F
t is given by

xst = �
sGt + �

sF st + e
s
t ; s = R;F; t = 1; :::; T

where the Ns � 1 observed vector xst is a¤ected by factor common to both sectors Gt;
factor common within the s sector F st and idiosyncratic shock e

s
t : Under the orthogonality

conditions between di¤erent components, we may decompose the sample covariance of xst
into three parts

1

T
XsXs0 � �̂s

Ĝ0Ĝ

T
�̂s0 + �̂s

F̂ s0F̂ s

T
�̂s0 +

1

T
ÊsÊs0; s = R;F

= �̂s�̂s0 + �̂s�̂s0 +
1

T
ÊsÊs0; by normalization of factors

where Xs is the T �N data matrix for sector s; Ĝ is the estimated common factor, F̂ s is the

estimated sector speci�c common factor, and Ês is the estimated T �N idiosyncratic error

term matrix de�ned as Ês = Xs � Ĝ�̂s0 � F̂ s�̂s0. Then we are able to analyze how di¤erent
types of factors explain the variation observed in the data.

7.1 Data and Empirical Results

For real sector data, we use Boivin, Giannoni and Mihov (2007)�s monthly BBE dataset,

covering 353 months from 1976 Feb to 2005 Jun. We only use those series transformed by

log di¤erence, which amounts to 234 series of real sector data, covering categories including

industrial production, employment, personal consumption expenditure, etc. The following

chart provides the summary statistics of the standard deviations of all 234 series.

Summary for standard deviations of real sector time series (in %)

mean std min max median 75% percentile

2:5955 5:6968 0:1656 75:60 1:4588 2:3595
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We remove those series with standard deviation greater than 1:5%, which contains very noisy

information about factors so far as monthly growth rates are considered. Finally, we have

120 series for the real sector.

For �nancial sector data, I adopt the 100 portfolios data sets constructed by Fama and

French7, using the same time span as the real sector data and removing four portfolios due

to missing observations. I also add the Dow Jones Industrial Average, S&P Composite,

and S&P Industrials. This amounts to 99 series for the �nancial sector. All the series are

demeaned. Before doing factor analysis, I multiply the data sets of the real sector with a

constant such that they share similar magnitudes as the data sets of the �nancial sector.

As a benchmark, we select the number of common factors to be r = 3; the number

of sector speci�c factors to be rR = 9; rF = 5: The following chart reports the variance

decomposition exercise.

Real Sector (xRit) Financial Sector (xFjt)


R0i Gt �R0i F
R
t eRit 
F 0j Gt �Fj F

F
t eFjt

Disaggregated Series

Total 0.1729 0.3593 0.4677 0.0099 0.8495 0.1406

Average 0.1232 0.3002 0.5766 0.0103 0.8363 0.1534

Median 0.0585 0.2728 0.6143 0.0093 0.8464 0.1437

Minimum 0.0014 0.0251 0.0758 0.0015 0.6716 0.0451

Maximum 0.5291 0.8743 0.9697 0.0240 0.9477 0.3173

Std. 0.1435 0.1996 0.2474 0.0057 0.0648 0.0629

Aggregated Series

Industrial Production 0.0712 0.7418 0.1869

Personal Income 0.0374 0.1484 0.8141

Nonfarm Employment 0.0593 0.4894 0.4513

PCE 0.1145 0.2100 0.6754

Dow Industrial Avg. 0.0397 0.5240 0.4363

S&P Composite 0.0397 0.5703 0.3900

S&P Industrials 0.0411 0.5674 0.3914

The above table shows that a vast majority of variation within real sector and stock markets

7I use the value-weighted return data. Data source:
http://mba.tuck.dartmouth.edu/pages/faculty/ken.french/data_library.html
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are due to di¤erent sources or factors. The level-1 factors, which are common to both sectors,

only contribute to 17:29% of the total variation observed in real sector, and 0:99% of the

total variation in stock market. For the real sector, 9 sector speci�c factors account for

around the same amount of variations as idiosyncratic shock, while for the �nancial sector,

84:95% of the total variation is explained by 5 sector speci�c factors.

The sample covariance between sector speci�c factors is given by the following 5 � 9
matrix

F̂ F 0F̂R

T
=

0BBBBBB@
�0:110 0:029 0:097 0:066 0:155 �0:037 �0:002 0:022 0:001

�0:023 �0:024 �0:082 �0:124 �0:071 �0:051 �0:036 �0:013 �0:030
�0:096 0:057 0:049 �0:063 �0:012 0:021 �0:035 �0:042 0:045

�0:006 �0:008 0:010 �0:011 0:048 0:021 0:052 0:073 0:012

0:050 0:079 �0:008 �0:061 0:052 �0:088 0:054 �0:028 �0:080

1CCCCCCA
Coupled with the normalization that F̂F 0F̂F

T
= I5 and F̂R0F̂R

T
= I9; the above matrix reveals

only slightly correlations between sector speci�c factors.

Let jjAjj = [tr(A0A)]1=2 denote the norm of matrix A: The estimated factors are show to

be orthogonal to idiosyncratic terms

jjG0ER=T jj jjFR0ER=T jj jjG0EF=T jj jjF F 0EF=T jj
4:9 � 10�29 8:5 � 10�6 6:9 � 10�30 3:3 � 10�9

Next, we compare our estimated factors with Fama-French benchmark 3 factors, denoted

by HT�3: We normalize H such that H 0H=T = I3: Sample covariance matrices are given by

H 0G

T
=

264 0:0275 0:0068 �0:0990
0:1170 �0:0144 0:0400

�0:0684 0:0157 0:0044

375
H 0FR

T
=

264 �0:074 0:041 0:083 0:128 0:148 �0:020 0:002 0:024 �0:003
�0:111 0:012 0:037 �0:089 0:014 �0:031 �0:034 0:003 0:020

�0:026 0:014 0:071 0:052 �0:054 0:076 �0:010 �0:029 0:049

375
H 0F F

T
=

264 0:8604 �0:3010 �0:2494 �0:1817 �0:0099
0:4305 0:5550 0:5401 0:2592 0:0121

�0:1134 �0:5242 0:5567 �0:1636 �0:1068

375
Two direct observations are in order. First, the Fama-French factors are only weekly cor-
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related with our estimated common factors and factors speci�c to the real sector, which

implies that the factors constructed by Fama and French are not able to explain variations

in the real sector. Second, the Fama-French factors are strongly correlated with the �rst

three factors speci�c to the �nancial sector.

In the next exercise, we �rst regress the Fama-French factor H on F̂ F

Ht = R
HF̂ Ft + U

H
t

and the resultingR�square isR2 = trace(T �R̂H0R̂H)=trace(H 0H) = 0:8048; with jjF̂ F 0ÛH=T jj =
10�16: Then we regress H on both Ĝ and F̂R

Ht = R
1Ĝt +R

2F̂Rt + Ut

and the resulting R�square is R2 = 0:0432; with jj[Ĝ; F̂R]0Û=T jj = 0:0379: This exercise also
suggests that, for the periods between 1976 and 2005, the Fama-French factors are largely

speci�c to the �nancial sector or stock market, and have very limited explaining power for

variations in the real sector.

8 Concluding Remarks

This paper develops a computationally simple estimation method, namely the iterative prin-

cipal components method, to analyze large dimensional factor models with a multi-level

factor structure. We treat common factors, sector-speci�c factors and factor loadings as

parameters. Thus this method is nonparametric since we do not need to specify the dynamic

process of the factors. The estimators explicitly take into account such a multi-level struc-

ture, which is not considered by the conventional principal components estimators. I prove

that the estimators are consistent and have normal limiting distributions under very mild

conditions. The estimators of common factors have a faster convergence rate than the esti-

mators of sector-speci�c factors. The proposed estimation algorithm is easily implemented

in practice and is computationally e¢ cient. A two step procedure is proposed to select the

number of both common factors and sector-speci�c factors. Monte Carlo experiments show

that the iterative principal components estimators have nice �nite sample performance. Such

a model is then applied to investigate di¤erent patterns of comovement within real and �-

nancial sectors for the US economy. Empirical results suggest that the comovement within

39



each sector is largely sector speci�c and the economy-wide common factors play only a lim-

ited role. The new method can also be readily applied to address a wide variety of issues in

macroeconomics, international economics, labor economics and �nance, where the multi-level

structure is likely to present.

Future research agenda includes determining the number of both common factors and

sector-speci�c factors based on their di¤erent convergence rate. A new theory is needed for a

modi�ed information criteria similar to Bai and Ng (2002)�s. Such a modi�cation is necessary

because common factors and sector-speci�c factors have di¤erent degree of pervasiveness.

It is also interesting to develop a new large random matrix approach similar to the one

proposed by Onatski (2006) to study the large dimensional factor models with a multi-level

factor structure.

Another line of research would be empirical applications of the method developed in this

paper. For example, in international economics, it is interesting to estimate both global

common shocks and country-speci�c shocks, and then investigate how di¤erent types of

shocks a¤ect a country�s monetary policy. The empirical results in this paper also suggests

that one should be cautious when trying to extract global common factors from only the

�nancial data, because those factors might ignore important information for the real sectors.

If we want to study international business cycles using data from both real sector and �nancial

sector, the multi-level factor model suggests a model of the following representation. Let xsit
denote the time-t observation of the i� th variable within country s; then

xsit = 
s0i Gt + 

s0
RiGRt � Iis + 
s0FiGFt � (1� Iis) + �s0i F st + �s0RiFRst � Iis + �s0FiFF st � (1� Iis) + esit;

i = 1; :::; Ns; s = 1; :::; S;

Gt : global common shock,

GRt : global common shock speci�c to the real sector,

GFt : global common shock speci�c to the �nancial sector,

F st : shock speci�c to country s; common to both real and �nancial sectors,

FRst : shock speci�c to the real sector in country s,

FF st : shock speci�c to the �nancial sector in country s,

N = N1 + :::+NS : total number of time series,

S : number of countries.

where the indicator Iis = 0 if xsit is a �nancial variable, and Iis = 1 if x
s
it is a real variable.

40



Such a model divides the world economy into four levels of sectors. The top level is the

global economy. The second level includes world real sectors and world �nancial sectors.

The third level includes di¤erent countries. The fourth level consists of country-speci�c real

sectors and �nancial sectors. Such a four-level factor model is easily estimated using the

iterative principal components methods similar to Corollary 1. An inferential theory for the

estimated factors similar to Theorem 2 and Theorem 3 can also be derived using similar

asymptotic expansion method given in the appendix. This would be an important extension

and generalization of the theory presented in this paper.

9 Appendix

Proof of theorem 1: Let Hs = [G;F s] be T�(r+rs); then by 1) and 3), Hs0Hs=T = Ir+rs :

For each sector we have xst = [�s;�s]Hs
t + e

s
t ; thus for a least squares objective function,

given Hs; we can solve for the optimal loadings as function of Hs: In particular

[�s;�s] = Xs0Hs=T

The objective function after concentrate out loadings becomes

max
Hs

trace

 
SX
s=1

Hs0AsHs

!
= trace

 
G0AG+

SX
s=1

F s0AsF s

!
;

with As = XsXs0; A = A1 + :::+ AS:

s:t:F s0F s=T = Ir; G
0G=T = Ir; G

0F = 0

�s0�s and �0�diagonal

Form the Lagrangian

L =

rX
i=1

G0iAGi +

SX
s=1

rsX
i=1

F s0i A
sF si �

rX
i=1

(G0iGi � T )ai �
X
j>i

r�1X
i=1

G0iGjbij

�
SX
s=1

rsX
i=1

(F s0i F
s
i � T )asi �

SX
s=1

X
j>i

rs�1X
i=1

F s0i F
s
j b
s
ij

�
SX
s=1

X
j�i

rX
i=1

G0iF
s
j c
s
ij
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F.O.C. w.r.t. F si ; (given G)

0 = 2AsF si � 2F si asi �
X
j 6=i

F sj b
s
ij �

X
j

Gjc
s
ij

1) Left multiply F s0i to obtain a
s
i = F

s0
i A

sF si =T:

2) Left multiply F s0j to obtain b
s
ij = 2F

s0
j A

sF si =T:

3) Left multiply G0j to obtain c
s
ij = 2G

0
jA

sF si =T: The implied F.O.C. becomes

0 = 2AsF si � 2F si F s0i AsF si =T � 2
X
j 6=i

F sj F
s0
j A

sF si =T � 2
X
j

GjG
0
jA

sF si =T; or

F si (F
s0
i A

sF si =T ) =

 
I �

X
j 6=i

F sj F
s0
j =T �

X
j

GjG
0
j=T

!
AsF si :

Let PG = I � GG0=T = I �
P

j GjG
0
j=T: Then we may prove that F

s
i can be solved as

eigenvectors of the matrix PGAs: To see this suppose

F si �i = PGA
sF si ; i = 1; :::; rs

Notice that �i = F
s0
i PGA

sF si =T = F
s0
i PGA

sF si =T because F
s0
i Gj = 0:

Moreover  
I �

X
j 6=i

F sj F
s0
j =T �

X
j

GjG
0
j=T

!
AsF si = PGA

sF si

because F s0j A
sF si = F

s0
j A

sPGA
sF si =�i = (F

s0
j A

sPG)(PGA
sF si =�i) = �jF

s0
j Fi = 0 for i 6= j:

Notice that we use the assumption that G0G=T = I; and thus PG = I �GG0=T = PG =
I �G(G0G)�1G0 is the projection matrix with PGPG = PG:

F.O.C. w.r.t. Gi; (given F )

0 = 2AGi � 2Giai �
X
j 6=i

Gjbij �
X
s

X
j

F sj c
s
ij

Use the same method to solve for the Lagrangian multiplier to obtain

ai = G0iAGi=T

bij = 2G0jAGi=T

csij = 2F s0j AGi=T (if assuming F
s10
j F

s2
i = 0)
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The implied F.O.C. becomes

Gi(G
0
iAGi=T ) =

 
I �

X
j 6=i

GjG
0
j=T �

X
s

X
j

F sj F
s0
j =T

!
AGi:

If we assume F s10j F
s2
i = 0; then the following solution will do the job:

Gi�i = PFAGi; with

PF = I �
X
s

X
j

F sj F
s0
j =T; PF is projection matrix because F

s10
j F

s2
i = 0

If F s10j F
s2
i 6= 0; we left multiply F.O.C. by F s0j to obtain

F s0j AGi = F
s0
j

X
m6=s

X
k

Fmk c
m
ik + Tc

s
ij

Then after some algebra we can solve for G and F by de�ning PF = I � F (F 0F )�1F 0 and

G consists of r eigenvectors for PFA with respect to its largest r eigenvalues.

F s consists of rs eigenvectors for PGAs with respect to its largest rs eigenvalues.

Q.E.D.

Remark: Given the sum of squared residuals objective function, given � and G; the

objective function and the restrictions are the same as the one resulting in principal com-

ponents estimators for �s and F s; and vice versa for � and G: This is the base for iterative

principal components algorithm.

Proof of the proposition 2: Consider any rotation matrix such that0BBBB@
Ir Ir 0

� � 0

� 0 Ir

� 0 �

1CCCCA
0B@ R1 R2 R3

R4 R5 R6

R7 R8 R9

1CA =

0BBBB@
Ir Ir 0

� � 0

� 0 Ir

� 0 �

1CCCCA
The zero restrictions imply R3 = R6 = R2 = R8 = 0; and other restrictions imply R9 =

R5 = Ir; R1 +R4 = Ir; which pins down the equation to
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0BBBB@
Ir Ir 0

� � 0

� 0 Ir

� 0 �

1CCCCA
0B@ R1 0 0

Ir �R1 Ir 0

R7 0 Ir

1CA =

0BBBB@
Ir Ir 0

� � 0

� 0 Ir

� 0 �

1CCCCA
Now look at the inverse of the implied rotation matrix0B@ R1 0 0

Ir �R1 Ir 0

R7 0 Ir

1CA
0B@ R1�1 0 0

Ir �R1�1 Ir 0

�R7 �R1�1 0 Ir

1CA =

0B@ Ir 0 0

0 Ir 0

0 0 Ir

1CA ;
or inv

0B@ R1 0 0

Ir �R1 Ir 0

R7 0 Ir

1CA =

0B@ R1�1 0 0

Ir �R1�1 Ir 0

�R7 �R1�1 0 Ir

1CA which implies rotated factors of

the following form0B@ R1�1 0 0

Ir �R1�1 Ir 0

�R7 �R1�1 0 Ir

1CA
0B@ Gt

Ft

F �t

1CA =

0B@ R1�1Gt = gt

(Ir �R1�1)Gt + Ft = ft
�R7 �R1�1Gt + F �t = f �t

1CA : The restrictions
G0F = 0; G0F � = 0;

PT
t=1 gtf

0
t = 0 and

PT
t=1 gtf

�0
t = 0 imply that R1 = Ir and R7 = 0:

The above analysis implies that maximum likelihood analysis or minimum distance esti-

mation of the above system yields unique solution. Q.E.D.

Proof of Proposition 3: First notice that0B@ Ĝt

F̂t

F̂ �t

1CA = (B̂0B̂)�1B̂0(B

0B@ Gt

Ft

F �t

1CA+ ut

u�t

!
)

=

0B@ Gt

Ft

F �t

1CA+ (B̂0B̂)�1B̂0(B � B̂)
0B@ Gt

Ft

F �t

1CA+Op( 1p
M
)

=

0B@ Gt

Ft

F �t

1CA+Op( 1p
T
) +Op(

1p
M
)

which proved the
p
M� consistency of

0B@ Ĝt

F̂t

F̂ �t

1CA given that M
T
! c < 1:Then we proved
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that
p
M
�
Ĝt �Gt

�
= Op(1);

p
M
�
F̂t � Ft

�
= Op(1); and

p
M
�
F̂ �t � F �t

�
= Op(1): Notice

that here Gt; Ft and F �t are still rotations of the original true Gt; Ft and F
�
t respectively,

the above representations ignore the rotation matrix just to save notation. Q.E.D.

Proof of theorem 2: First notice that

F̂ st �Hs0F st = J1 + J2 + J3

where J1 = (V sMT )
�1 1

T

PT
k=1 F̂

s
k
us0k u

s
t

M
; J2 = (V sMT )

�1
�
F̂ s0F s

T

�
1
M

PM
i=1 �

s
iu
s
it;

and J3 = (V sMT )
�1 1

T

PT
k=1 F̂

s
k
us0k �

sF st
M

:

Considering J2; we have proved that

p
MJ2 = (V sMT )

�1

 
F̂ s0F s

T

!
1p
M

MX
i=1

�sie
s
it + op(1)

Considering J1 and using the restriction that
PT

k=1 F̂
s
k Ĝ

0
k = 0; we have

p
MJ1 = (V sMT )

�1 1p
MT

TX
k=1

F̂ sk

�
�sGk � �̂sĜk + esk

�0 �
�sGt � �̂sĜt + est

�
= (V sMT )

�1 1p
MT

TX
k=1

F̂ skG
0
k�

s0
�
�sGt � �̂sĜt + est

�
+(V sMT )

�1 1p
MT

TX
k=1

F̂ sk e
s0
k

�
�sGt � �̂sĜt + est

�
The �rst term

(V sMT )
�1 1p

MT

TX
k=1

F̂ skG
0
k�

s0
�
�sGt � �̂sĜt + est

�
= (V sMT )

�1 1p
MT

TX
k=1

F̂ skG
0
k�

s0�sH 0�1(H 0Gt � Ĝt)

+(V sMT )
�1 1p

MT

TX
k=1

F̂ skG
0
k�

s0(�sH 0�1 � �̂s)Ĝt

+(V sMT )
�1 1p

MT

TX
k=1

F̂ skG
0
k�

s0est
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= (V sMT )
�1

 
1

T

TX
k=1

F̂ skG
0
k

!
�s0�s

M
H 0�1

p
M(H 0Gt � Ĝt)

+(V sMT )
�1

 
1

T

TX
k=1

F̂ skG
0
k

!
1p
M
�s0(�sH 0�1 � �̂s)Ĝt

+(V sMT )
�1

 
1

T

TX
k=1

F̂ skG
0
k

!
1p
M
�s0est

= op(1)

To see the last equality, notice that

p
M(H 0Gt � Ĝt) = op(1)

1p
M
�s0(�sH 0�1 � �̂s) =

p
M

minfM;Tg = op(1) given
p
M

T
! 0

and

1

T

TX
k=1

F̂ skG
0
k

=
1

T

TX
k=1

F̂ sk Ĝ
0
k(H)

�1 +
1

T

TX
k=1

F̂ sk

�
Gk � (H 0)�1Ĝk

�
=

1

T

TX
k=1

F̂ sk

�
H 0Gk � Ĝk

�0
(H)�1 = op(1):

1p
M
�s0est = Op(1) and

�s0�s

M
= Op(1) are by assumption.

The second term

(V sMT )
�1 1p

MT

TX
k=1

F̂ sk e
s0
k

�
�sGt � �̂sĜt + est

�
= (V sMT )

�1 1p
MT

TX
k=1

F̂ sk e
s0
k e

s
t

+(V sMT )
�1 1p

MT

TX
k=1

F̂ sk e
s0
k

�
�sH 0�1(H 0Gt � Ĝt) + (�sH 0�1 � �̂s)Ĝt

�
= op(1)

where 1p
MT

PT
k=1 F̂

s
k e
s0
k e

s
t = op(1) comes from Bai (2003). 1p

MT

PT
k=1 F̂

s
k e
s0
k �

sH 0�1(H 0Gt �

46



Ĝt) =
�

1
MT

PT
k=1 F̂

s
k e
s0
k �

s
�
H 0�1

p
M(H 0Gt � Ĝt) = op(1): And 1p

MT

PT
k=1 F̂

s
k e
s0
k (�

sH 0�1 �

�̂s)Ĝt =
1p
T

�
1p
MT

PT
k=1 F̂

s
k e
s0
k (�

sH 0�1 � �̂s)
�
Ĝt = op(1):

Now considering J3;

p
MJ3 = (V sMT )

�1 1p
MT

TX
k=1

F̂ sku
s0
k�

sF st

= (V sMT )
�1 1p

MT

TX
k=1

F̂ sk (�
sGk � �̂sĜk + esk)0�sF st

Notice that 1p
MT

PT
k=1 F̂

s
k e
s0
k�

sF st = op(1) has been established by Bai (2003). The other

term

(V sMT )
�1 1p

MT

TX
k=1

F̂ sk (�
sGk � �̂sĜk)0�sF st

= (V sMT )
�1 1p

MT

TX
k=1

F̂ sk

�
�sH 0�1(H 0Gk � Ĝk) + (�sH 0�1 � �̂s)Ĝk

�0
�sF st

= (V sMT )
�1 1p

MT

TX
k=1

F̂ sk (H
0Gk � Ĝk)0H�1�s0�sF st

= (V sMT )
�1 1

T

TX
k=1

F̂ sk
p
M(H 0Gk � Ĝk)0H�1�

s0�s

M
F st = op(1)

So we have proved
p
MJ3 = op(1):

Combine all the above evidence, we proved that

p
M(F̂ st �Hs0F st ) =

p
MJ2 + op(1)

= (V sMT )
�1

 
F̂ s0F s

T

!
1p
M

MX
i=1

�sie
s
it + op(1)

= As
1p
M

MX
i=1

�sie
s
it + op(1)

d! N(0; As�tA
s0)

where As is de�ned in the theorem. Q.E.D.

9.1 Proof of theorem 3
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First we prove Lemma 1�3.

Lemma 1:

I1 =
1

NT

TX
s=1

Ĝsv
0
svt = Op(

1p
N

r
S

M
) +Op(

1

T
) +Op(

1

N
)

= Op(
1p
N

r
S

M
) +Op(

1

minfN; Tg):

Proof of Lemma 1: Substitute vst = �
sF st � �̂sF̂ st + est into I1 to obtain

I1 =
1

NT

TX
s=1

Ĝsv
0
svt =

1

NT

TX
s=1

Ĝs(�s + es)
0(�t + et)

=
1

NT

TX
s=1

Ĝs(�s + es)
0(�t + et)

=
1

NT

TX
s=1

Ĝs(�
0
s�t +�

0
set + e

0
s�t + e

0
set)

where the N � 1 vector �t = [�
jF jt � �̂jF̂ jt , j = 1; :::; S]0:

Consider the �rst term

1

NT

TX
s=1

Ĝs�
0
s�t

=
1

NT

SX
j=1

TX
s=1

Ĝs[F
j0
s �

j0 � F̂ j0s �̂j0][�jF
j
t � �̂jF̂ jt ]

=
1

NT

SX
j=1

TX
s=1

ĜsF
j0
s �

j0[�jF jt � �̂jF̂ jt ]

=
1

N

SX
j=1

PT
s=1 ĜsF

j0
s

T
�j0[�jF jt � �̂jF̂ jt ]

=
1

N

SX
j=1

[
1

T

TX
s=1

ĜsF
j
s
0]f�j0[(�jHj0�1 � �̂j)F̂ jt + �jHj0�1(Hj0F jt � F̂ jt )]g

where the second equality is based on the identi�cation restriction
PT

s=1 ĜsF̂
j0
s = 0: Also we
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have

1

T

TX
s=1

ĜsF
j
s
0 =

1

T

TX
s=1

ĜsF̂
j
s
0(Hj)�1 +

1

T

TX
s=1

Ĝs(F
j
s
0 � F̂ j0s (Hj)�1)

=
1

T

TX
s=1

Ĝs(F
j
s
0 � F̂ j0s (Hj)�1) = op(1)

Then consider the second term

1

NT

TX
s=1

Ĝs�
0
set =

1

NT

TX
s=1

Ĝs

SX
j=1

�j0
s e

j
t

=
1

NT

TX
s=1

Ĝs

SX
j=1

ej0t [(�
jHj0�1 � �̂j)F̂ jt + �jHj0�1(Hj0F jt � F̂ jt )]

where the second term inside the second summation

ej0t �
jHj0�1(Hj0F jt � F̂ jt ) = f

1p
M

MX
i=1

�jie
j
itg0Hj0�1Ajf 1p

M

MX
i=1

�jie
j
is + op(1)g = Op(1)

The �rst term of the above equation

1

NT

TX
s=1

SX
j=1

Ĝse
j0
t (�

jHj0�1 � �̂j)F̂ jt =
1

NT

SX
j=1

TX
s=1

ĜsF̂
j0
s (�

jHj0�1 � �̂j)0ejt = 0

by the identifying assumption
PT

s=1 ĜsF̂
j0
s = 0: In sum, the second term in I1 becomes

1

NT

TX
s=1

Ĝs�
0
set =

1

NT

SX
j=1

TX
s=1

Ĝse
j0
t �

jHj0�1(Hj0F jt � F̂ jt )

= � 1

NT

SX
j=1

TX
s=1

Ĝs[
1p
M

MX
i=1

�jie
j
is + op(1)]

0Aj0(Hj)�1[
1p
M

MX
i=1

�jie
j
it]

= � 1p
N

1p
NT

SX
j=1

TX
s=1

Ĝs[
1p
M

MX
i=1

�jie
j
is + op(1)]

0Aj0(Hj)�1[
1p
M

MX
i=1

�jie
j
it]
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= � 1p
N

p
Sp
M

1

ST

SX
j=1

TX
s=1

Ĝs[
1p
M

MX
i=1

�jie
j
is + op(1)]

0Aj0(Hj)�1[
1p
M

MX
i=1

�jie
j
it]

= Op(
1p
N

r
S

M
):

Now consider the third term, 1
NT

PT
s=1 Ĝse

0
s�t: Similarly e0s�t =

PS
j=1�

j0
t e

j
s and

�j0
t e

j
s = e

j0
s [�

jF jt � �̂jF̂ jt ] = ej0s [(�jHj0�1 � �̂j)F̂ jt + �jHj0�1(Hj0F jt � F̂ jt )]

Still the second term

ej0s �
jHj0�1(Hj0F jt � F̂ jt ) = �f

1p
M

MX
i=1

�jie
j
isg0Hj0�1Ajf 1p

M

MX
i=1

�jie
j
it + op(1)g

: The �rst term ej0s (�
jHj0�1� �̂j)F̂ jt = op(1); which is dominated in magnitude by the second

term. In sum

1

NT

TX
s=1

Ĝse
0
s�t = � 1

NT

SX
j=1

TX
s=1

Ĝsf
1p
M

MX
i=1

�jie
j
isg0Hj0�1Ajf 1p

M

MX
i=1

�jie
j
it + op(1)g

= Op(
1p
N

r
S

M
):

Finally, consider the fourth term. The component 1
NT

PT
s=1 Ĝse

0
set can be split into two

terms

1

NT

TX
s=1

Ĝse
0
set =

1

T

TX
s=1

Ĝs
N(s; t) +
1

T

TX
s=1

Ĝs�st; where

�st =
e0set
N

� 
N(s; t) and 
N(s; t) = E(
e0set
N
)

Notice that

jj 1
T

TX
s=1

Ĝs
N(s; t)jj2 �
 
1

T

TX
s=1

jjĜsjj2
! 

1

T

TX
s=1


2N(s; t)

!
= Op(1) �Op(

1

T
) = Op(

1

T
)
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by assumption. And

jj 1
T

TX
s=1

Ĝs�stjj2 �
 
1

T

TX
s=1

jjĜsjj2
! 

1

T

TX
s=1

�2st

!
= Op(

1

N
)

which comes from the observation that that
�PT

s=1 �
2
st

�2
� T

�PT
s=1 �

4
st

�
� T T

N2M; thus

1
T

PT
s=1 �

2
st � 1

N
M1=2 = Op(

1
N
): Q.E.D.

Lemma 2:

I2 =
1

T

TX
s=1

Ĝs�st = Op(
1p
N
) +Op(

1p
N
)Op(

p
N

min(M;T )
)

Proof of Lemma 2:

I2 =
1

T

TX
s=1

Ĝs�st =
1

NT

TX
s=1

ĜsG
0
s�
0vt =

1

NT

TX
s=1

ĜsG
0
s�
0[�t + et]

= [
1

T

TX
s=1

ĜsG
0
s] �

1

N
�0�t + [

1

T

TX
s=1

ĜsG
0
s] �

1

N
�0et

The second term

I22 =
1p
N
� [ 1
T

TX
s=1

ĜsG
0
s] �

1p
N
�0et = Op(

1p
N
)

determines the limiting distribution. The �rst term

I21 = [
1

T

TX
s=1

ĜsG
0
s] �

1

N

SX
j=1

�j0[�jF jt � �̂jF̂ jt ]

= [
1

T

TX
s=1

ĜsG
0
s] �

1

N

SX
j=1

�j0[(�jHj0�1 � �̂j)F̂ jt + �jHj0�1(Hj0F jt � F̂ jt )]

The term [ 1
T

PT
s=1 ĜsG

0
s] is Op(1); so the �rst term of I21 is Op(1)� 1S

PS
j=1

1
M
�j0(�jHj0�1�

�̂j)F̂ jt = Op(
1

min(M;T )
) by Lemma A.10 of Bai (2006).
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The second term of I21 is Op(1) � 1N
PS

j=1 �
j0�jHj0�1(Hj0F jt � F̂ jt ); where

Hj0F jt � F̂ jt = �Aj 1
M

MX
i=1

�jie
j
it � Aj

1

M

MX
i=1

�ji (H
�1�ji � �̂

j
i )
0Ĝt

�Aj 1
M

MX
i=1

�ji�
j0
i H

0�1(H 0Gt � Ĝt) + op(1):

Substitute into 1
N

PS
j=1 �

j0�jHj0�1(Hj0F jt � F̂ jt ) = 1
N

PS
j=1

PM
i=1 �

j
i�

j0
i H

j0�1(Hj0F jt � F̂ jt )
and analyze each term:

Firstly, we have

� 1
N

SX
j=1

�
1

M
�j0�jHj0�1Aj�j0ejt

�

= � 1p
N

1p
S

SX
j=1

��
1

M
�j0�j

�
Hj0�1 1p

M
Aj�j0ejt

�
= Op(

1p
N
):

Secondly, we have

� 1
S

SX
j=1

�
1

M
�j0�j

�
Hj0�1Aj

1

M

MX
k=1

�jk(H
�1�jk � �̂

j
k)
0Ĝt = Op(

1

min(M;T )
)

by Lemma A.10 of Bai (2006).

Lastly, we have

� 1
S

SX
j=1

�
1

M
�j0�j

�
Hj0�1Aj

�
1

M
�j0�j

�
H 0�1(H 0Gt � Ĝt)

= [
1

S

SX
j=1

�
1

M
�j0�j

�
Hj0�1Aj

�
1

M
�j0�j

�
H 0�1](Ĝt �H 0Gt) = Op(

1p
N
)

which will be moved to the LHS to solve for the equilibrium �xed point representation.

Q.E.D.

Lemma 3: I3 = 1
T

PT
s=1 Ĝs�st = Op(

1p
N

1p
T
):
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Proof of lemma 3:

I3 =
1

T

TX
s=1

Ĝs�st =
1

T

TX
s=1

Ĝsv
0
s�Gt=N

=
1

T

TX
s=1

Ĝs(�s + es)
0�Gt=N =

1

T

TX
s=1

Ĝs(�s + es)
0�Gt=N:

The term

1

NT

TX
s=1

Ĝs(�s)
0�Gt =

1

NT

TX
s=1

Ĝs

 
SX
j=1

[(�jHj0�1 � �̂j)F̂ js + �jHj0�1(Hj0F js � F̂ js )]0�j
!
Gt

in which the �rst part

1

NT

SX
j=1

 
TX
s=1

ĜsF̂
j0
s

!h
(�jHj0�1 � �̂j)0�j

i
Gt = 0

by the identifying assumption
PT

s=1 ĜsF̂
j0
s = 0 for all j, and the second part

1

NT

TX
s=1

Ĝs

 
SX
j=1

[�jHj0�1(Hj0F jt � F̂ jt )]0�j
!
Gt

=
1p
MST

TX
s=1

Ĝs

 
SX
j=1

p
M(Hj0F jt � F̂ jt )0(Hj)�1

1

M
�j 0�j

!
Gt

= � 1p
MST

TX
s=1

Ĝs

 
SX
j=1

(
1p
M

MX
i=1

�jie
j
is + op(1))

0(Hj)�1
1

M
�j 0�j

!
Gt

= � 1p
N

1p
T

1p
T

TX
s=1

 
1p
N

SX
j=1

MX
i=1

Ĝse
j
is�

j0
i (H

j)�1
1

M
�j 0�j

!
Gt

= Op(
1p
N

1p
T
):

The term 1
NT

PT
s=1 Ĝses

0�Gt =
1
NT

PT
s=1(Ĝs � H 0Gs)es

0�Gt +
1
NT

PT
s=1H

0Gses
0�Gt =

Op(1=
p
NT ): Q.E.D.
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Proof of Theorem 3: Recall the data generating process can be represented as

zst = �sGt + v
s
t ; where

zst = xst � �̂sF̂ st
vst = �sF st � �̂sF̂ st + est

From Lemma 1�3, as
p
N=T ! 0 and S=M ! 0; we have

p
NVNT (Ĝt �H 0Gt) =

1p
NT

TX
k=1

ĜkG
0
k�

0vt + op(1)

=
1p
N

 
1

T

TX
k=1

ĜkG
0
k

!
SX
s=1

MX
i=1


siv
s
it + op(1)

=

 
1

T

TX
k=1

ĜkG
0
k

!
1p
N

SX
s=1

MX
i=1


sie
s
it

+

 
1

T

TX
k=1

ĜkG
0
k

!
1p
N

SX
s=1

MX
i=1


si ((H
s)�1�si � �̂

s

i )
0F̂ st

+

 
1

T

TX
k=1

ĜkG
0
k

!
1p
N

SX
s=1

MX
i=1


si�
s0
i (H

s0)�1(Hs0F st � F̂ st ) + op(1)

The term
�
1
T

PT
k=1 ĜkG

0
k

�
1p
N

PS
s=1

PM
i=1 


s
ie
s
it is Op(1); which partly determines the limiting

distribution. From the proof of Lemma 2, we know that

[
1

T

TX
s=1

ĜsG
0
s] �

1p
N

SX
s=1

MX
i=1


si ((H
s)�1�si � �̂

s

i )
0F̂ st

= Op(

p
N

min(M;T )
) = op(1); assuming

S

M
! 0:

From the proof of theorem 2, we have

Hs0F st � F̂ st = �As 1
M

MX
i=1

�sie
s
it � As

1

M

MX
i=1

�si (H
�1
si � 
̂si )0Ĝt

�As 1
M

MX
i=1

�si

s0
i H

0�1(H 0Gt � Ĝt) +Op(
1p

M minf
p
M;
p
Tg
)
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Substitute into 1p
N

PS
s=1

PM
i=1 


s
i�
s0
i (H

s0)�1(Hs0F st � F̂ st ) and analyze each term:
Firstly, we have

1p
N

SX
s=1

MX
i=1


si�
s0
i (H

s0)�1(�As 1
M

MX
i=1

�sie
s
it)

= � 1p
N

SX
s=1

MX
j=1

�s0�s

M
(Hs0)�1As�sje

s
jt = Op(1)

which partly determines the limiting distribution.

Secondly, we have

1p
N

SX
s=1

MX
i=1


si�
s0
i (H

s0)�1(�As 1
M

MX
i=1

�si (H
�1
si � 
̂si )0Ĝt)

= �
p
N
1

S

SX
s=1

�s0�s

M
(Hs0)�1As

1

M

MX
i=1

�si (H
�1
si � 
̂si )0Ĝt

= Op(

p
N

min(M;T )
) = op(1); assuming

S

M
! 0:

Lastly, we have

1p
N

SX
s=1

MX
i=1


si�
s0
i (H

s0)�1(�As 1
M

MX
i=1

�si

s0
i H

0�1(H 0Gt � Ĝt))

=

(
1

S

SX
s=1

�s0�s

M
(Hs0)�1As

�s0�s

M
H 0�1

)np
N(Ĝt �H 0Gt)

o
= Op(1)

The asymptotic equilibrium representation for
p
N(Ĝt �H 0Gt) is given by

p
N(Ĝt �H 0Gt)

= (VNT � 
)�1 �
( 

1

T

TX
k=1

ĜkG
0
k

!
1p
N

SX
s=1

MX
i=1

�

si �

�s0�s

M
(Hs0)�1As�si

�
esit

)
+ op(1)

= (VNT � 
)�1 �
( 

1

T

TX
k=1

ĜkG
0
k

!
1p
N

SX
s=1

�s0
�
IM �

1

M
�s(Hs0)�1As�s0

�
est

)
+ op(1)

! N(0;�t)
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where


 =

 
1

T

TX
k=1

ĜkG
0
k

!(
1

S

SX
s=1

�s0�s

M
(Hs0)�1As

�s0�s

M
H 0�1

)

As = plimV �1MT

1

T

TX
k=1

(F̂ skF
s0
k )

with V sMT being a diagonal matrix consisting of the �rst r eigenvalues of
Y sY s0

MT
in decreasing

order. Q.E.D.
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