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Objective

• Endogenize borrowing constraints used in some incomplete
markets models
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Objective

• Endogenize borrowing constraints used in some incomplete
markets models

• Two ways:
1. The nonnegative consumption borrowing constraint

2. The no default borrowing constraint
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• Environment Discrete time
Two types of infinitely lived investors denoted by i = 1, 2

One non storable consumption good
One risk-free one-period bond
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The model

• Environment Discrete time
Two types of infinitely lived investors denoted by i = 1, 2

One non storable consumption good
One risk-free one-period bond

• Endowment Stochastic

• Preferences E
∑∞

t=0 βtui(ci
t), i = 1, 2

ui continuous with ui′ > 0 and ui′′ < 0

• Budget constraint ci
t + ptb

i
t ≤ yi

t + bi
t−1

• Borrowing constraint bi
t ≥ −Bi where Bi ≥ 0



Endogenous Borrowing Constraints with Incomplete Markets p.4 / 15

Equilibrium

An equilibrium for the economy is a set of sequences

{c1
t , c

2
t , b

1
t , b

2
t , pt}

∞
t=0

such that
1. Each investor in the economy maximizes his expected

discounted lifetime utility subject to a stream of budget
constraints and borrowing constraints;

2. Markets clear in each period, for each state of the world:

c1
t + c2

t = y1
t + y2

t

b1
t + b2

t = 0



Endogenous Borrowing Constraints with Incomplete Markets p.5 / 15

The nonnegative consumption borrowing constraint

• Implied by the Inada condition limc→0 u′(c) = ∞

• If interest rate is constant (Aiyagari, 1994),

Bi = yi
min/r

• If interest rate is stochastic and the economy is stationary,

Bi =
yi

min

maxΩ|yi=yi

min

r(yi
min,−Bi)
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The nonnegative consumption borrowing constraint

Case of a growth economy with stochastic interest rate:

Bi =
ỹi

min

maxΩ|ỹi=ỹi

min

(

r(ỹi

min
,−Bi)−g

1+g

)
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The no default borrowing constraint

Bi = min
Zt∈ΩZ

{

−bi(Zt) : W i(Zt, b
i(Zt)) = V i(Zt)

}

where

W i
t = Et

[

∞
∑

j=0

βjui(ci
t+j)

]

and

V i
t = Et

[

∞
∑

j=0

βjui(yi
t+j)

]
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Existence of a no default borrowing constraint

Proposition 1

Suppose that an equilibrium exists for the economy and the
equilibrium asset holdings are nontrivial. If the vector of
exogenous variables Zt takes only a finite number of outcomes,
and

lim
bt−1→−∞

W i
t (Zt, bt−1) = −∞

then there exists a no default borrowing limit given by

Bi = min
Zt∈ΩZ

{

−bi(Zt) : W i(Zt, b
i(Zt)) = V i(Zt)

}
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Algorithm

• Approximate the law of motions for the endowment processes
by a finite state Markov process

• Guess a borrowing limit

• Solve for an equilibrium interest rate function (nonnegative
consumption borrowing limit) or for the value function (no
default borrowing limit)

• Use the result to find a new borrowing limit

• Use this new limit to solve for next round equilibrium interest
rate function or value function and iterate until the borrowing
limit converges
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Numerical simulation:
The nonnegative borrowing constraint

• β = 0.98 and γ = 2

• B = 7.5 times total current income

• Bond returns
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The no default borrowing limit



Endogenous Borrowing Constraints with Incomplete Markets p.12 / 15

Statistics of bond returns



Endogenous Borrowing Constraints with Incomplete Markets p.13 / 15

The pricing kernel

• In the standard frictionless consumption-based CAPM with
complete markets,

pt = Et[mt+1] = Et[IMRSt+1]

• In the incomplete markets environment,

pi
t = Et[IMRSi

t+1] +
µi

t

ui′(ci
t)

, i = 1, 2

µi
t > 0, if bi

t = −Bi
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The pricing kernel
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Summary

• For the parameters values used in this paper, both the
nonnegative consumption borrowing constraint and the no
default borrowing constraint are much looser than the ad hoc
borrowing constraints used in other papers.

• The incomplete markets model with the two types of
endogenous borrowing constraints examined in this paper
fails to match the first and second moments of bond returns
with their observed values.
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