
Convergence of Discrete-Time Games with Imperfect

Information to a Continuous-Time Limit

Yuliy Sannikov 

Working Paper, February 2006.

Presented by Tomek Piskorski



Motivation and Objective of the Paper



Motivation and Objective of the Paper

• Abreu, Pearce and Stacchetti (1990) showed that any equilibrium 
payoffs vector of discrete-time repeated game with imperfectly 
observable actions can be achieved by a recursive equilibrium with 
players' continuation values as state variables. 



Motivation and Objective of the Paper

• Abreu, Pearce and Stacchetti (1990) showed that any equilibrium 
payoffs vector of discrete-time repeated game with imperfectly 
observable actions can be achieved by a recursive equilibrium with 
players' continuation values as state variables. 

• In a recursive equilibrium continuation values change location after 
every observation of the public signal.



Motivation and Objective of the Paper

• Abreu, Pearce and Stacchetti (1990) showed that any equilibrium 
payoffs vector of discrete-time repeated game with imperfectly 
observable actions can be achieved by a recursive equilibrium with 
players' continuation values as state variables. 

• In a recursive equilibrium continuation values change location after 
every observation of the public signal.

• It is not straightforward to see a pattern behind these jumps and the 
connection between the equilibrium dynamics and the shape of the
set of equilibrium payoffs.



Motivation and Objective of the Paper

• Abreu, Pearce and Stacchetti (1990) showed that any equilibrium 
payoffs vector of discrete-time repeated game with imperfectly 
observable actions can be achieved by a recursive equilibrium with 
players' continuation values as state variables. 

• In a recursive equilibrium continuation values change location after 
every observation of the public signal.

• It is not straightforward to see a pattern behind these jumps and the 
connection between the equilibrium dynamics and the shape of the
set of equilibrium payoffs.

• Sannikov (2005) modeling a repeated game in continuous time 
showed that the set of equilibrium payoffs is characterized by an 
ODE and that the pattern of interaction that achieve extreme payoffs 
pairs is uniquely determined by the public signals.



Motivation and Objective of the Paper

• Abreu, Pearce and Stacchetti (1990) showed that any equilibrium 
payoffs vector of discrete-time repeated game with imperfectly 
observable actions can be achieved by a recursive equilibrium with 
players' continuation values as state variables. 

• In a recursive equilibrium continuation values change location after 
every observation of the public signal.

• It is not straightforward to see a pattern behind these jumps and the 
connection between the equilibrium dynamics and the shape of the
set of equilibrium payoffs.

• Sannikov (2005) modeling a repeated game in continuous time 
showed that the set of equilibrium payoffs is characterized by an 
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• Does the set of payoffs of equilibria of a discrete-time game 
converge to the set of payoffs of equilibria of a continuous time 
game as the length between periods goes to zero?
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whereμa is ad-dimensional vector, whosecomponents addup to0.

The actions the player takes are his private information.

Assumethat πkΔa is strictlypositive for all Δ ∈ 0.1, a ∈A, andk = 1,..,d.

The actions the player takes are his private information.
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Eachplayer caresabout his expected lifetimepayoff:Eachplayer caresabout his expected lifetimepayoff:

where r is acommondiscount factor.
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where ZA is a d-dimensional Brownian motion with covariance matrix Σπ

under the modified measure QA.
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Apair of strategiesA = A1,A2 is aperfect public equilibrium(PPE) if for i = 1,2
AimaximizesWt

iAi,Aj, Aj givenafter all public histories.

Let Er betheset of valuepairs that canbeachievedbysomePPE.



Continuous Time Game:

Sannikov’s (2005) Characterization of Set of PPE Payoffs



Continuous Time Game:

Sannikov’s (2005) Characterization of Set of PPE Payoffs

Let N be the convex hull of pure-strategy Nash equilibrium payoffs.



Continuous Time Game:

Sannikov’s (2005) Characterization of Set of PPE Payoffs

Let N be the convex hull of pure-strategy Nash equilibrium payoffs.

Sannikov (2005) showed that in aPPEwith valueW0 ∈ ∂Er/N the future

continuation valuesof theplayers,Wt, areon theboundaryof Er.

Let N be the convex hull of pure-strategy Nash equilibrium payoffs.



Continuous Time Game:

Sannikov’s (2005) Characterization of Set of PPE Payoffs

Let N be the convex hull of pure-strategy Nash equilibrium payoffs.

Sannikov (2005) showed that in aPPEwith valueW0 ∈ ∂Er/N the future

continuation valuesof theplayers,Wt, areon theboundaryof Er.

Let N be the convex hull of pure-strategy Nash equilibrium payoffs.

Locally themotion of continuation values is givenby

Let N be the convex hull of pure-strategy Nash equilibrium payoffs.



Continuous Time Game:

Sannikov’s (2005) Characterization of Set of PPE Payoffs

Let N be the convex hull of pure-strategy Nash equilibrium payoffs.

Sannikov (2005) showed that in aPPEwith valueW0 ∈ ∂Er/N the future

continuation valuesof theplayers,Wt, areon theboundaryof Er.

Let N be the convex hull of pure-strategy Nash equilibrium payoffs.

Locally themotion of continuation values is givenby

Let N be the convex hull of pure-strategy Nash equilibrium payoffs.Let N be the convex hull of pure-strategy Nash equilibrium payoffs.



Continuous Time Game:

Sannikov’s (2005) Characterization of Set of PPE Payoffs

Let N be the convex hull of pure-strategy Nash equilibrium payoffs.

Sannikov (2005) showed that in aPPEwith valueW0 ∈ ∂Er/N the future

continuation valuesof theplayers,Wt, areon theboundaryof Er.

Let N be the convex hull of pure-strategy Nash equilibrium payoffs.

Locally themotion of continuation values is givenby

Let N be the convex hull of pure-strategy Nash equilibrium payoffs.Let N be the convex hull of pure-strategy Nash equilibrium payoffs.

whereWt ∈ ∂Er is acurrent pair of continuation values, At is acurrent action
profile, andT is aunit tangent vector to theset Er at pointWt.

Let N be the convex hull of pure-strategy Nash equilibrium payoffs.



Continuous Time Game:

Sannikov’s (2005) Characterization of Set of PPE Payoffs

Let N be the convex hull of pure-strategy Nash equilibrium payoffs.

Sannikov (2005) showed that in aPPEwith valueW0 ∈ ∂Er/N the future

continuation valuesof theplayers,Wt, areon theboundaryof Er.

Let N be the convex hull of pure-strategy Nash equilibrium payoffs.

Locally themotion of continuation values is givenby

Let N be the convex hull of pure-strategy Nash equilibrium payoffs.Let N be the convex hull of pure-strategy Nash equilibrium payoffs.

whereWt ∈ ∂Er is acurrent pair of continuation values, At is acurrent action
profile, andT is aunit tangent vector to theset Er at pointWt.

Let N be the convex hull of pure-strategy Nash equilibrium payoffs.

PROMISEKEEPING

Let N be the convex hull of pure-strategy Nash equilibrium payoffs.



Continuous Time Game:

Sannikov’s (2005) Characterization of Set of PPE Payoffs

Let N be the convex hull of pure-strategy Nash equilibrium payoffs.

Sannikov (2005) showed that in aPPEwith valueW0 ∈ ∂Er/N the future

continuation valuesof theplayers,Wt, areon theboundaryof Er.

Let N be the convex hull of pure-strategy Nash equilibrium payoffs.

Locally themotion of continuation values is givenby

Let N be the convex hull of pure-strategy Nash equilibrium payoffs.Let N be the convex hull of pure-strategy Nash equilibrium payoffs.

whereWt ∈ ∂Er is acurrent pair of continuation values, At is acurrent action
profile, andT is aunit tangent vector to theset Er at pointWt.

Let N be the convex hull of pure-strategy Nash equilibrium payoffs.

PROMISEKEEPING

Let N be the convex hull of pure-strategy Nash equilibrium payoffs.

INCENTIVES

Let N be the convex hull of pure-strategy Nash equilibrium payoffs.



Continuous Time Game:

Sannikov’s (2005) Characterization of Set of PPE Payoffs

Let N be the convex hull of pure-strategy Nash equilibrium payoffs.

Sannikov (2005) showed that in aPPEwith valueW0 ∈ ∂Er/N the future

continuation valuesof theplayers,Wt, areon theboundaryof Er.

Let N be the convex hull of pure-strategy Nash equilibrium payoffs.

Locally themotion of continuation values is givenby

Let N be the convex hull of pure-strategy Nash equilibrium payoffs.Let N be the convex hull of pure-strategy Nash equilibrium payoffs.

whereWt ∈ ∂Er is acurrent pair of continuation values, At is acurrent action
profile, andT is aunit tangent vector to theset Er at pointWt.

Let N be the convex hull of pure-strategy Nash equilibrium payoffs.

PROMISEKEEPING

Let N be the convex hull of pure-strategy Nash equilibrium payoffs.

INCENTIVES

Let N be the convex hull of pure-strategy Nash equilibrium payoffs.

dZt
A

Let N be the convex hull of pure-strategy Nash equilibrium payoffs.



Continuous Time Game:

Sannikov’s (2005) Characterization of Set of PPE Payoffs

Let N be the convex hull of pure-strategy Nash equilibrium payoffs.

Sannikov (2005) showed that in aPPEwith valueW0 ∈ ∂Er/N the future

continuation valuesof theplayers,Wt, areon theboundaryof Er.

Let N be the convex hull of pure-strategy Nash equilibrium payoffs.

Locally themotion of continuation values is givenby

Let N be the convex hull of pure-strategy Nash equilibrium payoffs.Let N be the convex hull of pure-strategy Nash equilibrium payoffs.

whereWt ∈ ∂Er is acurrent pair of continuation values, At is acurrent action
profile, andT is aunit tangent vector to theset Er at pointWt.

Let N be the convex hull of pure-strategy Nash equilibrium payoffs.

PROMISEKEEPING

Let N be the convex hull of pure-strategy Nash equilibrium payoffs.

INCENTIVES

Let N be the convex hull of pure-strategy Nash equilibrium payoffs.

dZt
A

Let N be the convex hull of pure-strategy Nash equilibrium payoffs.

There is auniqueaction profileplayedat eachpoint of ∂Er/N and

βt is alsounique.

PROMISEKEEPING INCENTIVES

dZt
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Let N be the convex hull of pure-strategy Nash equilibrium payoffs.
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Discussion

• It may seem surprising that as the players act more and more 
frequently, one gets a nontrivial limit: neither the Folk Theorem 
nor a collapse of equilibrium payoffs to a Nash equilibrium.

• The key property of the limit is that as players act more and 
more frequently, the signals they see in each period become 
less and less informative, but the amount of information they 
learn per unit of time stays roughly constant.


