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The Contribution of this Paper

The study the effects of heterogeneity in risk aversion
and of leverage constraints on assets behavior.

To study this economy by an analytical approximation.
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The Economy

Preferences:

E0

[
∫ ∞

0
e−ρt 1

γ
(Cγ

t − 1)dt

]

Endowment process

det = µeetdt + σeetdZet
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Assets

Short term risk-free bond available in zero supply,
paying rt

Stock paying the aggregate endowment.

dPt

Pt
= µPtdt + σPtdZPt

φt =
µPt − rt

σ2
Pt
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State of the economy

γ ≡ ǫa (so rra = 1 − ǫa )

The state is X = {W (a)}

At the equilibrium:

dXt = µX(Xt)dt + σX(Xt)dZXt
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The Seq.tial Problem of the "a"-Agent

J(W (a)t, Xt) = max
{C(a)s,π(a)s}

Et

[
∫ ∞

t

e−ρ(s−t)C(a)ǫas − 1

ǫa
ds

]

s.t.

dW (a)t = [(rt + π(a)t(µPt − rt))W (a)t − C(a)t]dt

+π(a)tσPtW (a)tdZPt

dXt = µX(Xt)dt + σX(Xt)dZXt

dPt

Pt
= µPtdt + σPtdZPt

π(a)t ≤ π = 1 + ǫL

SRG, Oct. 2005 – p. 6/17



Equilibrium

{π(a)t, C(a)t, Pt, rt}:
1) Given prices, agents optimize;
2) Stock market and Goods market clear, ∀t,∀Xt:

∑

a

π(a)t
W (a)t

∑

a W (a)t
= 1

∑

a

C(a)t = et
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Useful definitions

w(a)t ≡
W (a)t

∑

a W (a)t

at ≡
∑

a

aw(a)t

σ(a)t ≡
∑

a

(a2 − at)w(a)t
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Asymptotic Expansion

Find the closed form solution of this problem for a
particular case (in this case ǫ = 0 ⇔ γ = 0, log-utility)

Expand the objective function by a power series in the
parameter of interest (in this case ǫ0, ǫ, ǫ2, ...)
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Results without constraints ( L = +∞)

Price-Dividend for ǫ → 0:

Pt

et
=

1

ρ

(

1 + ǫat
1

ρ

(

µe −
σ2

e

2

))

+ O(ǫ2);
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Results without constraints ( L = +∞)

Price-Dividend for ǫ → 0:

Pt

et
=

1

ρ

(

1 + ǫat
1

ρ

(

µe −
σ2

e

2

))

+ O(ǫ2);

Mean Returns for ǫ → 0:

E[Rt] = (µe + ρ) − ǫat

(

µe −
σ2

e

2

)

+ O(ǫ2);
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Results without constraints ( L = +∞)

Price-Dividend for ǫ → 0:

Pt

et
=

1

ρ

(

1 + ǫat
1

ρ

(

µe −
σ2

e

2

))

+ O(ǫ2);

Mean Returns for ǫ → 0:

E[Rt] = (µe + ρ) − ǫat

(

µe −
σ2

e

2

)

+ O(ǫ2);

Volatility of the Returns for ǫ → 0:

σ(Rt) = σe + ǫ2σ(a)t
1

ρ

(

µe −
σ2

e

2

)

σe + O(ǫ3);
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Results without constraints ( L = +∞)

Portfolio allocation for ǫ → 0:

πt = 1 + ǫ(a − at) + O(ǫ2)

Wealth distribution allocation for ǫ → 0:

dw(a)t
w(a)t

=

(

µe −
σ2

e

2

)

ǫ(a − at)dt + σeǫ(a − at)dZt + O(ǫ2)

et ↑⇒ w(ahigh) ↑⇒ at ↑ (pro-cyclical stock-mkt)
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Results with constraints

The Borrowing constraint reduces the variability of the
cross-sectional wealth distribution.

Returns are less volatile.

The risk free rate is lower, the equity premium bigger.
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Spirit of the approximation: case 1

Consider the following recursive problem:

V (k) = max
[0 kα]

{log(kα − k′) + βV (k′)}

The close-form solution is:

V (k) = ω +
α

1 − βα
log(k)

= lim
Ψ→1

(

eω+ α
1−βα

log(k) − 1
)(1− 1

Ψ
)

1 − 1
Ψ
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Spirit of the approximation: case 1

Look for the policies functions using:

V (k, Ψ) ≈

(

eω+ α
1−βα

log(k) − 1
)(1− 1

Ψ
)

1 − 1
Ψ

OR

V (k, Ψ) = ω +
α

1 − βα
log(k) + (Ψ − 1)

∂V

∂Ψ
+ ...

+
(Ψ − 1)2

2

∂2V

∂Ψ2
+ ... + o(Ψn)
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Spirit of the approximation: case 2

Hansen-Heaton-Li economy:

vt(Ψ) ≡
V (Ψ)t

Ct
=



1 + βEt

[

(

e∆ct+1vt+1

)1−γ
]

1−1/Ψ

1−γ





1

1−1/Ψ

∆ct+1 = Fxt+1

When Ψ = 1:

vt(1) = eA+Bxt = lim
Ψ→1

[

1 + βEt

[

e(1−γ)(∆ct+1+A+Bxt)
]

1−1/Ψ

1−γ

]
1

1− 1
Ψ
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