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Motivation

* Doesthere exist any sequential competitive
equilibrium (SCE) for Bewley-type model with
aggregate productivity shocks?

* If so, can we find arecursive characterization of
the SCE?



Model (1)

Timeisdiscrete:t =0,1,2,...
Probability spaces (W~ Z*,F,R)
(a) individual shock: wil W
(b) aggregate shock: z* =(z,,z2,z2,,..)1 Z*
Consumers are distributed on 1=[0,1], according to the Lebesgue measure f
(a) ex ante identical: same preference, endowment shocks draw from
the same distribution.
(b) ex post heterogeneous: idiosyncratic endowment shocks.
Labor endowment process.  (St)io, S W Z¥ ® S1 R,, s, constant
Information structure:  F,' =s ({s,, Z,}5-o)
Asset process: (&), & W Z'® Al R, a) constant, a isF,'-measurable
Initial distribution of asset holdings and endowment shocks:
| (A" S)=f(i11: (a,s)] A" S), A" ST B(A)" B(S)



Mode! (I1)

Budget constraint; ¢ +a,, = (@+r)xa +w g
No borrowing constraint:  a; 3 0, " il I, i.e. A =[0,¥)
Assumption1: Z1 [z,Z]] R,,, countable set with discrete topology
S1 R,, compact
Assumption 2: for f-ie, "i
(a) giventhe history (s',2)=(s,2)
(S..,z.,.) isdraw from the distribution Q..(%S,2)
(b) Q..(S” Z,% ismeasurablefor " S~ Z1 B(S)” B(Z)
(c) Q,,, hasthe Feller property:
Ji(s', 2)Q,.,.(ds',dz',¥ isacontinuousfunctionon S'” Z'
foral hi C(S” 2)



Mode! (111)

S . N .
. Preferencess  U(C)=E[q b'u(d)], ¢'T C', 0<b <1

t=0

« Assumption3: U:R ® R isbounded, continuous and strictly concave.
* Assumption4: foreacht, g:1°"W zZ¥® SisB(l)" F,- measurable
 Admissibility:
Analocation {(c/,a,,).0};, isadmissibleif both ¢ =c(i,w,z') and
& =240, W,2') are B(1)" F. - measurable

Remark:
1. F, =U; F, isthe smallest s -algebra containing F,' for all i

2. Admissibility is guaranteed by assumption 4. (see Karatzas,et al,1994)
3. Consumer behavior:  sup, , ., u(c')
st. budget constraint,
borrowing constraint for all t



Mode (1V)

« Singlefirm production: Y; = zF(K;,N,) +(1- d)K,
where K, is F,_, - measurable, and N, is F, - measurable.
e Assumption 5:
(@ OE£N,£N
(b) F:R~ R ® R Ishomogeneous of degree one, strictly increasing,
stictly concave, continuoudly differentiable.

F(0,) =F(.,0)=0limF(K,N)=¥,lim F,(K,N) =0

Remark:
1. maximum sustainable K is determined by 7z (K,N) =dK
2. Profit maximization (period by period):
MaX .~ Y - (1+ rt)Kt - W N,
f.oc. r=zF(K,N,)-d
w, = zF,(K,,N,), both are F, - measurable



Definition of Sequential Competitive Equilibrium

« A sequential competitive equilibrium {[(¢,a,)uoli+(f W) o}
consists of an admissible allocation [(C, @) 07, and price process
(r,w),, such that:
(1) Given prices, the allocation solves consumer’s utility maximization
problemforf - ie " i
(if) Given prices, the firm maximizes profits so that the f.o.c.s are satisfied.
(ili) Marketsclear, i.e.,, foral t3 0

Osf (di) =N, gaf (di) =K,
C,+K,, =zF(K,N,)+(@-d)K,, whereC, = C‘)ct‘f (di)

Remark: by Walras law, one of the above three markets clear condition is
redundant.



Introducing Aggregate Distribution

* Individua state: apair of individual asset holdings and the history of
individual shocks, (a,,s")

« Aggregatedistribution: |, T P (A~ S")

| (A" B)=f (il 1:(a/,s")] A" B), where A" BT B(A)" B(S")
Remark:

(@ |, isarandom measuresince a =a'(w,z"*)and s =g (w,z')

are random variables.
(b) K, = Oaf (di) = ,al (da,ds"),

N, = Qsf (di)=¢Q sl (dads),
C. = Qaf (di) = @Q+r)K +wN, - K,

(c) Thef.o.c.sfor firmand (b) induce the following pricing functions:
n(l.z)=zF(Q. Al t(da,ds‘),qst sl ,(da,ds')) - d

w(l,z) = zF,(Q.al (da,ds’), Q. sl (da,ds))



One-person Decision Problem

Assume| :Zz'® P (A’ S') doesnotdependon w i w
Note: this will be guaranteed by “conditional no aggregate uncertainty”.
Let m:{l t}t3OT P¥ (A, S) =’ iOP(A, St)Zt

For givenm , letV,(a,s', Z,m bethevaue function of the consumer at t.
Then

Vi(a,s,z',m) =sup, ,u(@+r( . (z)z)a +w(.(z),2)s - a.,)
+b Q ZVHl(aHl, s, 2" mQ,,,(ds,,,dz.,,s', z'),
where a1 G(a,s,z,!(z))=[0,A+r( (z).z))a +w( (z),2)s]
Lemma: Given assumption 1-5, there is a unique sequence of value

functions and a unigue sequence of continuous policy functions that solves
the one-person decision problem.



Conditional No Aggregate Uncertainty

No aggregate uncertainty: for X = (X,)ue, X, : 1~ W® D
$ nonrandom measure v,

st.,f (il 1:X(i,w)l D)=v(D),DI1 B(D*) forP - ae. w
Conditional no aggregate uncertainty:
for X = (X))o, X, 11" W Z*¥® D ,givenz*1 Z*

X satisfies no aggregate uncertainty condition

Assumption 6. s' satisfies conditional no aggregate uncertainty,
relative to the probability space (W™ Z¥ ,F,P)
Lemma 2. Under assumption 6, given z* , |, evolvesaccording to

| a(Z7(A B)) = Q,BllA(gm(a“St,Zt,m))Qm(Bz, %.1,,2)l (da,ds)(Z),

where Al B(A),B=B,” B,1 B(S")" B(S)
Notethat |, doesnot depend on W.



Result 1

» Theorem 1. Given assumptions 1-6, there exists a sequential competitive
equilibrium. Moreover, the set of equilibrium sequences of aggregate
distributions are compact.



Stationarity Assumptions

Assumption 7. Q.,,(S” Z,5',2)=Q(S” Z,s,z) forallt,S” Z1 B(A)" B(Z)

Assumption 8. Aggregate labor endowments at any datet isgiven by a
measurable function N :z'® (0,N].

Markovian property implied by the above stationarity assumptions: past
history of individual shocks does not affect current decisions.

New definition for aggregate distribution:

| (A" B)=f(il I:(a/,s)T A" B), A" Bl B(A)" B(S)



Recursive Competitive Equilibrium (RCE)

Definition: A RCE consists of a measurable policy function f, a measurable
map T , a measurable map G, and a measurable pricing functionsr and w

such that:
(a) Given the pricing functions, the policy function solves the following
problem: v(a,s,z,l ) =sup igas.iy U@+rd ,z)a+w(, z)s- a’)

+bQ,Zv'(a',s',z',I NQ(ds', dz',s, z)
wherev'=T"(z,| ,v)(¥, | '=G(z]1 ,v,2",
G(a,s,z,l )=[0,1+r(l ,2)a+w(l ,2z)s]

(b) The firm maximizes profits.
(c) The sequence of aggregate distributions induced by G is such that labor

market clear:
Q.. 8 (da,ds) = N(Z), wherel ., =G(z,! ,V,,7.,), | ogiven

(d) Thelaw of motion for aggregate distribution G is generated by the
individual optimal policy f,
G(zl ,v,z)(A B) :Q,SlA(f(a,s, z,l ,v))Q(B,z',s,2)l (da,ds)



Result 2

« Theorem 2. Given assumptions 1-8, given theinitial state ((a,,S)i 1+ Z! s Vo)
aRCE ((f,T%,G),r,w) generates a SCE { ((ati+1’ Cti Jeso)it 15 (N Wy )i
in which consumer i’s expected discounted utility isgiven by v,(a;,s,, Z,! )

* Theorem 3. Under assumptions 1-8, there exists a RCE. Moreover, for
any SCE with the sequence of aggregate distributions m*, there exists a

payoff equivalent RCE.



