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Abstract

The purpose of this document is to provide a model validation for
the pricing and hedging of european rainbow options on two assets
A rainbow option is an option whose payoff depends on the linear
combination of two assets and a strike. We will discuss the model we
chose to price these options, explain our methodology and then verify
our model according to the OCC 2000-16 note. We will provide for
this :

e executive summary

e white paper / tech spec

e testing of pricing

e testing of greeks/hedge parameters
e conditions for use

e strengths / weaknesses
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Introduction

In this paper we are going to verify a model of pricing and calculating
greeks (for hedging purposes ) for many rainbow options. This model has
been developed during our computing in finance project of the first semester
of our master.

This model is based on a Monte Carlo framework which had been de-
signed for many other purposes (other exotic options) and had already been
validated at this point on both simple options (european calls) or more ex-
otic (reverse lookback, asian, barrier...). The difficulty here comes from the
multiple sources of randomness due to the fact that we now have two assets
to simulate. We then need to check the accuracy of our path generator and
of the model of diffusion we choose for our assets.

1 Executive summary

To price the rainbow options, we assume a Black Scholes diffusion process
for our underlying stocks, which is a well known assumption and does not
need to be discussed further here. Obviously stocks are correlated, and this
is the most important reason of existence of rainbow options, so we assume a,
constant correlation of the stocks. The fact that this correlation is constant
is not really a strong assumption since we price only european style options
and we only care about the realized correlation over the period of life of the
option and there is no need to consider time dependent correlation. Maybe
in the reality there is a level dependence correlation on the underlyings but
this would be too hard to verify and nobody uses this, so we will forget this
point now and just check later that our prices are really accurate.

We decided to focus on the following rainbow options with the notations

S1 and S2 are prices of asset 1 and asset 2 at exercise

W1 and W2 are the respective weights

e K is the strike

M is a multiplier 1I=CALL, -1=put

Spread Option max {M * (W1*S1 W2%*S2-K), 0} - Type SpreadOp-
tionMax



e 2-asset basket max {M * (W1*S1 + W2*S52-K), 0} - Type AssetsBas-
ketMax

e Best Of 2 assets and cash max {W1*S1, W2*S2, K} - Type Be-
stOf2AssetsCash

e Worst Of 2 assets and cash min {W1*S1, W2*S2, K} - Type WorstOf2AssetsCash

e Maximum Of 2 Assets max {M * (max[W1*S1 , W2*S2]-K), 0} - Type
Max2AssetsCall / Max2AssetsPut

e Minimum Of 2 Assets max {M * (min[W1*S1 , W2*S52]-K), 0} - Type
Min2AssetsCall / Min2AssetsPut

e We also added the BetterOf2Assets / WorseOf2Assets, which is ba-
sically the BestOf2AssetsCash / WorstOf2AssetsCash with a strike
equal to 0.

2 White paper

3 Testing of pricing

We have already explained the payoff types we implemented, and to check
our prices we used the closed forms when it was applicable. Rubinstein
wrote in 1991 and 1995 in ”Somewhere Over the Rainbow” and ”Return
to Oz” that spread options, basket options and dual-strike options do not
have a closed form. Also, for the Worst Of 2 Asset plus Cash we were not
able to derive a closed form, but there should be one. As for the other
types of rainbow options, we refered to the web-site http://www.global-
derivatives.com/options/rainbow-options.php to get them. For these the
weights are taken equal to 1 for each stock, and for the Best Of Cash/Worst
Of Cash/Better/Worse, the multiplier is equal to 1. The closed forms use
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Now if we denote by N the cumulative normal distribution and BN the
cumulative bivariate normal distribution, both approximated using Hull’s
coefficients (see Chapter ”Common”), we define:

A = SleimT[N(dg) - BN(—dl, d3, pl)]
B = SgetiT[N(dzl) - BN(—dQ, dy, pg)]
B = Ke "TBN(—=dy + o \VT,—ds + 0oV'T, p)

With these inputs we can then get the prices with closed forms:

Type of Rainbow Closed Form price
(1) | Best of 2 Assets Plus Cash A+ B+ C
(2) | Maximum of 2 Assets Call (1) — Ke™"T
(3) | Better of 2 Assets A+ B+ C (Where K =0)
(4) | Maximum of 2 Assets Put  (2) — (3) + Ke™ "7
(5) | Minimum of 2 Assets Call ~ EuroBSCall(S;)+EuroBSCall(S2) — (2)
(6) | Worse of 2 assets EuroBSCall(S1)+EuroBSCall(S2) — (3)
(7) | Minimum of 2 Assets Put ~ EuroBSPut(S;)+EuroBSPut(S2) — (4)



From there we understand that we can also check our formulas by syn-
thetizing on with some others and compare. For example, we have priced
all of these for several strikes, spots, volatilities and correlations (see test on
rainbow) and substracting (2) from (1) gives at Ke~ "7 at the 5th decimal
for closed form and the second for Monte Carlo. The other combinationes
were tested too and are in agreement. See the Monte Carlo later in this
chapter to see how we made sure our tests were consistent.

To generate two correlated brownian motions (X1, X3), we have to sam-
ple 2 normal distributions (N7, N2) and do the following;:

X1 =M

Xy = pNi1+1—p?N,

In higher dimension, we use the Cholesky decomposition for a correlation
matrix X for n brownian motions, we write

=U"U
where U is a lower triangular matrix. Then

Xi Ny

The 2 dimension formula is a special case of the Cholesky decomposition

with
Ly
p 1

We had to be very, very careful in using random number generators.
Indeed we never used the C++ based one and usually used Sobol in one
dimension. The main issue with Sobol in one dimension is that the samples
are correlated, as it works by dichotomy in the interval. Hence at first we
noted the set of differences in prices form Monte Carlo to closed form (Best
Of) (fig 8.1)

This is of course unacceptable. We can refer to the article of Lee and
Huang (Aletheia University) ”Pricing Rainbow Options Using Monte Carlo
Simulation - 2005” where they tested several random generators to price
rainbows with Monte Carlo and showed that Sobol is not the best one to



Difference between Monte Carlo / Closed formn prices for several strikes and spats, sorted by value
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Figure 1: Prices differences using Sobol for best of’s - Strikes and Spot
moving between 50 and 150

use, even in dimension 2 as it creates aggregates in some spaces of the unit
cirle of R2.

We used VBA to price by Monte Carlo the rainbow and realized we had
the correct prices with respect to the closed form. Moving to Mersenne
Twister, we have (fig 8.2)

The differences do not exceed 8 basis points in relative absolute value,
which is a very good thing.

We now had another issue. Indeed as we did not do the calculus for exact
closed form value concerning the greeks, the method is finite difference. But
Monte Carlo by itself converges to the prices but two different runs can
lead to different prices. Hence assume the following: one it 2bps lower than
the closed form and the other is 4 bps higher. Hence the greek calculation
would be totally off. To calculate the greeks while bumping the reference
parameter (spot, volatility, rate, etc) up and down, we have to make sure
each set of paths faces the same states of the world, i.e. the same random
samples, else it is completely off. We noted some deltas that should be 17
with closed form and that were swinging beween 5 and 500 depending on
when we calculated them. We have to reset the seed of the random generator



Difference betveen Monte Carlo / Closed formn prices for several stikes and spots, sorted by valug
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Figure 2: Prices differences using Mersenne Twister for best of’s - Strikes
and Spot moving between 50 and 150

each time we use the engine, so as to make sure if we price exactly the same
product with Monte Carlo, we get to exactly the same price. This has been
done and here are the distribution of differences for the partial delta for the
Best of, the Max Call and the Min Put (fig 8.3, 8.4 and 8.5).

At the end we have a very reliable object which the user can trust. As
an example, here are a set of results we have for some products, and some
prices as functions of the strike.

The very interesting noticeable fact is the importance of the rho as the
strike gets higher. Indeed, in expectation, the stock prices in this case are
S;e™” ~ 110.5, hence as we get tho higher strikes, the structure is likely to
be close to a zero coupon bond, and be worth the discounted value of the
strike. But then, the only risk we have on the product is a rate risk as we
are virtually holding a ZCB. And holding a ZCB is being short the rates,
meaning if rates move up, our structure is away from the fair value on the
downside, and we are loosing money (fig 8.7).

We also graphed the prices per strike in the same set of inputs for the 2
assets MAx/Min Call/Put’s (fig 8.8)

To complete the validation of prices, we ran some historical back testing.
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Figure 3: Distribution of delta differences Monte Carlo/Closed Form for the
Best of, for different spots and strikes



MaxCall Differences - Histogram
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Figure 4: Distribution of delta differences Monte Carlo/Closed Form for the
Max Call, for different spots and strikes
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MInP ut Differences - Histogram
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Figure 5: Distribution of delta differences Monte Carlo/Closed Form for the
Min Put, for different spots and strikes
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Best Of+Cash Prices for 2 assets, per strike
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Figure 6: Best of price as a function of the strike: T = 1, o1 = 09 = 20%),
r =10% and S; = Sy = 100
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Best Of+ Cash Rho risk for 2 assets, per strike
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Figure 7: Best of rho as a function of the strike: T = 1, o1 = 09 = 20%),

r =10% and S; = Sy = 100
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Figure 8: Max/Min Call/Put’s as functions of the strike: T'=1, 01 = 09 =
20%, r = 10% and S; = Sy = 100
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We downloaded some historical data for some stocks. We chose pretty liquid
stocks such that the Black Scholes assumptions hold. We chose stocks from
the S&P500 : Intel, Microsoft, Apple, Yahoo, Adobe, Dell, Ebay, Amazon.
We ran some tests to be sure there was no bad point in the data (plots,
maximum daily change...)

We needed then the implied volatilities and interest rates for these dates,
which have been found on Bloomberg. We decided to price one year options,
so we got one year implied volatilities at the date we wanted to start the
simulation and took the one year Libor interest rates for these dates. We
also needed the correlation which has been computed by taking the yearly
changes during the two last years for adjusted daily closes and we came up
with reasonably stable values for them.

Then, we ran some simulations, pricing some options at a given date,
and then looking at the realized payoff one year later, and we computed
the difference between the premium and the discounted payoff. WE nor-
malized all these values and sum up them and we saw that this number was
pretty small, which means that the given prices are good expectations of
the discounted payoff and we can make money by applying a margin on the
premium paid.

The results for the Spread of option max can be found on the picture
below :

name narne2 ] w2 K tho price payoff | Df Payoff  P&L
SpreadOptionhax 1959
intel msft 1 1 0 061 3.398 0 0.00 3.40
msft ntel (I (I D 0Bl 557 883 845 288
intel apple 1 3 0 0.247 8.76 0 0.00 8.76
spple_ntel ] I i D 0247 738 5737 BA5I 4718
intel yahoo 2 1 0 0 35.01 0 0.00 35.01
yahoo el 2 1 0 0 343 3477 304 13 ¢
microsoft yahoo 1 1 0 0574 103024 0 0.00 10.30
yahoo msft 1 1 a 0.574 4.63 B7.67 64.49 -59.56
2002
ntel _msft 2 (I 0 04 258 0 000 2590
msft intel 2 1 10 04 2286 2067 2018 268
msft_apple 1 2 5 056 572 385 3% 216
apple msft 2 1 0 0.556 1.52 0 0.00 1.52
el yahoo 4 1 5 063 1141 5112 4980 B4 0
yahoo intel 4 1 5 0.69 6.967 13.97 13.64 -6.67
microsoft yahoo 2 & 0 0.222 21 29 2.83 18.17
yahoo msft 5 2 0 0.222 5.1 0 0.00 5.10
yahoo _del 3 (I D 0859 2624 0 000 262
dell yahoo 1 3 0 0.858 4.06 1.31 1.28 278

Figure 9: Results for Spread of option max 1999 and 2002
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We can see that there is a lot of money lost on the last option, we chose
this exemple especially for this because yahoo went from 30 to 120 in a year,
which is a huge increase. This was just to show one of the worst case that
can happen, but in this case, the hedge would prevent most of the loss.

The same results are provided for many options here :

|BestOfR2AssetsCash 2002

|intel msft 1 1 25 04 3655 25 2440 1215
msft apple 1 3 25 058 3811 25 2440 1471
intel yahno 1 3 30 063 3972 30 2928 10.44
micrasoft | yahoo 1 3 25 0202 A 64 BT 1164
lyahoo | dell 3 1 25 0883 3247 7T 05 5.12

Figure 10: Best of 2 Assets plus Cash for 2002

Max2AssetsCall 2002

intel msft 1 1 30 0.4 8.52 0 0.00 8.52
msft apple 1 3 30 0.556 B.23 0 0.00 6.23
intel amazon 1 3 30 0.505 10.35 28.71 25.02 -17.67
microsoft |yahoo 1 3 25 0222 9.64 1.4 1.37 8.27
yahoo ebay 15 1 15 0.538 3.49 234 228 1.1

Figure 11: Max of 2 assets call for 2002

AszgetsBasketMax 2001

intel rmsft 1 1 45 0.222 2.05 16.25 15.686 -6.81
mmsft apple 1 1 2% 0.55 537 1557 15.20 -8.83
intel arnazon 1 1 40 083 16.72 22 215 14.57
microsoft | yahoo 1 1 30 0.36 8.92 8.93 8.72 0.20
yahoo ehay 1 1 20 042 5.1 585 571 -0.61

Figure 12: Basket of assets max for 2001

4 Testing of greeks

As a set of results for the Best Of plus Cash, the MaxCall and the MinPut,
we have run the Closed Form pricing range for the greeks, for a 2Y rainbow
with 5% interest rate. As both weights are identical, the partial with respect
to both assets are equal. For the range of parameters, spots and strikes move
in [80, 120], correlation in [—1, 1] and volatilities in [10%,30%] The results
are shown in table 8.9.
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Partial Delta | Partial Gamma | Partial Vega | Rho | Correl

Best Of | Min 0.32 0.00 0.01 | -42.39 | -16.40
Max 109.53 520.09 18.74 0.00 | 10.45

MaxCall | Min 0.00 0.00 0.06 8.84 | -15.59
Max 116.93 519.42 18.91 | 28.28 7.84

MinPut | Min -61.63 0.10 0.02 | -21.71 | -16.40
Max 0.00 192.37 4.33 | -2.29 3.82

Figure 13: A few results on the greeks - Min and Max values noticed for
reasonable parameters

It confirms the general intuition in which of course the Best of works as
a call so it is long delta like the call, the put being short delta. All these
are long gamma, as the single stock european versions, as well as long vega,
which is understandable as when you own them, if the implied volatility goes
up, their value appreciates. The rho is also logical: short for the best of +
cash as explained, long for the call and short for the put, as for the european
Black-Scholes options. And as for the correlation, depending on whether one
spot is higher than the other, and whether their base correlation is positive
or negative, the correlation risk can have a positive or a negative impact.
Indeed, say we have a Max Call, if the base correlation is positive and high,
the maximum is likely to be higher, so is the price: when the correlation
decreases, it decreases the price.

The closed formulas are not available for Rainbow options, but our Monte
Carlo engine has been tested for greeks for more simple options and revealed
to find really good values for them. The calculation of greeks has been
designed to avoid large errors, by recomputing the payoff on the same set of
random values generated, such that we avoid the error due to Monte Carlo
approximation. With important enough generations, the greeks are very
stable such that we are sure we reached the convergence point for them,
even with 30 seconds calculation on a fast enough computer, so we can be
confident in these values.

5 Conditions for use

As we mentioned before, one of our main assumptions is the Black Scholes
diffusion model. For this one to be considered efficient, we need liquid
stocks (for exemple S&P stocks are perfect for that) and this should not be

17




a problem since these options are usually traded only on very liquid stocks.

Then, one should only be careful to input the proper values for interest
rates and implied volatilities. For exemple if you are pricing a one year
option, one should enter the one year interest rate at this date, given by the
market and then the one year implied volatilities for each stock, given by
either calls or puts in the market depending on the rainbow you are pricing.

After this, the correlation between stocks should be calculated by taking
the correlation between the series returns, and these returns should be the
returns corresponding to the maturity of the option. Indeed, if you are
pricing a one day option, the correlation should be much lower than if you
are pricing a one year option, in which case one understands that the stocks
are mainly driven by economic reasons, or index value.

If these conditions are met then one can be confident in the prices and
greeks returned.

6 Strengths and weaknesses

The strengths of this model is its efficiency, since the use of proper random
number generation allows us to get prices and greeks with a high confidence
level and very fast. The model relies only on the Black Scholes diffusion
process which is commonly adopted by the market, so we can be highly
confident in it.

Another important point is that the inputs required are easy to compute
or to get from Bloomberg for exemple. On top of that the implementation
is not really difficult and the efficiency of the pricer can be tested on more
simple options to be sure of its accuracy.

7 Conclusion

Our model relies only on the Black Scholes diffusion equation from a mod-
elling point of view and on the Monte Carlo principle from a numerical and
practical point of view.

We have explained how the inputs for our model should be computed, so
if one respects these conditions, and if the Black Scholes assumption holds
(we have explained what one should take care of) then one can be confident
in the prices given by our model. Indeed, the prices and greeks letters have
been checked many times, with known closed formulas, with another pricer
built in VBA and also with historical back testing.
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As a conclusion, we can be confident in the outputs of our model if the
conditions for its use have been respected. On top of that, this model is
very intuitive and is commonly used by the market, so prices can be checked
easily on the market.

19



