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1 Introduction

Newey and Powell (2003) and Ai and Chen (2003) propose sieve minimum distance (hereafter SMD)
estimation of both the finite-dimensional parameter (6,) and the infinite-dimensional parameter (h,)
that are identified through the conditional moment restriction model: E[p(Y, X;6,, ho(+))|X] = 0, in
which p(-) = (p1(+), ..., ps(+))" is a J x 1 vector of mappings known up to the parameter o, = (0,, hy),
and the unknown functions h,(-) may depend on endogenous variables. Under some sufficient
conditions, the consistency of the SMD estimators of (6,, h,) is proved in Newey and Powell (2003)
and the asymptotic normality and the semiparametric efficiency of the SMD estimator of 6, are
established in Ai and Chen (2003).

In this paper we modify their SMD procedure and extend their results in two directions. First,
we allow different conditioning variables to be used in different equations. Second and perhaps
more importantly, we derive the asymptotic properties of the modified SMD estimators when the
conditional moment restriction model could be misspecified. Specifically, let A = © x H, where
© denotes a compact finite dimensional parameter space and H an infinite dimensional parameter
space. Let o = (0,h) € A denote the unknown parameter. Let Z = (Y', X') € Z denote all the
random variables, and X; € & denote the conditioning variables used in the 4t equation p;i(Z,6,h)
for j = 1,...,J. Here X; is either equal to a subset of X or a degenerate random variable; and if
X is degenerate, the conditional expectation E{p;(Z,6,h)|X;} is the same as the unconditional
expectation E{p;(Z,0,h)}. If there are some o, = (6,,h,) € A such that E[p;(Z, )| X;] = 0
for all j =1,2,...,J, we say the semiparametric conditional moment restriction model is correctly
specified. For simplicity, in this paper we assume that, when the model is correctly specified, there

is a unique a, = (6,, h,) € A satisfying the semiparametric conditional moment restriction:
E[pj(Z,aO)|Xj] :O, j: 1,2,...,,]. (1)

(We note that in the correctly specified case X; are only required to be exogenous for the j—th

equation but they could enter as endogenous variables to other equations). If

E[ZJ:{E[pj(Z,a)|Xj]}2} >0 forallac A,
j=1
we say the semiparametric conditional moment restriction model (1) is incorrectly specified. (This
can happen when some of the moment functions p;(Z, «), j = 1, ..., J are misspecified, i.e., the condi-
tioning variables X; are endogenous for the 5 equation.) Let m(X, a) = (m1(X1, @), ...,ms(X s, a))’
with m;(X;,a) = E{p;j(Z,a)|X;} and X(X) be a J x J— positive definite weighting matrix. We as-
sume that o, = (6, hy) € A is the unique solution to inf,e 4 F{m(X, a)’2(X) " 'm(X,a)}. Clearly
m(X, ax) = 0if and only if the semiparametric conditional moment restriction model (1) is correctly

specified, and in this case a, = .



In this paper we present a modified SMD estimator @ = (6, h) for a, = (04, hy), and derive
the asymptotic properties of @ without assuming the conditional moment restriction model (1)
is correctly specified. Under low-level sufficient conditions, we show that: (i) @ converges to the
pseudo-true value «, in probability; (ii) the SMD estimators of smooth functionals of c, including
the estimators of 6, and of the average derivative of h,, are asymptotically normally distributed;
and (iii) the estimators for the asymptotic covariances of the SMD estimators of smooth functionals
are consistent and easy to compute. These results allow us to perform asymptotically valid tests
of various hypotheses on the smooth functionals of c, regardless of whether model (1) is correctly
specified or not.

If the semiparametric conditional moment restriction (1) is satisfied, then a, = «, and our
results in this case extend those of Newey and Powell (2003) and Ai and Chen (2003) from the
model E[p(Z,a,)|X] = 0 to the conditional moment restriction model with different conditioning
variables. This extension is important for at least two reasons. First, if we interpret each p;(Z, a,)
as equation and X as the instrumental variables for that equation, then the model (1) is a system
of equations with different instruments for different equations. There are many applications where
different equations may require different set of instruments. The semiparametric hedonic price
system where some explanatory variables in some equations are correlated with the errors in other
equations is one such example (see e.g., Ekeland, Heckman and Nesheim (2004) and Heckman,
Matzkin and Nesheim (2004)). The simultaneous equations model with measurement error in some
exogenous variables, or some omitted variables correlated with what would otherwise be exogenous
variables is another example (see e.g., Hausman (1977), Wooldridge (1996) and Lewbel (2005)).
Semiparametric panel data models where some variables that are uncorrelated with the error in a
given time period are correlated with the errors in previous periods is a third example (see e.g.,
Baltagi and Li (2003)). The triangular simultaneous equations system studied in Newey, Powell
and Vella (1999), the panel data attrition with refreshment sample model studied in Bhattacharya
(2005), and the dynamic panel sample selection model studied in Gayle and Viauroux (2005) also
fit the general framework (1).2

The second reason that our extension is important is that the semiparametric conditional mo-
ment restriction model (1) provides a convenient framework for deriving the asymptotic distribution
of the plug-in SMD estimator of a smooth functional defined via expectation, and for computing a
consistent estimator of the asymptotic covariance of the plug-in estimator. (See Section 2 for fur-
ther discussion). Newey (1984), Newey and McFadden (1994) and others present a general formula

for computing the consistent asymptotic covariance matrix of the plug-in estimator in a parametric

2 Although the semiparametric conditional moment restriction model (1) includes many applications, due to the
lack of space, we shall not provide detailed studies of any specific applications in this paper. Interested readers could
find more discussions on semiparametric dynamic panel data models from Ai and Chen (2005), in which we consider
semiparametric efficient estimation of smooth functionals when the model (1) is correctly specified.



moment restriction framework. We extend their results to the semiparametric conditional moment
setting (1), where the unknown functions A(-) may depend on endogenous variables and where the
model (1) may not be correctly specified.

The asymptotic properties of the extremum estimator of 6 for possibly misspecified paramet-
ric models have been widely studied in the literature; see e.g., White (1982, 1994), Hansen and
Jagannathan (1997) and Hall and Inoue (2003). The asymptotic properties of the estimators of
a = (0, h) for possibly misspecified semi/non-parametric models, however, have not attracted much
attention from researchers. A notable exception is Stone (1985), who considers estimation of addi-
tive regression model without imposing the correct specification of the conditional mean restriction
EYW1,.., W, =6, + Z?Zl hoj(Wj). Instead Stone (1985) obtains convergence rates of his spline
estimators of hy;, j = 1,...,q that are the best approximation to E[Y|W7i,...,W,] in the mean

squared CITor sense:

q
j=1

(Brr P raq) = g e,E[hj(an:%)%[hj(wj)]%oo
Our results apply to Stone’s (1985) model as well as other models involving semi-nonparametric
dimension-reduction specifications that are convenient but might not be correct. In particular, our
general form of the asymptotic covariance matrix and its consistent estimator — which are valid
whether or not the model (1) is correctly specified — permit researchers to conduct robust inference
on the structural parameters of interest even when the first stage semi-nonparametric specifications
are incorrect. For example, even when the propensity score function is estimated using a wrong
additive (or single index or partially linear) regression specification, applied researchers can still
use our results to consistently estimate the standard error for the plug-in estimator of the average
treatment effect (or average treatment effect for the treated) parameter.

General theory on the y/n—asymptotic normality of the plug-in estimators of smooth functionals
has already been presented in many papers under various assumptions and for various models.?
For example, Newey and McFadden (1994), Newey (1994), Andrews (1994) and Pakes and Olley
(1995) establish their results under the assumption that there is a nonparametric estimator hn
which converges to h, at a rate of op(n_l/ 4) under the supremum norm. This convergence rate
may not be obtainable when h, depends on endogenous variables. Although the results of Shen
(1997) and Chen and Shen (1998) do not require the convergence rate of o,(n~/4) under the
supremum norm, they are applicable only to semiparametric models where h, is estimated via the
M-estimation method and hence rule out the important nonparametric Instrumental Variables (IV)

regression example. The results of Chen, Linton and van Keilegom (2003) allow for nonparametric

3There are more papers on \/n— asymptotic normality of particular smooth functionals in specific semiparametric
regression and semiparametric MLE type of models. The earlier ones include Robinson (1988), Powell, Stock and
Stoker (1989), Ichimura (1993) and Klein and Spady (1993). See Powell (1994) and Horowitz (1998) for reviews.



component to depend on endogenous variables but they do not provide any estimator for h,; without
specifying how to compute hy, all they could suggest is to bootstrap the limiting distribution for
the plug-in estimator of a smooth functional. In a companion paper (Ai and Chen, 2005), we study
the semiparametric efficient estimation of smooth functionals of «, that satisfies the conditional
moment model (1). However, to the best of our knowledge, none of the published general theory
papers have considered the estimation of & = (6, h) and its smooth functionals when the conditional
moment model (1) is misspecified.

The rest of the paper is organized as follows. Section 2 first introduces a modified SMD estimator
for possibly misspecified semiparametric conditional moment model (1). It then describes how the
plug-in estimator of any smooth functional can be re-interpreted as the SMD estimator of a larger
model. We also present two illustrative yet non-trivial examples: a weighted average derivative
estimate of a possibly misspecified nonparametric additive Least Squares (LS) regression, and
a weighted average derivative estimate of a possibly misspecified nonparametric IV regression.
Section 3 provides low-level sufficient conditions for consistency and convergence rate of the SMD
estimator to the pseudo-true value ay; the conditions are slightly weaker than those in Ai and
Chen (2003). Section 4 derives the asymptotic normality of the SMD estimator of a smooth
functional of «a,. It also discusses the complication of the asymptotic covariance matrix due to
the misspecification and the nonlinearity of the conditional moment model (1). We then provide
primitive sufficient conditions for the root-n normality of the average derivative estimates for the
two examples introduced in Section 2. Section 5 provides a consistent estimator of the asymptotic
variance of the SMD estimator of a smooth functional and Section 6 briefly concludes. All the

mathematical proofs and technical lemmas are presented in the Appendix.

2 The Modified SMD Procedure and Examples

Let {z; = (y},x})'}7; be a random sample from the distribution of Z = (Y, X') € Z = Y x X. Re-
call that a, € A is the pseudo-true value defined as a, = arginfoea E {m(X,a)S(X) 'm(X, a)}.
When the semiparametric conditional moment restriction model (1) is correctly specified, m(X, a.) =
0 and o, = a,, which depends only on the true data generating process (DGP). When the model
(1) is misspecified, m(X, a,) # 0 holds with positive probability, and in this case, the pseudo-true
value a, depends on both the underlying true DGP and the choice of the weighting matrix 3(X).

2.1 The modified SMD procedure

We now describe the SMD procedure for estimating a,. The SMD procedure requires a consis-
tent estimator of the conditional mean m;(X;,a) = E{p;(Z, )| X;}, j = 1,...,J. Any nonpara-
metric LS regression estimator (such as kernel, local linear regression and sieve LS) can be used

here; and for simplicity we present a series LS estimator of m;(X;,a). Let {p;j1(X;),pj2(X;),...}
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denote a sequence of known basis functions that can approximate any square integrable real-
valued function of X; arbitrarily well. Familiar basis functions include splines, wavelets, Hermite
polynomials, power series and Fourier series. Denote pfj” (X5) = 0j1(Xj), -, pjr;, (X;))" and

P; = (p?j”(a;jl), ...,p?j" (zn))". The series LS estimator of m;(X;, ) is given by:

A~ k 77.
mj(Xj,a) =p/" (X;) (PP Zp/ (zji)pj(2i; ).
=1

If X, is a degenerate random variable then kj, = 1, p?j"(Xj) = 1 and mj(Xj,a) = mj(a) =
LS pj(zi,@). Denote m(X,a) = (M1 (X1,a),....ms(Xs a)). Let 5(X) denote a consistent
estimator of the positive definite weighting matrix ¥(X). The SMD estimator of o is defined as:

an = (0, hy) = arg a&l:(ln) - Zm Ti, {Z xi)} m(wl,oz) with Ag(ny = © X Hym),

where {Hy : k = 1,2,...} is a sequence of non-decreasing approximation spaces (sieves) such that
U%2 1 Hy, is dense in the infinite dimensional space H. Sometimes we use the notation A,, = © x 'H,,
to mean Ak;(n) = O X Hy(n)- In economics applications, the sieve spaces are usually compact finite
dimensional parameter spaces whose dimension (or complexity) increases with sample size. Popular
sieves are linear sieves, also called series, which are linear combinations of finite number of known
basis functions such as splines, wavelets, power series, Hermite polynomials and Fourier series.
When the semiparametric conditional moment restriction (1) is correctly specified, we can
establish the convergence rate of &, to the true value «, and the limiting distribution of §n by
modifying the results in Ai and Chen (2003) slightly. However, when the model (1) is incorrectly
specified, the convergence rate of &, to the pseudo-true value a, and the limiting distribution of
0, are generally affected by the convergence of %(X) to ¥(X) in a complicated manner. This
is the case even for the parametric (e.g., @ = 6), misspecified and overidentified unconditional
moment models; for such models Hall and Inoue (2003) show that the limiting distribution of 0,
depends on the asymptotic distribution of the estimated weighting matrix. In our more general
misspecified semiparametric framework, the asymptotic distribution of the estimated weighting
matrix is difficult to derive, hence its effect on the asymptotic distribution of the SMD estimator
§n is hard to quantify. To keep our derivation simple, in this paper we restrict our attention to a
known weighting matrix 3(X). Furthermore we assume ¥(X) = I (the identity weighting). Hence,

the pseudo-true value «, is defined as
a, = arg inf E{m(X,a)m(X,a)}, (2)
acA

and its SMD estimator is given by

o~

a, = (Hn,}Az ) = arg min — Zm i, @)'m(w;, ). ®)

acA, N



Let Je, consist of all the indices j € {1, ..., J} such that m;(X;, o) — m;(X;,ax) = pj(Z, o) —
pi(Z,a) for all @ € A with probability one. Let Jon, = {1,2,...,J}\Jex. Denote Jien as a
subset of J, consisting of all the j’s whose conditioning variable X; are not degenerate. Then
Joen = Ten\Tien denote indices of those equations where X; for j € Joc, are degenerate, and
denote m;(X;,a) = mj(a) = Elpj(Z,a)] for j € Jaen. It is easy to show that the unique solution

o, to (2) also satisfies

o, = arg inf { S Bz + Y Elmy(X,a)+ Y [mj<a>12}. (4)

acA | . . .
J€Tew JE€ET1en JE€ET2en

The groupings of the equations allow us to handle the sieve (nonlinear) LS regression (Je, group)
and the SMD estimation (Jien and Jaep) in a unified framework. The modified SMD estimator is

now defined as
Qi = arg min { Z Zp] (zi, )% + Z ij i, a)? + Z ﬁzj(a)Q}. (5)
acA, )
]EJP.’E =1 ]Gjlen =1 ]€j2en
This modified procedure is simpler because it does not require the estimation of m;(X;,a) =
E{pj(Z,a)|X;} for j € Jez, and hence the sufficient conditions for convergence of m;(X;,a) to
mj(Xj,a), j € Jex, are not needed. Moreover, in this paper we show that the modified SMD

estimator (5) and the original SMD estimator (3) have the same large sample properties.

2.2 Plug-in estimation

We now illustrate how the plug-in estimation of a smooth functional defined via expectation can
be reformulated as a special case of our general SMD estimation problem. Suppose that (6.1, )

is the unique solution to

ot B [;{E [0j(Z, 61, h)| X;1}7]. (6)

Suppose that we are interested in estimating a smooth functional 8y defined implicitly as:

E[p02(Z;9*1,9*2,h*)] =0, (7)

where 2£12” (Z;ggé’ez’h*('))] lo., has full rank dy, = dim(62) = dim(p%).

Let (gm, En) denote the modified SMD estimator given by

(é\lna/ﬁn) : arg&eé?}i?e?—ln { Z Zp] 217917 + Z Zm] x]lyela } .

ejez =1 ]ejen i=1

We estimate 63 by the plug-in estimator ggn, which solves the moment equation:

n

Z Pez (zia é\lna 52717 En) =0.

1
s



Let 6 = (6,605) and m® (0, h) = E{p?(Z,0,h)}. Let 6 = (6,05) and m? (0, h) =
Then, a, = (§n,ﬁn) is the solution to

min { Z ij 2, ) + Z ij zji, )+ m%2(0, h)'m%= (0, h)}

acA
" ]EJC‘L =1 ]EJen =1

n 1 lp ('zlagah)

Clearly, the plug-in estimator ézn is a simple component of the SMD estimator and its asymptotic
distribution follows from applying our general results.

Notice that, in the plug-in estimation problem (6)-(7), the parameter (6.1, h.) may not satisfy
the conditional moment restrictions m;(Xj;, 0.1, hs) = 0 for j = 1,...,J — 1, but 6,0 must satisfy
the moment restriction m? (041,042, hy) = 0. This fact could sometimes simplify the asymptotic
covariance of é\gn; see Section 4 for detailed discussions.

Remark 2.1. In the problem (6)-(7), if E{p;(Z,01,h) — pj(Z,0.1,h)|X;} = pi(Z,01,h) —
pi(Z,0,1,hy) for all 0; € ©1,h € H and for all j =1, ..., J — 1, and if further dpg?(”;;f?’h*(')) lo., is

a constant, then one could estimate . = (6i1,0x2, hs) by the simple sieve nonlinear LS estimator

Qsnis = (Osnis, hsnis), which solves

1 n

min — ) {Z pj(zi,01,h) (Zz‘;91,92,h)/PQQ(Zz‘;91,927h)} :

CYGATL i=1

2.3 Examples

Before we present concrete examples, we introduce a space of smooth functions, called the Holder
space. For any 1 x d, vector a = (ay,...,aq,) of non-negative integers, we write |a| = Zg;l ag,
and for any z = (21, ...,24,)" € X C R%_ we denote the |a| -th derivative of a function g : X — R
as:

olal

v =
9() Oyt ... 0zl

g9(z).

For some v > 0, let v be the largest integer smaller than -, and let A7(X’) denote the Hélder space
of order 7, i.e., a space of functions g : X — R which have up to v -th continuous derivatives,
and the highest (v -th) derivatives are Holder continuous with the Holder exponent v — v € (0, 1].

Denote the supremum norm as ||g||co = sup,, |g(z)|, and define the Hélder norm as:

va — Vaq(T
llg]|Av = max sup |[V?¢g(z)| + max sup [V2g(z) g(ﬁ)_]7
i<y = 8l=1 a5 [z — )@ —7) 2

The Hélder space AY(X) = {g: X — R : ||g|]|]ar < oo} is a Banach space under the norm || - |[o~.
It is known that the Holder ball (with radius ¢) AY(X) = {g € A (X) : ||g||]av < ¢} is not compact
under the norm || - |[a+; but when X is a bounded and connected set with Lipschitz continuous

boundary, the Holder ball AY(X) is compact under the norms || - |[a+ (7" € (0,7)) and || - ||co-



The Holder space is a convenient space to describe classes of smooth functions, other commonly
used smooth function classes include Sobolev and Besov spaces. Although our general theory does
not require the pseudo-true functions h, to be in a Holder space, we shall make such a convenient

assumption in the following two illustrative examples.

Example 2.1: (weighted average derivative of a possibly misspecified nonparametric additive LS
regression): pi1(Z,a) =Y — hi(Wh) — ha(Wa), p2(Z,a) = 0 — a(W1)V®hi(W1), where s > 1is a
known finite integer, and a(+) is a known non-negative weight function that goes to zero smoothly
at the boundary of the support of Wi. For simplicity we assume that Y and W; are scalar random
variables, and that the density of W} is continuous with support [by;,by], I = 1,2. Let Z = (Y, X1,
X1 = (W, Wa)', and Xo be a degenerate random variable. Note that the pointwise derivative of
p1(Z, o) with respect to hy and hs depends on X only. With a = (0, h1,hy) € A =0 x H! x H2.
The pseudo-true value is given by

o =arg inf (E{lY = ha(Wh) — ha(W2)]2} + B{[0 — a(W1)V*hy (W1)]2}) |
Clearly, this example model is correctly specified only when E[Y|W71, Wa] = hyq (W1)+hae(Ws) holds
with probability one. When E[Y |W1, Wa| # hy1 (W1) + haa(W2) holds with positive probability, the
example model is incorrectly specified. The following condition is sufficient for the existence of a
unique Q:
Condition 2.1.1. (i) W is not a measurable function of Wy, and W is not a measurable function
of Wr; (ii) HY = A ([b11, b21]) with 41 > s > 1, H? = {ha € A2([b12, b22]) : ha(wg2) = 0 for a known
woz € (b2, ba2)} with v2 > 1/2, and O is a compact interval containing 0, = E{a(W1)V*h. (W1)};
(iii) E{[a(W1)]*} < oo; (iv) E[Y?|X1] is bounded.

Let qjhj (W) = (gin(W5), ... ,qjkhjn(Wj))’ denote either the Fourier series or the spline series
(of [v;] + 1—th order) on [b1}, baj] with ky,, number of terms. Let H,, = {hy(w1) = qfhln(wl)’ﬂ'l :
nllan < clog(kny)} and H2 = {hy = ¢,"" (w;)'m;  hy(wos) = O, [Ihylloe < clog(kn;n)}. Then
Hn = HL x H2 is a sieve space for H = H' x H2. Let {2z = (i, v1;) = (yi, w1, w2),i = 1,2,...,n}
denote a random sample of observations. The modified SMD estimator is given by

an = arg min <1 zn:[yz — hl(wu) — hg(wgi)]Q + [9 — a(wu)Vshl (’LUM)]2> .

h1€HY ha€HL 0€O \ IV =

In Section 4 we show how the model misspecification affects the asymptotic variance of 0.

Example 2.2: (weighted average derivative of a possibly misspecified nonparametric IV regres-
sion): p1(Z,a) =Y1—h(Y2), p2(Z, ) = 0—a(Ya)V®h(Y2), where s > 1 is a known finite integer, a(-)
is a known non-negative weight function, Y7, Y5 and X; are scalar continuous random variables, the

support of Y3 is R and the support of X; is [a,b]. Denote Z = (Y7,Y2, X7) and X5 is degenerate.



Let m1 (X1, @) = E[Y1 —h(Y2)|X1] and ma(a) = E[0 —a(Y2)VSh(Y2)] with o = (6,h) € A = O x H.
The pseudo-true value is given by
o, =arg _inf  (E{EY: — h(Y2)| Xi]}] + B{[6 — a(¥2) Vh(¥2)}).

This example model is correctly specified only when E[Y; — h.(Y2)|X1] = 0; and it is otherwise
incorrectly specified. The following condition is sufficient for the existence of a unique ay:
Condition 2.2.1. (i) E{h(Y2)|X1} = 0 if and only if h(Y2) = 0; (ii)) H = AY(R) with v >
s > 1, © is a compact interval containing 0, = FE{a(Y2)V®h.(Y2)}; (iii) E{[a(Y2)]*} < oo; (iv)
E[{Y1 — h«(Y2)}?|X1] is bounded; (v) E[|Y1|Y] < oo, E[{1 + (Y2)?}¢| X1] is bounded for some ¢ > .

To approximate the conditional mean function m; (X1, «), we shall use the series basis functions
such as the cosine series or splines denoted by pi" (X1) = (p11(X1), ..., p1r,, (X1))'. The unknown
function h(Yz) is approximated by some other spline basis functions ¢¥ (Y2) = (¢1(Y2), - . - , qk,,,, (Y2))';
see Ai and Chen (2003). Let H, = {h(y2) = ¢ (y2)'7 : max, <, sup,, |V'h(yz)| < c} be a sieve
space for h. Obviously, we need ki,, > kp,, to estimate the unknown h,. Let {z; = (y14, Y2i, €14),1 =
1,2,...,n} denote a random sample of observations. The series LS estimator of m1 (X7, «) is given
by: my (X1, k) = pin (X)) (P{P) ' 2y p7 (@15){y1s — h(y2:)}. The proposed SMD estimator is

(2

~ . 1< ~ ) 2 ) s 12
a, = arg he?%l,%e@ (n izzlmﬂxu,h) + 10 — a(y2:) Vh(y2i)] ) .

Since the unknown h.,(-) depends on the endogenous variable Y5, the conditions to ensure y/n—asymptotic
normality of the plug-in estimator én is more restrictive than those for the weighted average deriv-

ative estimator of a nonparametric LS regression; see Section 4 for details.

3 Consistency and Convergence Rate

We begin by introducing additional notation and definitions to aid the exposition. Let ¢ denote
a generic positive finite constant that may take specific value in specific context. Let ||-||; denote
the standard Euclidean norm, and let || - ||s denote a pseudo metric (e.g., the supreme norm or the
mean squared metric) on A = © x H. The following definitions are introduced in Ai and Chen

(2003) and restated here.

Definition 3.1: A real-valued measurable function g(Z, a) satisfies an envelope condition over
o € A, if there exists a measurable function c1(Z) with E{c1(Z)*} < oo such that |g(Z, a)| < ¢1(Z)
forall Z € Z and o € A,,.

Definition 3.2: A real-valued measurable function ¢(Z, «) is Hélder continuous in « € A (or A,)
if there exist a constant x € (0,1] and a measurable function c3(Z) with E[c2(Z)%|X] bounded,
such that |g(Z, 1) — 9(Z, a2)| < ca(Z)||an — a||f for all Z € Z, a1, a0 € A (or A,).



Throughout the paper, let N (8, Ay, || - |[s) denote the minimal number of radius ¢ covering
balls of Ay, = © X Hyy,) under the || - [|s metric. Let ky, denote the number of unknown sieve
coefficients of h € Hy,) and dy the dimension of 6 € O. Let k., denote the total number of
unknown parameters (including both 6 and sieve coefficients of h) appeared in the equation group
Tez, and let dim(J2ep,) denote the number of equations in Joep,. For j =1,...,J, let AX; denote the
support of X; and d,; denote the dimension of X;. If X; is degenerate we denote &X; = {1} and

dz; = 1. We first provide mild sufficient conditions for consistency under the stronger metric || - |[s.

Assumption 3.1. (i) The data {z; = (y},2}) 11 =1,2,....,n} are i.i.d.; (it) for j € Jien, Xj is
compact with non-empty interior; (i) for j € Jien, the density of X; is bounded and bounded away

from zero.

Assumption 3.2. Forj € Jien, (1) the smallest and the largest eigenvalues OfE{p?" (X; )p?" (X;)'}
are bounded and bounded away from zero for all kjn; (ii) for any g € {m;(-,a) : @ € Ay}, there
exists p?j"(-)'ﬂ such that E[{g(X;) —p?j"(Xj)’w}Q] = o(1) uniformly over a € Ay

Assumption 3.3. There is a pseudo metric || - [|s on A such that ||a||s < oo for all o € A, and
for all k > 1, (i) Ay is compact under || - ||s; (ii) Ay C Aky1 C A, and for a, € A there ezists
My € A with || TTgas — axlls = o(1).

Assumption 3.4. There are a non-increasing positive function 0() with liminfy 6(k) > 0, and a
positive function g() such that for all € > 0 and for all k > 1,

Em(X,a)m(X,a)] — E[m(X, ax)'m(X, a)] > 6 (k)g(e) > 0.

1mn
ac Al la—as|s>

Assumption 3.5. For j = 1,...,.J, (i) El|p;(Z, )| X]] is bounded; (ii) pj(Z;,«) is Hélder con-
tinuous in a € A.

Assumption 3.6. (i) for j € Jien, kjn — 00, kjn/n — 0; and > jeTrion Kin + dim(Jaen) + kex >
dg + kpy,.

Assumption 3.7. (i) 1n[N(51/”“,Ak(n), |- ]]s)] x n~t — 0.

Assumptions 3.1(ii)(iii) and 3.2(i)(ii) are typical conditions imposed for series (or linear sieve)
LS estimation of conditional mean functions m;(X;,a) for j € Jien. Assumptions 3.1(ii)(iii)
require the regressors of the j — th equation to have bounded supports. These conditions are
restrictive but not critical. Trimming can be used so that these conditions are no longer needed.
For instance, if X; has unbounded support or its density is zero on the boundary of the support,
we can replace p;(Z, a) by pj(Z,a)1{co < X; < ¢1} for some known constants ¢y, ¢; provided that
the density of X is positive over ¢g < X; < ¢q. It is important to note that we cannot simply
discard observations with large X; values. Doing so might bias the proposed estimator since X

may be endogenous in other equations. Assumptions 3.5(i)(ii) are typically imposed on the residual
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function even in the literature about parametric nonlinear estimation. Assumptions 3.1(i)(ii)(iii),
3.2(i)(ii) and 3.5(i)(ii) are useful to establish the convergence of m;(X;, a) to m;(X;, o) uniformly
over a € A, for j € Jien. Assumption 3.6(i) requires that the number of moment conditions is
at least as large as the number of unknown coefficients. Assumption 3.7(i) requires that the size
of the sieve space A, does not grow too fast in terms of the covering number. For commonly
used linear sieves A, such as power series, Fourier series, splines, and wavelet linear sieves, we have
In[N (6, An, ||-||s)] = cknn In(}) [see e.g. Chen and Shen (1998)], hence Assumption 3.7(i) is satisfied
as long as kpy,/n — 0. For commonly used nonlinear sieves A,, such as neural network and ridgelet
nonlinear sieves, we have In[N (0, Ay, || -||s)] = cknn ln(khT”) [see e.g. Chen and White (1999)], hence
Assumption 3.7(i) is satisfied as long as kpy, In(kpy,)/n — 0. Assumption 3.3(i) requires that the
sieve parameter space A, is compact under || - ||s; this assumption is weaker than that imposed
in Ai and Chen (2003), who assume that the entire parameter space A is compact under || - |s.
Assumption 3.3(ii) is effectively the definition of the sieve space A,,, which is typically satisfied
when the size of the sieve space A,, (as measured in terms of covering number N (g, Ay, || - ||s) or
knyn) grows with the sample size n.

Assumption 3.4 is an identification condition. It is implied by Assumption 3.5, a, being the
unique minimizer of E[m(X, a)'m(X, )] over A, and A being compact under ||-||s. When A(-) does
not depend on endogenous variables, the condition liminfy §(k) > 0 in Assumption 3.4 is typically
satisfied even when A is not compact (under || - ||s). However, liminfy §(k) could be 0 when h(-)
depends on endogenous variable and A is not compact. When lim inf, (k) = 0 we can still establish
|| — a||s = 0p(1) after strengthening Assumptions 3.2(ii), 3.3(ii) and 3.7(i) according to how fast
d(k) goes to 0; see e.g. Chen (2005, Theorem 3.1, Remark 3.1) for details. The following result is

a simple consequence of Theorem 3.1 in Chen (2005) and hence we omit its proof.

Lemma 3.1. Let a, be the SMD estimator defined in (5). Under Assumptions 3.1, 3.2(i)(ii),
3.3(1) (1), 3.4, 3.5(i)(ii), 3.6(i) and 3.7(1), we have ||ay, — olls = 0p(1).

Given Lemma 3.1, we can now restrict our attention to a shrinking || -||s—neighborhood around
ax. Let Ays = {a € A |la — aulls = o(1),]|alls < ¢} and Apsn = {a € A, ¢ ||a — aul]s =
o(1),|lells < ¢}. We introduce a pseudo metric || - || on Ay that is generally weaker than the
metric || - ||s (i.e., ||a|] < c||a]|s), but it is useful when the nonparametric component h depends
on endogenous variables. Let A,s; and A,s, be convex parameter spaces, and define the pathwise

derivatives at the direction [a — o] evaluated at a, by:

dm(X, a, dm(X, (1 — 7)o, + T

(da)[a — ] = (X, dT) )\Tzo a.s. X;
d>m(X, ay) P m(X, (1 -7+ Ta)
T[a — e, — Q] = o lr—0 a.s. X.

11



For any a1, as € Ays, the metric || - || is defined as

2 !
o — gl ? = E{Hm(fa“)[ T (Mm[al ~asan - a2]> m(X,a*>}.

a; — ag)

E dOé2

By construction, the metric ||a; —az||? is the second pathwise derivative of the population objective
function:

PE{m(X, o + 7(a1 — a2))m(X, o + 7(01 — 042))}/2| .
dr? 0

which must be non-negative since ay is the minimizer.

deao)[ 2

}7

In general, the metric ||a; —ag|| defined here differs from the norm, \/ E{ H a1 — o) H
introduced in Ai and Chen (2003). Note that the two metrics are identical if and only if

ZE { (W[U’v]> mj(Xj,Oé*)} =0 forallve Ay,

which is satisfied if for all j = 1,...,J, either m;(X;,a,) = 0 (the j — th conditional moment

E

restriction is satisfied), or m;(X;, @) is linear in .

For the purpose of establishing a rate of convergence under the || - || metric, we can treat
Aos as the new parameter space and Ay, as its sieve space. Denote N (0, Apsn, || - ||s) as the
minimal number of radius 0 covering balls of A,s, under the || - ||s metric. For every j € Jien let

Ein = SUpx;ex; Hp ?j" (Xj)HE, which is nondecreasing in kj,. The following conditions are similar
to those imposed in Ai and Chen (2003), except that Assumptions 3.2(iii), 3.5(iii)(iv) and 3.7 are

only required to be satisfied over the local sieve A,g, (instead of the original sieve A,,).

Assumption 3.2. for j € Jien, (iii) for any g(-) € AP (X;) with~; > dy, /2, there emstsp () e
AP (X)) such that supx, ex, |9(X;) —p?j"(Xj)’ﬂ\ = O(kjn%/ ) and n1/4k il 0.
Assumption 3.3. (iii) There is a finite constant ¢ > 0 such that for all a« € A,s we have ||a]| <
cllalls < oo; (iv) there is a constant g > 0 such that [Ty — || = O(k, °) and nt/4g, B0 0.
Assumption 3.5. for j € Jien, (iii) pj(Z, ) satisfies an envelope condition in o € Apsp; (10)
m; (-, @) € A (X)) with ;> dy, /2 uniformly in o € Agen.
Assumption 3.6. for all j € Jien, (ii) I[N (€Y%, Agen, || - ||5)] x 2, X n~1/2 - 0.
Assumption 3.7. (i) In[N(e'/*, Apsn, || - ||s)] x n~ 12 = 0.
Assumption 3.8. (i) A,s is conver at o (i) p(Z, «) is continuously twice pathwise differentiable
with respect to a € A,s; (i1i) there is a positive finite constant ¢ such that for all o € Ay,
dlo—al? < Y Bloj(Za) — pi(Z o+ 3 Blmy(X,0) — my(X;, 0.
J€Tex JETen
Assumptions 3.2(iii), 3.5(iii)(iv) and 3.6(ii) are sufficient conditions to establish convergence

rate of m;(X;, o) to m;(X;, ) uniformly over o € Apgp for j € Jien. These conditions are not

12



needed when [Jiep, is an empty set. Assumptions 3.2(iii) imply that, for all & € A,gp, the linear
sieve p?j "(-)'m can approximate any conditional mean function m;(-, «) in the Holder ball well. It
is known that the method of sieves (or series) can allow for random variables that have discrete
probability distributions. However, to make the presentation simple, in most part of the paper
we implicitly assume that X; has continuous density and satisfies Assumptions 3.1(ii)(iii). Then
Assumption 3.2(iii) is satisfied by polynomial, B-spline, and Fourier and many other linear sieves.
Assumption 3.5(iv) is satisfied if the conditional density of Z given X is sufficiently smooth with
respect to X;. Assumptions 3.5(ii)(iii) impose some typical restrictions on the residual function.
Assumption 3.6(ii) can be verified after §;,, is computed. For example, &;, = k'jl./ % if p?j" (X;) is
a tensor-product B-spline basis of order [y;] + 1 or a Fourier series sieve; £, = kjy, if p?j" (X;)
is a tensor-product polynomial power series sieve; see Newey (1997) for more examples. Define
Ln(a) = &£ S 0(2, ) with

=3

Uziya) =~ | D pilzi,a)* + Y [2my(wji, a)p;(zi, ) — my(zsi, )] | - (8)
J€Tex J€ETen
Note that a, also solves sup,e 4 E{Ln(a)}. In the Appendix we show that, given Lemma 3.1 and
Assumptions 3.1, 3.2, 3.5 and 3.6, the SMD estimator &, given in (5) also solves

max Ly (@) — op(n~Y?).

a€Aosn
Assumptions 3.3(iii), 3.7(ii) and 3.8 are sufficient conditions for the faster than n~/* conver-
gence rate under the || - || metric for the sieve M-estimator, arg maxqea,.. Ln(c), hence they are

imposed even when the conditional mean functions m;(X;, ) (for j € Jien) were known. Assump-
tions 3.3(i)(ii) imply that II,a. € Apsn. Assumptions 3.3(iii) is on the approximation error rate
(under the || - || metric) of the sieve space A,sy, to the parameter space A,s. This condition is
satisfied if the parameter space is a Holder ball, and the approximating functions are power series,
Fourier series or B-splines. Assumption 3.7(ii) requires that the size of the sieve space A,s, does

not grow too fast in terms of the covering number. Recall that A, is a small subset of the original

sieve space A,. For commonly used linear sieves we have In[N (g, Aosn, || - |[s)] < cknn In(2), and
for commonly used nonlinear sieves we have In[N (g, Apsn, || - ||s)] < cknp In(¥22). Assumption 3.8

requires that the metric || - ||? is well-defined and can locally approximate the population criterion
difference. This condition is trivially satisfied when p; is linear in &. When p; is nonlinear in c,
this condition is still satisfied in the neighborhood of a. defined by || — .||, = o(1), as long as
the third order term in the Taylor expansion of E{m(X, a.(1 —7) + 7a)m(X, a,(1 — 7) + T) } /2
around 7 = 0 is dominated by the second order term.

Assumptions 3.6(ii) and 3.7(ii) are respectively implied by Assumptions 3.6’(ii) and 3.7°(ii),

which were used in Ai and Chen (2003):
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12 0.

Assumption 3.6°. for all j € Jien, (1) kpyp X Inn X §]2n X n~
Assumption 3.7°. (i) In[N (%, Agon, || - ||s)] < cknn ln(k%) and kp,(Inn)n=12 — 0.

Theorem 3.1. Let a,, be the SMD estimator defined in (5). Suppose Assumptions 3.1 - 3.8 hold.

Then: ||Gn — aul| = 0,(n=1/4).

Assumptions 3.1 - 3.8 are low-level sufficient conditions and are easy to verify in specific appli-

cations once the pseudo norms are defined. For instance, for Example 2.1, the norms are
[l — 0| * = B{[SE1 {m(W) = ha (W3} + (0 = 0. — Ela(W1)V* {ha(W1) — haa (W1)}])*,
and ||a — aulls = [0 — 0.] + || V¥{h1 — hu1 }Hoo + Z71 ||/ — hut]|o- For Example 2.2, the norms are
o= enl P = B {(E[h(Y2) = h(¥2)|X1))*} + (6 = 6. — B [a(¥2) V* {h(Y2) — ha(¥2)}])?,

and |lo — al]s = |0 = 0u] + [[wV*{h1 = haa}[oo + [[wfh1 — hua}[oo With w(y2) = [1 + [y2[] ™. Tt is
easy to show that Assumptions 3.1 - 3.8 of Theorem 3.1 are trivially satisfied by Condition 2.1.1
for Example 2.1 and by Condition 2.2.1 for Example 2.2.

4 Asymptotic Normality

We now derive the asymptotic distribution of the modified SMD estimator §n The approach
follows the one in Ai and Chen (2003) closely, except that the semiparametric conditional moment

restriction (1) may not be satisfied. Define the pathwise derivatives as

dm(X,oz*)[h_h | = dm(X,O*,h*(l—T)—l-Th)’ '
dh T dr =0’
2 2 _
W[h Chah—h] = d*m(X, 0, f;:_(; T)+ 7h) o
d*m (X, o) bl — d(Om(X, 04, he(1 —7) + 7h)/00)
0dh | J = dr [r=o-

Let V denote the closure of the linear span of A — {a,} = {a — ay : for all @ € A} under the
metric || - ||. Then we can write V = R% x W with W = H — {h.}. For each component ; (of 6),
I =1,...,dp, suppose that there exists a w] € W that solves:

(am(X,oz*) _dm(X,au) [wl])/ (Bm(X,oc*) dm(X,ax) [wz])

" i B 00, dh 00, dh
w; ¢ 1N 2 2 2
eVl 0°m(X, o d*m(X,ax d*m( X,
wew |+ ( 8(912 ) gdpXan) i) L) ] ) m(X, )

Denote w* = (wf, ..., w}, ),
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dm(X, o), dm(X, o), dm(X, o),
T[w | = (T[wl]a"-:T[wdQ]):
dPm(X, o), , EPm(X, o), , EPm(X, o).
W[w | = (W[wﬂwww[wdé)]),
d2m(X,Oé*)[ * *] .. d2m(X,a*)[ * * ]
Pm(X, o), L an (011 a1 %,
T[w wt] = s ) s .)..
ez [w:lngl] ez [w§9>w29]

Also denote

om(X, o) dm(X,a) Om;(Xj, o) dm;(X;, o)

J 2 2 o
9 mj X])a*) d mj(Xj,Oé*) * d mj(Xj7a*) v %
-2 (X o).
321 ( 0006’ 00dh [w?] + dh2 [w*, w*] | m;(X;, o)

Suppose that E{Dy+(X) Dy (X) + Vi@« (X)} is nonsingular. For any fixed A # 0, denote v* =
(vg,vy) with
vy = (E{Duy+(X)' D+ (X) + Vi (X)}) 7N and v} = —w* x v},

We impose the following additional conditions for \/n—asymptotic normality of On:
Assumption 4.1. (i) w* exists (i.e., wf €W forl=1,....,dy) and E[Dy+(X) Dy (X) + Vipr (X)]
is positive-definite; (ii) 0, € int(O).

Assumption 4.1 implies that X' (0 — 6,) = (v*,a — ) for all @ € A, where (.,.) denotes the
inner product induced by the norm |.||.

Assumption 4.2. There is a v}, = (vy, —Il,w* xv}) € A, —{a.} such that ||v} —v*|| X ||an —ax|| =
op(n=1/2).

Given Theorem 3.1 (||@, — au|| = 0p(n /%)), Assumption 4.2 is implied by Assumption 4.2”:
Assumption 4.2°. There is a v} = (v}, —,w* xv}) € A, —{au} such that |[vi —v*|| = O(n~/4).

Denote N, = {a € Ags : | = aal| = o(n™/4)} and Non = {a € Agan | — ]| = o(n~1/4)}.

Define %i’a)[v*] and M[v v}] analogously to M[v | and M[

n ns Un o v vk] respectively.

Assumption 4.3. (i) Forj=1,...,J, E ({M[ Z]}ZIXJ) is bounded, and %ozla)[ *] is Holder
continuous in o € Ny; (i) for j = 1,...,J, there is a function c5(Z) with E{[c5(Z)]?} < oo such
that ‘d%ég’Q)[ vk, n]} < c5(2) for all & € Ny (iii) for j € Jren, ™ fa) [vE] satisfies the envelope
W[v;‘;] is in AP (X)), vj > da, /2, for all o € N,
Assumption 4.4. With a(t) = ax + t(a — ax),
B ("GP ]y m(X, (1)
sup

0<t<1 dt?

condition and

= o(n™Y?) uniformly over a € Np,.
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Assumption 4.5. [} \/1n[N(81/”,Nom | ]5)]de < oo.

(a7

2
Assumption 4.6. F <{{W[v;§ —v*Vp(zi, o) + {d(p(zi’a*)gm(x“a*)) [vf —v*]}Ym(z;, a*)} )

goes to zero as ||[v — v*|| goes to zero.

Assumption 4.1(i) is critical for obtaining the y/n convergence of 0 to 0, and its asymptotic
normality. There exist semiparametric models that do not satisfy Assumption 4.1(i). We notice
that it is possible that 6, is uniquely identified but Assumption 4.1(i) is not satisfied. If this
happens, 6, can still be consistently estimated but the best achievable convergence rate is slower
than the y/n—rate. In a sense, Assumption 4.1(i) gives a class of models in which it is possible to
obtain the \/n—consistency. Assumption 4.2 controls the approximation bias; it is satisfied if w*
belongs to some typical smooth function class (such as a Holder, Sobolev or Besov space). This
condition imposes additional smoothness requirement on a semiparametric model. It is possible
that Assumption 4.1 is satisfied but Assumption 4.2 may not without additional smoothness re-
striction. Assumption 4.3 is similar to Assumption 3.5 except that it is imposed on the derivatives.
Assumptions 4.3(i)(iii) are used to establish consistency with convergence rate of W[v;] to

dm;(X;,a)

= [vp] for j € Jien. Assumption 4.4 is needed when « enters p in a highly nonlinear manner.

This condition is imposed to control the asymptotic bias when « enters p nonlinearly. It is similar
to the assumptions 4.4 - 4.5 of Ai and Chen (2003) in the sense that it requires, within a shrinking
neighborhood, the third order term is bounded by the second order term. But it imposes a stronger
restriction on the function m(X, o) when m(X, a.) # 0 with positive probability. Notice that when
p is linear in «, Assumptions 4.3 and 4.4 are trivially satisfied.

In the Appendix we show that the modified SMD estimator also maximizes % Yoiq Uz, o) over
Aosn, where £(z;, a) is given in (8). Notice that

L0 g B ) 4 A D )

Under Assumptions 3.5 and 4.3, Assumption 4.5 is a sufficient condition for

22 (e - ) - b () - H ) = 07

uniformly over & € N,,. Therefore, Assumption 4.5 can be replaced by any other sufficient con-
ditions for this stochastic equicontinuity condition. In applications, Assumption 4.5 is typically

implied by Assumption 3.7(ii). Assumption 4.6 ensures that

1 s ((dl(zi; o) o AUz, ) o) = o (n-1/2).
2 2 (T = T ) = o)

Notice that, when {d(p(z“a*)d;m(mi’a*)) [vE — v*]}m(z;, ax) = 0, which can happen if m(X, a,) =0,
Assumption 4.6 is implied by Assumptions 4.2 and 3.5(i). Thus, Assumption 4.6 is not needed

when the semiparametric conditional moment model (1) is correctly specified.
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Remark 4.1 (i) E{V,+(X)} =0ifforall j = 1,..., J, either m;(X;, ay) = 0 (the j —th conditional
moment restriction is satisfied), or m;(X, @) is linear in a.

(ii) When E{V,+(X)} = 0, the Riesz representer v* (or w*) is the same as the one defined in
Ai and Chen (2003) under correct specification of the conditional moment restriction (1). In this
case Assumption 4.2’ becomes:

of — o2 = o { (mi;’“*)[w* - Hnw*])/ (C””(i;’""‘)[w* - Hnw*o } v = O(n~12).

Denote

= Co { K R D ()] m(X,00) + D (X)'0(2, a*)} .

The following result is proved in the Appendix.

Theorem 4.1. Under Assumptions 3.1 - 3.8 and 4.1 - 4.6, \/ﬁ(gn —0,) = N(0,V~1) where

V! = (B{Du (X) D (X) + Vi (X)}) 7 Qu (B{Dup (X) Dypr (X)) + Ve (X)) (9)

When the conditional moment restriction (1) is satisfied (i.e., m(X,a,) = 0 and a, = «,),
we have Vi« (X) = 0 and Q. = Var{Dy(X)'p(Z,a,)}, and the asymptotic covariance V1 in

Theorem 4.1 becomes
VL = (B{Dy(X) Do (X)}) ' Var{ Du+(X) p(Z, o)} (E{Dyp(X)' Dy (X)}) (10)

which is the asymptotic covariance derived in Ai and Chen (2003, Theorem 4.1) for the SMD
estimator with identity weighting matrix. When the conditional moment model (1) is not satisfied,

the asymptotic covariance V! of 0 is generally different from the asymptotic covariance (10).

Remark 4.2: (i) When the conditional moment restriction (1) is not satisfied (e.g. m(X, ax) # 0
and a. # «,), there are still cases where E{V,,«(X)} = 0 and Q. = Var{Dy(X)'p(Z,a,)}. In

these cases, the asymptotic covariance V! in Theorem 4.1 simplifies to
VT = (B{Dys (X)' Dy (X)}) ' Var{ Dy (X)'p(Z, )} (E{ D (X)' Doy (X)}) (11)

Remark 4.1 discusses cases where E{V,,»(X)} = 0 holds. Note that Q, = Var {D,(X)'p(Z, ax)}
if

J /
8/)]'(2, Oz*) dpj(Z7 Oz*) * 8pj(Zv Ck*) dpj(Z, Ck*) * ‘ ‘ ' B
2 { oo~ an IR e g X X el =0,

which is satisfied if for all j =1, ..., J, either m;(X;, o) =0 or E{%[UHX]} = %[U].
(ii) For the plug-in sieve LS problem in Remark 2.1, we have Q. = Var{D,(X)' p(Z,as)}.

If pj(Z, ) is linear in a for j = 1,...,J — 1, then we have E{V,+(X)} = 0. Therefore for the
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special plug-in sieve linear LS problem, the asymptotic variance V! of 0 has the form of (11).
However, for the plug-in sieve nonlinear LS problem, the model misspecification (E{p;(Z, )| X} #
0,7 =1,...,J — 1) and nonlinearity (p;(Z, «) is nonlinear in a for j = 1,...,J — 1) together imply
E{Vy(X)} # 0; in this case the asymptotic variance V1 of 8 is more complicated than (11).

(iii) Even if the asymptotic covariance V! could take the simplified form of (11), it may still
differ from the one in (10) under correct specification. This is because Var{ Dy~ (X) p(Z, a.)} for a
misspecified model may differ from the expression Var{D,~(X) p(Z, a,)} for a correctly specified
model; the difference is due to the presence of some correlation terms under misspecification. See

the example below.

4.1 Possibly misspecified nonparametric additive LS regression

We now apply Theorem 4.1 to Example 2.1. Recall that pi1(Z,a) = Y — hi(W1) — ho(Wa),
p2(Z,a) = 0 — a(W7)Vh (W1), mi1(Xi1,a) = EY|X1] — hi(W1) — he(W2) and ma(a) = 6 —
E{a(W1)V*hi(W1)} where X; = (W1,Ws)" and Xs is degenerate. It is easy to show Q. =
Var {Dy+(X) p(Z,a,)} and V= (X) = 0. To apply Theorem 4.1 it suffices to verify Assumptions
4.1 and 4.2’ where w* € W solves the following minimization problem:

inf B{D,(X)'Du(X)) = inf {El{w! (1) + w? W)} + [L+ Bla(W0) V7wl 1))},
weW weWw

where W = {(w!, w?) : E[{w!(W;)}?] < 00,5 = 1,2; [E{a(W1)Vsw!(W;)}]* < co}. By calculus

variation, w* (W;), j = 1,2 solve:
B W1 W § o+ (14 B {a(V) V™ (W) }) B{a(W)V*a(W1)} =0, (12)
B {Z0w™ (W) }05(Wa) } =0, (13)

for any measurable function (J1,d2) € WW. Then

E{Dy+(X) Dy (X)} = E[{E?:lw*j(Wj)}QH[1+E{a(W1)V5w*1(W1)}}2
= 1+ E{a(W1)Viw* (W)}

Let fj(W;) be the density of W; for j = 1,2 and f(Wi, W2) be the joint density of (W7, Ws).

Denote 1(9)(W7) = W. We impose the following assumption:

Condition 2.1.2: (i) The joint density f(Wi, Wa) of (W7, W) is Holder continuous with exponent
2

greater than 1; (ii) [ {%} dwidws < oo; (iii) [a(W7)f1(W7)] is s—times continuously

differentiable and is zero on the boundary of the support of W1, (iv) E[{I®)(W})}?] < cc.

Condition 2.1.2(iii)(iv) and integration by parts yield

E{Dy (XY Dy (X)) = B{Z2 07 (W)} + [1+ (-1 B (W) (W)}
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First, we verify Assumption 4.1. Since E{D,,(X) D,,(X)} is continuous and convex in w € W
and W is a closed linear space, the minimizer w*/(W;), j = 1,2 exists. Moreover E{Dy(X) Dy~ (X)} >
0. This is because E{Dy+(X) Dy+(X)} = 0 if and only if E{X3_,w*(W;)}?] = 0 and 1 +
(=1)*E[1®) (Wy)w*! (W1)] = 0, which could happen only when w*2(Ws) = —w*!(W}) and w*} (W) #

0, which is impossible since (W7, W5) has well-defined multivariate density that is not degenerate.

Next we verify Assumption 4.2’. By Remark 4.1(ii), since

dm(X, o), S) (dm(X, ), %
E{(dh[w — 1w ]) (dh[w — llhw ]>}
< 0 (2L Blw (W) — Wy (W)1?] + 1O (W) Bl {w™ (W) - Hnw*1<W1>}21) 7

Assumption 4.2’ is satisfied provided max 12 { E[{w*/ (W;) — IL,w* (W;)}?]} = O(n~'/?), which
is satisfied if the solution w*/(W;), j = 1,2 is Hélder continuous with exponent greater than 1/2.

Equations (12)-(13) and integration by parts imply that w*/(W;), j = 1,2 solve
w* (W) + E[w*2(Ws)|[W1] + (=1)° [1 + (—1)3E{l(5)(W1)w*1(W1)}} 19 (Wy) =0, (14)
w*2 (W) + E[w* (W1)|Ws] = 0. (15)

Let T be the conditional expectation operator of Wj given Wy (i.e, Thy = E[hi(W1)|Ws] for
any measurable function h; with E{[h1(W1)]?} < o0), and T* be the adjoint of T (i.e., T*hy =
E[ha(W3)|W] for any measurable function hy with E{[ha(W2)]?} < oo). Then (I — T*T)7!is a
bounded operator, and (14)-(15) yield: w*?(W3) = —Tw*! and

~1

wt (W) = (=1)*F (1 = 7)1 (W) (14 B{(I - T*T) 7 [ (W)}

Condition 2.1.2 imply that w*!(W;) and w*?(W>) are smooth enough to satisfy Assumption 4.2’.
Note that Var{Dy~(X) p(Z, o)} =

Var (Z2_1w™ (W)Y = D31k (W))] + [1 4+ E{a(W1) V*w* (Wi)}][0. — a(W1)V*har (W1)]) .
Applying Theorem 4.1, we have v/n(6, — 6,) = N(0,V 1) with V! given in (11), where

vy <{E§1w*" (W)Y — 33 1Py ()]
1+ E{a(W1)VowT(Wy)}

+ [9* — a(Wl)Vsh*l(Wl)]) . (16)

We note that under correct specification E[Y — Z?Zlhoj(Wj)\Xﬂ =0 and oy = a,, we have

——_— <{Z _w (W)Y — 35 haj(W5)]
1+ E{a(W1)Vsw*(W7)}

> + Var (9* — a(Wl)Vsh*l(Wl)) . (17)

Under misspecification E[Y — 33_, h.;(W;)|X1] # 0 and we have non-zero correlation term:
E ([0 = a(W1)V*ha (W) {3 w™ (W) }Y — S2_1hai (W)]) #0. (18)
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The asymptotic variance of 0 under misspecification equals to the variance (17) plus some non-zero
correlation term, where the non-zero correlation term arises from the model misspecification.
Remark 4.3. Consider the nonparametric LS regression with possibly omitted variable problem:
hs = arginfy,, ey, E{[E{Y|X1} — h1(W1)]?}, where W7 is a subset of X;. The correlation term in
(18) is now zero even if E{Y|X1} # hy(W1), and the asymptotic variance V! of 0 is

*1
. w (W)Y — ha(W1)] s
= * * . 1
174 Var (1 a1V ()] + Var (0, — a(W1)V?hea (Wh)) (19)
Furthermore we can solve w*! explicitly as:
(_1)s+1l(s)(Wl) 1

w* (W) thus E{Dy+(X) Dy (X)}

T I B2 T 1+ B{IO(W)RY

Substituting w**(W;) into (19) we obtain the asymptotic variance of 6:

-l _ g Kw[awl)fl(wl)]f Var{Y — ha(W1)| X1}

(W) + B [{0. — a(W)Vha (W1)}?]

The asymptotic variance for the special case of s = 1 and W7 = X coincides with the semipara-

metric efficient variance of the weighted average derivative estimator for 6, = E[a(W1)Vhe (W7)]

(with he1 = E[Y|Wi]) derived in Newey and Stoker (1993, equation (3.8)).

4.2 Possibly misspecified nonparametric IV regression

Next, we apply Theorem 4.1 to Example 2.2. Recall that pi(Z,a) = Y1 — h(Y2), p2(Z,a) =
0 — a(Y2)V°h(Ya), mi1(X1,a) = E[Y1 — h(Y2)|X1] and ma(a) = 0 — E{a(Y2)V*h(Y2)} since X,

degenerate. Because the model is linear, Assumptions 4.3 - 4.4 are trivially satisfied and V(X)) =

e

S

0. To apply Theorem 4.1 we need to verify Assumptions 4.1 and 4.2’ where w* € W solves the

following minimization problem:

inf B{D,,(X)Dy(X)} = inf {E[(E{w(¥2)[X:))?) + (1 + E{a(Y)V*w(¥a)})*} .
weW weW

where W = {w : E[(E{w(Y2)|X1})?] + (E{a(Y2)V*w(Y2)})?* < oco}. By calculus variation, w*(Yz)
solves

EE{w"(Y2)| X1} E{6(Y2)[ X1}] + (1 + E{a(Y2)VZw"(Y2)}) E {a(Y2)V*6(Y2)} =0, (20)

for all measurable functions 6 € W.
Let f(Xi,Y2) denote the joint density of (Xi,Y2), f1(X1) and f2(Y2) denote the marginal
densities of X; and Y3 respectively. Denote 1(®)(Y3) = W. Without loss of generality,

assume that p;(X7) = (p11(X1), p12(X1),...) are orthonormal basis functions satisfying:

E{plj(X1)2} =1 for all j and E{plj(Xl)plk(Xl)} =0 for all j 7& ki,

20



and that ¢(Y2) = (¢1(Y2), ¢2(Y2), ...) are orthonormal basis functions satisfying.
E{qj(Y2)?} =1 for all j and E{q;(Y2)qr(Y2)} = 0 for all j # k.

Suppose that E{q;(Y2)| X1} = p1;(X1)p; where p; denotes the j — th singular value. Suppose that

16)(Y3) has the following series expansion

1) (Ya) = Z%qj Y3), with coefficients satisfying Z*y] < 0.
Jj=1 J=1

In addition to Condition 2.2.1, we impose the following assumption:
o

Condition 2.2.2: (i) for all j > 1, p; > 0 and Zp? < oo; (ii) [a(Y2)f2(Y2)] is s—times contin-
j=1

(0.)
uously differentiable and is zero on the boundary of the support of Ya, (iii) Z pj_2’yj2 < 00, (iv)

=1
0.) o0 !
VY pityE < oo, (v) Y pytaE < oo
i=knn j=1
Under Conditions 2.2.1 and 2.2.2, we can show that
w*(Y2) = Y wiq;(Y2) with w} = (—1)8+1p—; 1+ ’;] for all j > 1 (21)
j=1 J k=1 "k

solves the problem (20).* Furthermore,
-1

B{Dye (X) Dy (X)} = 1+ (~1)° Y e} =
j=1

1y
=1 Pj

Thus, Assumption 4.1(i) is satisfied by Condition 2.2.2(iii). (Note that when Y5 is endogenous, w* €

o0 2 o0 2 -
— 2 _ 7 8]
W is strictly weaker than the requirement of E{[w*(Y2)]?} = Z wy (Zl %) 1+ kzl é <
j= —
oo. Nevertheless, we impose the stronger condition 2.2.2(v Z pj 2 < o0 so that it is easier to

verify assumptions for Theorem 4.1.)

Next we verify Assumption 4.2’. By Remark 4.1(ii), since

B { (dm(f;}'; ) Hnw*])’ (dm(j‘,;’ @) e Hnw*])}

2
= [B{w*(Y2) = Myw* (V)| X1} + (B{O) (¥a) [w* (Ya) — ow* (Y2)]})

> 73 2\’ X 2
AE (A
J Py

J=knn pj J=knn

Assumption 4.2’ is satisfied by Condition 2.2.2(iv).

“We are indebted to Whitney Newey who generously provides some insightful calculation that inspires this solution.
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Applying Theorem 4.1, we have /n(0,—0,) = N(0, V1) with V-1 = [1+E{a(Y2) Viw*(Y3)}]
where (2, takes a complex form due to misspecification and endogeneity:
[w*(Y2) — E{w* (Y2)| X1 }[E{Y1 — ha(Y2)[ X1 }]

Q. =Var +E{w*(Y2)| X1}[Y1 — hs(Y2)]
+[1 4+ E{a(Y2) Viw* (Y2)}] [0« — a(Y2) V hi(Y2)]

Under correct specification E{Y; — h.(Y2)| X1} = 0 we have

Qe = Var {E{w*(Y2)| X1}[Y1 — hu(Y2)] + [1 + E{a(Y2) Viw" (Y2)}][0x — a(Y2) V*ha(Y2)]} .

Conditions 2.2.2(iii), (iv) and (v) impose smoothness restrictions on {(*)(Y3). They may not
be satisfied in some applications. If Condition 2.2.2(iii) is not satisfied, then we can not find a
w*(Y2) with finite || - [|-norm such that E{Dy«(X)'Dy+(X)} > 0; in this case, 6, can not be
estimated at the y/n—rate. The question is whether there exist some interesting models where
Conditions 2.2.2(iii), (iv) and (v) are satisfied. To answer this question, we consider the special
case 19)(Yy) = V{log f2(Y2)}. In this case, note that, if Y5 is normally distributed and ¢(Y3) is
power series, [()(Y3) is linear in Y5 and 4, = 0 for any k > 1. Thus, normally distributed regressor
satisfies Conditions 2.2.2(iii)-(v) trivially. It is easy to show that the exponentially distributed
regressor also satisfies this condition. Indeed, if fo(Ya) = const.exp(t(Y2)) where t(Y2) is a finite
order polynomial, this condition is satisfied. If Y5 has a distribution that is not in this exponential
family, we notice that 'yj is determined by the smoothness of 1(*)(Y3). This example demonstrates
that it is not entirely impossible to obtain the root-n consistent estimator.

Unlike Example 2.1, in Example 2.2 even when the model is correctly specified in the sense of
E{Y1 — h.(Y2)| X1} = 0, due to nonparametric endogeneity, the asymptotic variance V! can not
be simplified to:

V-1 = Var (E{w*(Y2)!X1}[Y1 — ha(Y2)]
I+ Bla(V2) Vo (V2))

> FVar (6. — a(Ys)V*ha(Y2)).

See Ai and Chen (2005) for semiparametric efficient estimation of (weighted) average derivatives

of the nonparametric IV regression model.

5 Covariance Estimator

To estimate the covariance matrix V!, we estimate each of its components consistently. First, we
estimate w* = (w7, "'7w29)' For | = 1,...,dp, we estimate w; by @, which is the solution to the

minimization problem:

81?1(3:1',&\”) dm xl,an) ! om(zi,an) dm(z;,0m)
1 & ( 00, 80, - dh [wi] ) +
wIlrél’;lln g Z 827’71(:81-,61\") 2d m(xhan) d? m($“an) ' ~ oA
=1 907 < 06dn [ )+ [wi, wi] ) m(wi, &)
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Notice that here we use the same sieve space H, to

estimate w;. This is for the purpose of

simplifying notations only, and in practice many other finite-dimensional linear sieve spaces W,

can be used to compute a consistent estimator for wy.
and V,«(X) are estimated respectively by

Om(X,d,)  di(X,d)

Denote @* = (@7, ..., @y, ). Then Dy« (X)

D~ (X) = w*];
@ (%) o' a7
J 2 2~ ~ 2 /
W _ 9 m](X],an) d m]'(Xj’O‘n) P d m](Xjaan) ok o~k . s
Ve (X) = ;( 5060 2 50dh [w*] + I3 [@*, w*] | m;(X;,an).

Next, €, is estimated by Q = 17 | gi€, with
8/)(22" an)

B
The estimator of V1

< Z{D (x;) DA (xi) + VA (xl)}>

d/’(zu )
dh

-~

& =

-1

@)~ Dy (@0)] e @) +

~

D (i) p(zi, ).

( Z{D (*TZ) + VA (mz)}> .

The above expressions are in compact forms. We can rewrite them in more detailed formats

corresponding to the modified SMD procedure (5).

minimizer of

First, w* = (a7, ...,

Wy, ) is computed as the

. ~ 2
op; 1,8n dp; 1,0n
S (2 - g
]Gjefl'
~ ~ - ~ SN 2
0 j ji,Xn d j ji,%n 8 n d j n
e R S
jesjlen ]€j2
. 1 - 6 1,Xn d 1, d2 j izAn =
min T30S (PR - ol ) 4 S ) gy (a1, )+
wi€Hn I jE€Tex
82/\' ji:,n d2A' 'iyAn d2 n -~ -~
> m]a(ﬁl% 2n) o) wy] + Lol ) )[wz,wl]> (i, On ) +
jejlen
92m. An A2m.; An 2m. An PN
S (P - 2 e ) L ] ) oy 6
jEJZen
Second, E{Dy+(X) Dy (X) + Vi« (X)} is estimated by 1 377 " Do () Do () + Vo (1)} =

n
i=1 j€jlen

|

J€ETex

S AP )Y DL (z) + 3 ADM (wye) Y DI (i) + Y (D% y D

|

jEJQER

+- Z{ > ‘7‘636 (=) + D Vlen (zj0) + D ‘73‘25?}’
]Ejet ]Ejlen j€j2en
where for all j € Jien,

~ om; (i, Q) dmj(xji, ),

len » — J\*rge &) J\Ljiry An *
D () = a6’ a0
_ 02 (20, @n) 20 (255, ) P (255, Gn)

len — J\~Je = n J\EI N 1% I\ N ) 1o~k o~k ~ ~ .
Viwr (T31) = ( o6 2 ogdn T T gpr @ W] (@i, Gu);
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B;%*(zz), j € Jex, and DQe”, j € Joen are defined in the same way as Dle” (x:), with m;(zi, an)
replaced by p;(zi,an), j € Jex, and m;j(an), j € Joen respectively. L1kew1se, Vﬁ%* (2i)y j € Tex, and
Vﬁj?, j € Joen are defined in the same way as YA/jquf(xji), with m;(z;;, &) replaced by p;(zi, an),
J'€ Tuw, and (@n), j € Toen Tespectively.

Finally, Q, is estimated by Q = 1 7 | &, with

n

g = 5?-1—5216”—1-?126", where & = Z {Djefu* Zi }Pj(zzaan)
jejez
~ 8,0'(2',& ) dp(z,& ) ~x i ~ ~ N >
gen = % {{ A [U/]—D;%Z(wji)}/mj(xji,an)+{Djl'1%n*($ji)}/Pj(zivan)}v
jEjlen
. Opj(zisan)  dpj(2i, o) -
EZ2en = Z { Jaél n J dzh n [ ] DQen} ( n)+{Dj2;’:}pj(zi,an)}.
JE€ET2en

In the Appendix, we show that the following additional conditions are sufficient for V1 to be

a consistent estimator of V1.

dp;(Z,c) . dpj(Z,a)[
a0, dh

envelope condition and is Hélder continuous in o € N, and w; € {v € W : ||v||s < ¢ < o0}.

Assumption 5.1. For all j and each component 0;, 1 =1, ..., dy, wy] satisfies an

,dg, o? pi(Za) 2d p;(Z,2) [wl] +

Assumption 5.2. For all j and each component 0;, | = 1,... 202 00, dh

d?p;(Z . ., . .. .
%[wl,wl] satisfies an envelope condition and is Holder continuous in o € N, and w; €

{veW:||v||s < c< oo}

Theorem 5.1. Under Assumptions 3.1 - 3.8, 4.1 - 4.6, and 5.1 - 5.2, we have: V=1 =V~ Lto,(1).

6 Conclusion

In this paper, we propose a modified SMD estimation method for a general class of conditional mo-
ment restriction models in which different equations may require different conditioning variables.
We derive the asymptotic results of the modified SMD estimator without imposing the correct
specification of the conditional moment restrictions. Under mild and low-level sufficient conditions,
we show that the SMD estimator converges in probability to some pseudo-true value that mini-
mizes the population objective function and that the SMD estimator for any smooth functional
is /n—asymptotically normally distributed. We also provide a simple consistent covariance esti-
mator for the SMD estimate of any smooth functional. These results allow researchers to conduct
asymptotically valid inferences on the smooth functionals regardless of whether the semiparametric
conditional model is correctly specified or not. As illustration, we apply our general theory to two
non-trivial yet popular examples: a weighted average derivative estimate of a possibly misspecified
nonparametric additive Least Squares (LS) regression, and a weighted average derivative estimate

of a possibly misspecified nonparametric IV regression.
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We are currently working on several closely related projects. The first project considers model
selection tests when all the competing semiparametric conditional moment models (1) could be
misspecified. The second project relaxes the pointwise Holder continuity assumption of p;(Z, a)
in a. This can be done by modifying our current proof using the results in Chen, Linton and van
Keilegom (2003). The third project extends the results of this paper from i.i.d. data to stationary
beta-mixing time series data; such an extension is needed when we study possibly misspecified
semiparametric asset pricing and financial time series models. In fact, in their estimation of semi-
parametric ARCH(co) models, Linton and Mammen (2005) discuss a class of weak form ARCH(c0)
models that could be misspecified. Finally, we plan to investigate the use of nonparametric boot-
strap to provide an asymptotically valid confidence region for the SMD estimate of any smooth
functional of a,.> Recently Nishiyama and Robinson (2005) establish the bootstrap refinement of
the average derivative estimate for the nonparametric LS regression model. It is worthwhile to see
how bootstrap procedure performs when the semiparametric conditional moment models (1) could

be misspecified.

Mathematical Appendix

Recall that A,, denotes a sieve approximation of A, N(g, A,,||-||s) denotes the minimal number
of e-radius covering balls of A,, under the metric ||||s. In the following lemma, ¢(Z,a) : Zx A — R
denotes a generic measurable function of the data Z € Z and the parameter a € A and satisfies
E{e(Z,a)|X} =0 forall X and all . Let {Z1, ..., Z, } denote an i.i.d. sample. Let g;(X1, ..., X;, @)
denote some function satisfying for all {X7, ..., X, }:

sup 19i(X1, ..., Xy )| = Op(dy);
aEAR,1<i<n

sup |gi( X1, oy Xy @) — i (X1, ooy X, o/)| = Op(Ha — O/HS).

a,a’' €A, 1<i<n
The following lemma is a modification of Lemma A.1 of Ai and Chen (2003).

Lemma A.1: Suppose that the followings are satisfied:

(i) there exist a constant c1, and a measurable function ¢1(Z) : Z — [0, 00) with Ec1(Z)P] < oo
for some p > 2 such that |e(Z, )| < c1pc1(Z) for alla € A, and Z € Z;

(ii) there exist a constant k € (0,1] and a measurable function ca(Z) : Z — [0,00) with

Elea(Z)] < oo such that |e(Z,a1) — e(Z,a2)| < canca(Z) ||ar — az||s holds for all Z € Z and

Q1,09 € ATL;

5We thank Oliver Linton for suggesting the bootstrap alternative.
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(#ii) Let 61, = o(1) and 61, = 0(6y) be such that
n5%n

— +00.
In (N ({min{ 2, 2131/, A, | - ||,) ) max{c},02, (c1ndn) 2001, %P}

02n5 ’ cin
n
Then: %Z (X1, .00y X, @)e(Zs, ) = 0p(915) uniformly over a € A,,.

When applying Lemma A.1l in this Appendix, we typically have p = 2, ¢1, = 1, ¢c2, = 1 and
cither (a) &, = O(1), 01, = o(1) and condition (iii) In (N ({01 }1/*, A, || - [[5)) x 0™
or (b) 8, = O(1), o1, = n~Y/* and condition (iii) In (N ({81, }/%, An, || - [[s)) x n 12 =0,

or (c) 6, = o(n=%), 61, = n~Y/? and condition (ii) 1 ( ({01 3%, Ans || - ] )) xn~12 .

— 0,

Proof. (Lemma A.1) Let ¢ denote a generic constant which may have different values in different

expressions. For any a, o/ € A, we write

1 n

5Zw@wa e(Zi, ) — Z%Xb;mdmad)
=1

n

< 319K X 0)] X [e(Ziy ) — e(Zi o) +

=1

1%

EZ |gi(X1,...,Xn,Oé) —gi(Xl,...,Xn,O/)| X ’8(Zi,05,)|
i=1

i L
< O(cznbn) ||a —d|% Zcz ) + 1,0 (||a—o/{|5)ﬁch(Zi)
i=1

by conditions (i), (ii) and the condition on g;. Notice that 1S, co(Z;) = Opy(1) and that

LS c1(Z;) = Op(1). There exists a constant ¢ such that:

n
%Zgi(Xl,... X, 0)e(Z;,a) — L Zgz (X1, ., X, & )e(Z;, &)
=1

P SUPq /e A, <n
> c(candn + cin) |la — o/||
for sufficiently large n and any small 7.
For any small €, partition A,, into b,, mutually exclusive subsets A, for m =1,2,---, b,, where
a, o € Ay, satisty ||a — o/||f < e x min{ Cillgn , %} Then with probability approaching one,
1 n
HZ%MMW&@ e(Zi, ) — Z%Xh“ ,o)e(Zi, )| < ebip.

Let o™ denote a fixed point in A,,,. For any a € A,, there exists a m € {1,...,b,} such that

o — a™||" < e x min{ -2 %1 Then, with probability approaching one,

C27L5n ’ Cin

1 n
z:gZ (X1, .0y Xn, @)e(Z;, ) EZgi(Xl,...,Xn,am)a(Zi,am) .
i=

sup < €1 + max

acA,
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Hence

Zgz X1, e, X, @)e(Zs, @)

1 n
— Zgi(Xl, vy Xy a™)e(Z, ™)
i

> 2651n>

> 6(51n> .

2
For some constant ¢ > 0, let M, = (Cg”ﬂ) /p. Define di, = 1{c1(Z;) < M,}. Define

sup
CtEAn

< 77+P<m7gx

n€
e1(Zi, ) = dine(Z;, ) and e2(Z;, ) = (1 — dml)s(nZi, a). It follows that
P (max 1 Zn:gi(Xl, ey Xy @™)e(Zi ™) | > 651n>
i
1 n
< P (mnzlxx - ;gi(Xl, ey Xy ™)y (Zi, ™) > 651n>
+P (max l zn:gi(Xl, ey Xy Oém)€2(ZZ', am) > 651n> =P+ Ps.
N

Applying the Markov inequality yields

E lmaxm }LZgi(Xl,...,Xn,am)sg(Zi,am)‘ [}1 Z(l —din)c1(Z;)
P, < =1 01 < ncin =1 €61
—d 32
< oo VIGWEGGER _, 1
€01n M5/2661n

Some calculations yield
1 n
o =0 x B{ Y gi(X, e X 0™)er (Zi o)) = O(,02)

and |g;(X1, ..., Xpn,a™)e1(Z;, a™)| < dpc1nM,. Note that

> 651n> =

> €01 | Xl,...,Xn>] .

1
g <’n Zgz(Xla "'7Xn7 am)gl(zi’ am)
i=1

1
nz:l

Zgi(Xl, ...,Xn, Ozm)El(Zi, Oém)

Applying the Bernstein inequality for independent processes, we obtain:

p(lts > by | <2 ne’dst,
— € exp | — _
[ )= P 4[60%716721 + 6(Slnénclnj\4n]

Zgi(Xh ce0y Xnv am)gl(Ziu am)

Hence,

ne’6?
, 2bn In R
1 < eXp < [ccln(Sz + EélnénclnMn]>

which is arbitrarily small if
ne26? ne26?,
& —In(b,) = In(b, -1
4[cc? 62 + €d1n0ncin M) 8(ba) =1(ba) ) 1555 Alec?, 52 I S VA
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is a big positive number. Notice that

51n 5171

c2n.0n Cln

cOnCln ) 2/p

B A1) and My = (
Substituting for b, and M,,, we obtain that P; is arbitrarily small when condition (iii) holds. W
Proof. (Theorem 3.1): Denote

Zn: ( Y opizia)’+ > Mz’ + Y mj(a>2) ;

=1 ]Ejez je\jlen jGJZen

)

2.

L
Il

Ln(a) = Z(Z pj(zi,a)Q—i- Z mj(:cji,a)2—|— Z mj(a)Z) .

=1 \jeJex J€T1en JE€J2en
Given Lemma 3.1 ||@y, — ax||, = 0p(1), we can now restrict our attention to the parameter space
Aos = {a € A |a—axll, = 0p(1), ||a|]s < ¢} and its sieve space Apsn, = {av € Ay, : |la — aul, =
op(1),||e||s < c}. Under Assumptions 3.1, 3.2, 3.5, 3.6 and 3.7, Corollary A.1(i) of Ai and Chen
(2003) is still applicable with their A,, replaced by our A,sy, hence we obtain:

Z (i (i, ) — mj(xji, @) = op(n*1/2) uniformly over a € Ay, for j € Jien. (22)

1
N

By Assumption 3.5(iv), uniformly over a € Aog, and for all j € Jien, mj(z;, o) is bounded in z;.

Since for all a € A,gy,, Assumption 3.5(ii) implies

pj (zis )| < |pj (=i, @) = pj(2i, )| + |pj(2i, )| < € X ea(zi) + |pj(2i, )| for all j.

Under Assumptions 3.1(i), 3.5(i)(ii) and 3.7, we can apply Lemma A.1(b) (6, = O(1), 61, = n~ /%)

and obtain:

- Zp] zi,a) — E{pj(Z,a)} = op(n_1/4) uniformly over a € Aygp, for j € Joen, (23)

and m;(a) = E{p;(Z,a)} is bounded uniformly in o € Aygp, for j € Joen.
Applying (22) and (23), we have

Ln(a) — Ln(c)

:Z(meuWMm)w% I+ 3 mya) >ww)

JE€ET1en JE€ET2en

+op(n~ 1/2 ) uniformly over « in Aggy,.

For j € Jien, let mj(z;;,a) denote the fitted value of regressing m;(xj;, o) on p?j” (xji),i =

1,2,...,n. Note that m;(z;;,a) are the fitted values of regressing p;(z;, ), not m;(zj;, ), on
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p?j" (i), =1,2,...,n. Hence for all j € Jien, we have % iy mg(zji, a)[my(x, o) —myj(xj, )] =

0 uniformly over a € Aygn, and
= > my(aji, )i (zji, o) — my(ji, o)
1 .
= *ij(%iaa)[mj(%ua) mj(zji, )] + — ij Tji, o) [ (i, o) — my(wji, )]
1 n ~ 2
= *Zm] T4, O pj Zi, & ) m; x]u ﬁz m; xﬂ? mj(xji’a)]
— ij Tji, o) [pj (i, ) — my(xjs, )] + op(n_1/2) uniformly over a € Ay,

where the last equality is due to Assumptions 3.2 (iii) and 3.5(iv), the approximation errors of
. i )de.

m;(X;,a) by the basis functions p?J"(Xj) is O(k:jn%/ 7) = o(n~Y*). By Lemma A.1(c) (5, =

o(n_1/4), Oy = n_l/z) we have for j € Jien,

*ij Ljis & Pj Zi, Q) — mj(xjiva)]
= = ij Tji, o) [pj (i, ) — my(xjs, )] + op(n_1/2) uniformly over a € Aygp,.

Hence
En(a)_Ln(O‘)
n
— 72 mj(zji, o) [pj(zi, ) — mj(xji, o Z Z mj(a)[pj(zi, @) —mj(a)]

1je€T1en 1=1 jE€EJ2en
/ ) u

1=
—1—0p(n_1 niformly over a in Aygp.

Recall that L, (a) = 2= S 0(2;, @) with €(z;, ) defined in (8). Then

En(a) = L —*Z Z mg x]l’ p](zlv ) m](xﬂ?a)]

1= 1J€jlen

—*Z S my(a)lpi(zi, @) — my(a)] + op(n~?)

i= 1]€J26n
= Ly(a)+op(n~ 1/2) uniformly over a in Aggn.

Similarly we have Ly (o) — Lp (o) = 0p(n~/2). Hence

w(@) = Ly(a) = {Ln(a) — Ly(ow)} = 0p(n~Y/?) uniformly over o in Aggn,

&~

and @, is the approximate maximizer of L, («) over « in Aygy:

{Ln(@n) = Ln(0)} 2 max {Ln(a) = Ln(ae)} =1 with n, = o(n”"?).
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Note that a, = argsup,e 4 E{Ln(a)}. Under Assumption 3.8(iii), E{Ly(cw)—Ln(a)} > c||a—ou|?
for all a € Apsp. Also, for any o, o € Apsn,
Uz, ) — (2, )
= > {pi(zi,0") = pjlzi, ) Hpj(2i,0') + pj(zi, )}

JE€ETex
+2 ) [my(xji, a){pj(zi, ) = pj(zi, )} + {mj(xji, o) — my(xji, @) }pj(zi, )]
JE€Ten
— > Amyaji, ) — my(aji, ) Hmy (w6, o) + my(zji,a)}.
JE€Ten

Recall that for j € J., we have p;(z;, o) — pj(2i, o) = mj(xj;, o) — (xj;, o), which is a measurable
function of xj; only. Under Assumptions 3.5(ii)(iii), we have for all o € Aggn,
i (zi, )| < |pj(zi, @) = pj(2i; )| + [pj(zis )| < € X o) + 1pj(2i, )| for j € Tea,
pj(zi; )| < min{ei(zi), ¢ x ca(2i) + |pj(2i, )|} for j € Tien,
lpj(zi, )] < execazi)+ |pj(zi, )] for j € Taen.
Thus, under Assumptions 3.5(i)(ii)(iii), there is a function b(z;) with E{[b(2;)]?} < oo such that for
any a, o € Aysn,

[€(zi, ) — (2, )]

< Y i) = pi(zi )| x [|pj(zi, )| + [pj(zi, )]
JjE€ETex
+2 > [Imy(ji, o)lpj (26, ) = pj (26, @) + |my(xji, o) — mj (@i, @)l ps(zi, )|
JE€ETen
+ > Imy(wji, of) — my(agi, )| X [[my(wj:,0)| + Jmj (26, )]
jE€Ten

< b(zi) x |la =[5

Let Fp = {(zi,a) = £(zi, ) : @ € Apsn}. Then Nyj(e, Fu, || - [I2y(p)) < N({ee} %, Agsns || - 1]s)s
where Njj(e, Fn, || - [|1,(p)) denotes the minimal number of e-radius covering brackets of F,, under
the mean square metric || - [|z,(p). The rest of the proof of Theorem 3.1 follows from applying
Theorem 1 of Chen and Shen (1998) (or the simpler i.i.d. version of theorem 3.1 in Chen, 2005) to

En(a) over o in Ayg,. M

Proof. (Theorem 4.1) Recall that the neighborhood Ny, = {a € Apsy @ [Ja — a]| = o(n=/4)}.

Let g, > 0 be at the order of o(n~/2). With v* given in Section 4, denote u* = v* and u* = v¥.

Denote a(t) = a+tepu). By Assumption 3.8(ii), Ly, («(t)) is twice continuously differentiable with
respect to t. By definition of @ = @, and taking a second order Taylor expansion of f/n(oz(t))

around ¢t = 0, we have

0 < Ln(@) — La(@ + epu) = La((0)) — Ln(c(1))
o 2L (cx
= —Mh:g - ;th for some s € [0, 1].
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diri; (X (7)) Kot | g L e()

For j € Jien, denote —550="P[c ur] = R [enul, equl] =
27 . . 2.
d7m;(Xj.0(t) (jfg’“(t” |t—s. Define 7@](?&“@) [enul] and 4pi(Z:7)) p];féi(ﬂ) [enul, enul] for j € Jos, and 7dmj( o(r)) [enuk]
2.7
and drzgi%s))[enu,’;,snu;] for j € Joen analogously. Hence

dp;(zi,a ~
Ly B ) 5 pi(zi, @)

n
d2'i7
0 < Do | 4 yon, Telaabl e ye o ut] x pi(zi,als) |+

jejeac 1 dp'(ziva(s)) dp»(zi,a(s))
+on g dor [enuy] x = dor [enuy,]

dm.i(z: o ~ ~
lyn, M50 [ ] x g (4, @)

d 79 * %k o
‘ Z +ﬁ A 77”]531(1&(8)) [enul, 6nunA] x mj(zji,afs)) | +
JE€ET1en +% ;L . dmj(aiijg a(s)) [Enum % dmj(giljga(S)) [anu:]
dm;(a " ~ i~
P [e ] x iy (@)
d . .
> | A e, caug] x y(a(s))
dmj(a(s))

‘ejen d * *
1€J FLamila@ 0] o il g s

where a(s) = a + sepuf = & € Noy,. Applying Lemma A.1 of Ai an Chen (2003) (also see the

proof of their Corollary C.2), under Assumption 3.1 - 3.3, 3.5 - 3.8 and 4.3, we have uniformly over
OL(S) G ./\/’on7 for j e j1€n7

" d?mi(xi, afs
Ly s oD e gy aa(s) = 0,00
=1
Lyl &N gy T D ) ),
n = a a

Since for all j and for any o € Ny,

n n Y

do "

S ‘dpj(zl?a) [’U*] _ dp](ZZ,Ck*) [’U*] + ’dpj(z“a*) [’U*]

do n

dp; 79
e G0 [yr]

under Assumption 4.3(i), we have £ ({supae Nom
3.5(i)(ii), 3.8(ii) and 4.3(i)(ii) imply for j € Joen,

dPi(ols)) o dinj(a(s) )
(D s s (als) = 0p(0), (LI ]} = 0,00

}2) < oo for all j. Thus Assumptions

and for j € Jop :
" 2
LS D o) = 0,00, 3 (D)) 0,0,

Hence, uniformly over a(s) € Ny,

oy Yy ea) +

Jejmcl 1

dm,( xl, ) dm,(
- Z{ DI g |y (w0, @) + €0 Z{ i [up )} (@) + Op(er).-
JejlenZ 1 JE€EJT2en
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Repeating the above reasoning with ©* = —v* and noting that &, = o(n~"1/2) > 0, we obtain
g g

o V) = % Z{d‘” “8) ey (0, ) +

jejﬁz -

dm;(x; dm( .
> Z{ J jir & Z]} (g, @)+ Y {—7— j n}mj(a)'
]ejlen =1 J€T2en

Consider the second term on the right hand side. Applying Corollary Al(i) and C1(i) of Ai and
Chen (2003), we obtain for j € Jiep

*Z{dmj Lin G ) [vpl (@, @)

- fZ{de L8y ) 4 3 ( D gy I Oy
i=1

+0p(n_1/2).

dm; (X,
;]

Since the approximation error of m;(Xj;, a) and are o(n~ /%) by Assumptions 3.2(iii),

3.5(iv) and 4.3(iii), we have uniformly over a € Ny,

*Z{dm’ 20 ) e i s, ) — g (5, )

RS dmj(fﬂji,a) o Amy(Tgia) “1/2
= - Z(T[%] - T[%]) (mj (i, ) —mj(zji, ) = op(n )s
i=1
where the first equality follows from the fact that m;(zj;, ) — mj(xj;, ) is the LS regression

residual, and the second equality follows from applying the approximation error. Hence
dm; (251,8) _
- Z{ ]d P o)y (i, @)

- Z{dm;”’ M @) — )} + - S D ey )

=1

_ *Z{dm (lea ) W1 Hps (2, @) — my (s, @)} + ~ Z{dmj(xju >[ *]}mj(l‘jiya)_‘_op(n_l/Q)
fZ{dm 2360ty () — .8} + Z{dm 2@ o by g, ) + (1),

where the last equality follows from applying Lemma A.1(c) (6, = o(n~'/4), 61, = n~/?). Similarly,

fZ{de Lji, @ ) [vi] — M[ *

In vplimg (i, @)

7Z{dmj Lji, & ) *] dmj(xji’&)

do  lnlymy(zsi, @)

+% Z{W[U:‘] - W[vi]}{mj(%u a) —mj(xji, @)}
=1
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dp;( zl, o] dm‘m‘i,a *17 ~ - _
= Z{ : j(dof )[”n]}mj(xjua)JrOp(n 1/2)

dpi(zi,a - _dmy(mi, @), . _
= ) — S )+ 7).

1{dmj ayﬂ,a) [U
1,_

where the first equation is due to £ M[U;]}mj(xﬂ, a) = 0 and the last

71] do

equation is due to Lemma A.1(c). Comblng both parts of the results, we have for all j € Jiep, :

*Z{dmj Tin ) [ ]} (@, @)

= o3 (o) 4 (AR T iy 0,) + 0y,

Q

Using the same reasoning, we obtain for all j € Jaep, :
dmi(Q) . w1y o -
7 [vn]}mj<a>
dm( d(p;(zi, @) —mji(@)), . . _
= o3 (bl (AL ) 40y 7).

Therefore we have

S (e ey (2 @)+

]Gjez

fz > (e e >+{d“’““"");;”f““ﬁ’“”[vi‘z”mﬂxﬂ’a))* = opln”1%)

— .76»71577,
d * ~ d(p; (zi,0)—m; (@) [ « ~
> ( 0]y )+ (A D o @)
je\.72e3n
which can be rewritten in a compact form:

9

_ 1 dm(z;, @) d(p(zi, @) — m(z;, @) N
1/2 - ) ) ) *11/ .
opn ) = - g (oY plend) + 4 - 03] (e, @)
. dﬂ(zz, a) %
T o Zz; do [val-
Notice that under Assumptions 3.5 and 4.3, for all j =1, ..., J,

(0 Oy o) — (L )

dmj(a:ﬂ, Q) 4 dmj(xi, o), .
‘da[vn] T[U] (sza)|+‘

< b(z)||e — |t for some E{[b(z)]*} < oo,

dmg( :Eﬂ, a)

dmj (.’Bji, Oé*)

(03] oz, 0) = py (a1, )|

A

and for all j € .,
‘{d(p] (Ziv O{)

_mj(xji7a))[ *] ) {d(pj(z’i’a*)

vpltmg(zi, ) — — mj(%i’a*))[ n)

vy ]y (2i, o)

do do
d(pj(zi, ) —mj(xji, @) 0 d(pj(2i, ) —my(zji, o))
< = 7] - - 3] Iy )
* d(pj(zz‘ja*);amj(%’a*))[U*] [ (@i, @) — M (@i, )|

< V(z)|la—«a for some E{[b/(2)]*} < oc.

K
*|ls

33



il m(z:.a) )

i)Y mlai,a))

Let 7y = { #Gtal[p] — XCLdps] - o € Ny }. Then Ny(e, o, |- || a(r)) < N ({ee}%, Non, [[-]]5).
Under Assumption 4.5, we can apply Lemma 1 of Chen, Linton and van Keilegom (2003), and
obtain:
— L& dm(xlva) * ~ d(p(zlaa) _m(:nlva))
) = 3 (Y et ) + - v
LG (pdm(m o) ey d(p(zi, o) — m(zi, o))
= 2 (R e )+ - |

By the definition of the norm, we have

dm(X, ay)

1Y

dm(X, o)

D 1Y pler, &) —

(vn, @ — ) EE{{ Ja lon

With a(t) =
> ({dm(xcz,&) o

dm(z;, &)
- E({ do

= [on]} m(zi, &

do

Y p(zi, @) —
) _
d2E {dm(X,a(?))

do

dm(z;, o)

{ do

{

dm(z;, o)

do

dm(z;, o)

{ do

m—ag+(f

o), a Taylor expansion around ¢ = 0 gives

<1}:;, a— a*> +

as) +o(n~?) =

= <U:L’a -

dt?

(v*,a — o) + op(n

71/2)

03] ol o)
i)Y m(isa))
)Y m(X. a(d)]

m(X, ax)

da?

[v.

* o~
n

03 p(zis ) ) + o1,

— oz*]) m(X, a*)} .

where t is between zero and one, and the third equality is due to Assumption 4.4 and the last

equality is due to Assumption 4.2. Hence, we obtain

dm(z;, o)

val} p(zis ) +{

T2 (ot +

d{p(zi, o)

do

d{p(zi, o) — m(@i, ) }

- m(fcz‘,a*)}[

do

*

lYmai,a) ) +oy(1)

n

(] iz ) ) + op(0)

where the last equality is due to Assumptions 4.6 and 4.2. Since (v*,a — a,) = X'(0 — 6,) for any
fixed A € R% with |\| # 0, we obtain Theorem 4.1 by applying a standard CLT for i.i.d. data. B

Proof. (Theorem 5.1): First we show that uniformly over w; € H,, the following (24) -

hold:
lz": <8pj(zi,&n)  dpj(zi,an
ni4 90, dh
_ E{ Opj(Z,ax)  dp;(Z, c
90, dh

)[wl])2

2
)[wl]> } +o0p(1) for j € Teu;
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1O~ (0my (i, @) ding(aji, Gn) )2
ng( i 2050 ) (25)

=1
. . 2
P { <8mj _dm;(X;, o) [wl]> } +o0,(1) for j € Tien:

(26)

A,an m.7an 2 m; (s mei (o 2 .
<améél e Jd<h )[w]> :<6 éél - ;2 )[wlo +0p(1) for j € Toen.

Similarly, for all j € Jez,
1 L 82 Zz;Oén d2 j Ziaan d2 j Zi7an ~

62pj(Z, Oé*) d2pj(Z, Ol*) dQPj(Z, Oé*)
- { ( o 2 ogan Wt g vl fei(Zaw) ¢ op(1);

207 80, dh dh?

for all j € Jien,
82m] x]“an) d2mj(xﬂ7an)[ ] M[wl wl]> f)\?,](.’IJJZ an) (28)

il -2
§: ( 062 o0dh dh?

2 (X 2 (X5, 2mi (X, o
— E{(‘9 i(Xjr o) o dmy (X, )[wz]+d i, )[wz,wl]>mj(Xj>0‘*)}+0P(1)5

62 90,dh dh?

and for all j € Jaen,

<a2mj<an> g (@) 1 &5 (En) [wl,wl]> 15(in) (#)

a6? 96,dh dh?
2 (o0 2 Zm;j (o
(8 m]( *) 2d ]( *) [w ] d](*)[wl’wl]) mj(Oé*) + Op(l)'

007 00,dn dn?

Recall that for all j € Jien,
om;(Xj,a)  dm;(X;, a) ]

00, dh
(o) {2 — Sy},

kin — kjn
= p;" (X)) (PP Y p)
i=1

002 00, dh dh?
Ein U= kin 0?p;i(zi, a d%pi(z;, a d%pi(z, a
= @R <xﬁ>{ S — 2 )+ TR g |
=1

By Assumption 5.1 and applying Lemma A.1 of Ai and Chen (2003), we obtain that for all

j € Jien, uniformly over w; € H,,

B _ _ 1).

801 dh [wl] 89[ dh [’U)l] + Op( )
Assumption 5.1 also implies that for all j € Jiep, uniformly over w; € H,,

i &n 2 i m; gy Ox m; gy Ox 2

om;(X;, O‘n)

Z( 00, dh

=1

i=1
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Applying Lemma A.1 of Ai and Chen (2003), we obtain for all j € J1e, and uniformly over w; € H,,

1 " 8mj(Xj,a*) dmj(Xj,a*) 2_ 8mj(Xj,a*) dmj(Xj,a*) 2
Z( 20,  dh W) _E( 20,  dh [wl]) +op(1)-

This proves (25). Using the same reasonings, we can show (24) and (26)-(29), where we use
Assumption 5.2 for (27)-(29).
Since Hy, is dense in W, and is compact under ||||,. It follows that ||@; — wf]|, = 0,(1).

The consistency of @; and results (24)-(29) yields
1\ A ~ ~
~ 2 ADg (@) Dige () + Ve (20)} = E{ Do (X) D (X)) + Vi (X)} + 0(1).
i=1
Next, we show O = €, + 0p(1). The results above and the Holder continuity of p;(Z, a) yields
Q = = 25,5 +o0p(1), with g =& + /" + g7,

5?6 = Z {Dex 25 }pj(z“a*)

jEJPT

en 8p'zi,a* dpj(zi, o * Nlen en

e = 30 {(Pene) G0 P s o 0n) + (DS (30 oy i)}
jEjlen

en ap '(Zia Oé*> dp '(Ziv Oé*) en en

e = 30 Pzt SOy pion i ) + (DB e |
jEJZETL

By a standard weak law of large numbers for i.i.d. data we have 1 Y7 gl = Q, + 0,(1), hence

Q=0Q, + 0p(1). The theorem now follows immediately. W
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