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We study the problem of parameter inference in (possibly non-linear and non-smooth) econometric
models when the data are measured with error. We allow forarbitrary correlation between the true
variables and the measurement errors. To solve the identification problem, we require the existence of
an auxiliary data-set that contains information about the conditional distribution of the true variables
given the mismeasured variables. Our main assumption requires that the conditional distribution of the
true variables given the mismeasured variables is the same in the primary and auxiliary data. Our methods
allow the auxiliary data to be a validation sample, where the primary and validation data are from the
same distribution, and more importantly, a stratified sample where the auxiliary data-set is not from
the same distribution as the primary data. We also show how to combine the two data-sets to obtain a
more efficient estimator of the parameter of interest. We establish the large sample properties of the sieve
based estimators under verifiable conditions. In particular, we allow for the mismeasured variables to
have unbounded supports without employing the tedious trimming scheme typically used in kernel based
methods. We illustrate our methods by estimating a returns to schooling censored quantile regression using
the CPS/SSR 1978 exact match files where the dependent variable is measured with error of arbitrary
kind.

1. INTRODUCTION

This paper is motivated by concerns in the applied economics literature about the validity of
the classical measurement error assumption where the observed variableX is equal to the latent
variable of interestX∗ plus the measurement errorε that is assumed to be uncorrelated with (or
even independent of)X∗. For example, in economic data, it is often the case that data-sets rely
on individual respondents to provide information. If respondents’ reports are off randomly by a
small amount, then the classical errors in variables model is attractive. However, it may be hard
to tell whether or not respondents are making up their answers, and more crucially whether the
measurement error is correlated with some of the variables. For example,Bound and Krueger
(1991) compare reported income in the 1977 wave of the CPS to the social security match file
for respondents who provide a valid social security number. They find that measurement error
is correlated with the true variable, especially in the tails of the income distribution.Bound,
Brown, Duncan and Rodgers(1994) used a validation study on one large firm from the PSID
and found evidence against the classical measurement error model and especially against the
independence assumption between the measurement error and the true variable. Finally, a good
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account of the impact of non-classical measurement error on inference in econometric models is
given inBound, Brown and Mathiowetz(2002). In this paper, we show that in the presence of
auxiliary dataobeying a key assumption we can consistently estimate the parameters of interest
while allowing for arbitrary correlation between the measurement errors and other variables. We
also allow for non-linearity and non-smoothness in the moment conditions and show how one
can obtain more efficient estimators using auxiliary data. The auxiliary data may come from a
validation study applied to a subset of the primary sample. For example, the auxiliary data we
use in the empirical illustration section come from validating the social security income for a
subset of the primary sample respondents who reported their social security numbers.

We study the problem of inference about a parameterβo defined in terms of unconditional
moment restrictions when the data are measured with error. For example, consider the moment
condition

E[m(X∗, βo)] = 0 (1)

wherem(·) is a known function that is possibly non-linear and non-smooth inβ and/or inX∗,
and X∗ is unobserved. Instead we observe aprimary data-set of mismeasured variables{Xp}.
The literature often assumes the linear errors in variables model of the classical kind where
the observed data are a convolution of the true data and a mean zero random variable that
represents the measurement error. The crucial assumption that is maintained in the classical
measurement error model is the independence (or uncorrelatedness) between the measurement
error and the true (but unobserved) variable. We relax this assumption by allowingarbitrary
correlationbetween the measurement error and the true data. To solve the identification problem,
we require the presence of anauxiliary data-setwhich we use to estimateβo. In this paper we
use auxiliary data to mean a random sample of mismeasuredand true variables which may or
may not come from the same distribution as the primary data. In the case where the additional
data are randomly sampled from the population(X∗, Xp), the auxiliary data-set becomes a
validation data-set. More importantly, the auxiliary data can also be a random sample of variables
{(X∗

v , Xv)} where the marginal distribution ofX∗
v is different from the marginal distribution of

the variableX∗ in the primary sample. We will refer to this as a case of stratified sampling where
a certain segment of the population is oversampled. For example, one might want to oversample
higher income individuals if more misreporting is suspected in this subpopulation.

The class of models that we consider is broad and includes non-linear and/or non-
smooth moment based models (like Euler equations and censored quantile regressions). For
example, in quantile regressions, we allow for measurement error in the dependent variable;
this measurement error can be correlated with the regressors. When one suspects the presence of
non-classical measurement error, our results can be viewed as providing support for collecting
auxiliary data that can be used to obtain consistent estimates. We use a semiparametric sieve
based estimator ofβo that combines the information in the auxiliary data and the primary data.
Our estimator is formulated using the identifying assumption that the conditional distribution
of X∗

v given Xv in the auxiliary sample{(X∗
v , Xv)} is the same as that ofX∗ given Xp in the

primary sample{(X∗
p, Xp)} whereX∗

p is the unobserved counterpart ofX∗. The intuition of the
estimator is simple. The auxiliary data allows us to obtain the conditional relationship between
the true but unobserved variables and the observed and mismeasured variables. This relationship
is then used with the primary data to estimate the parameters of interest. Hence, with an auxiliary
data-set, one can learn about the relationship between the true variables and their mismeasured
counterpart and use this relationship to back out the parameter of interest using the primary data-
set. Our estimator is consistent and asymptotically normal under a set of regularity conditions.
In the presence of a validation sample, we discuss the efficiency gains achieved by optimally
combining the moment conditions implied in the primary data and the validation data.
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This paper also makes a theoretical contribution to the asymptotics in a class of
semiparametric models. In particular, our sieve based method avoids making the tedious
trimming arguments that are typically made with kernel based methods. Using kernel methods to
approximate conditional expectations in our setting would require strong tail assumptions on the
distribution of the mismeasured variables to guard against small values for the density (similar
to the ones obtained inLavergne and Vuong(1996)). These assumptions are not theoretically
attractive and can be avoided when using trimming based on sieve methods (seeSection3 for
more details).

Finally, we present an empirical illustration that uses a data-set from the Current Population
Survey/social security match data to explore the returns to schooling under general measurement
error in earnings. Using this data-set,Bound and Krueger(1991) and Bollinger (1998)
documented the presence of non-classical measurement error in earnings. In the 1978 March
rotation of the CPS, respondents were asked for their social security number in addition to other
questions including earnings. For those who provided a social security number, their income was
matched against their employer reported income with the social security administration, which
we treat as our auxiliary sample. We implemented a censored quantile regression of log earnings
on education and other regressors in which earnings are measured with error.

There is a large literature in econometrics and statistics concerned with inference in linear
and non-linear models with measurement errors. A review of the commonly used techniques in
statistics can be found inFuller (1987) andCarroll, Ruppert and Stefanski(1995). Econometric
work on the classical independent additive measurement error model dates back toFrisch(1934),
who derived bounds on the slope and the constant term in linear regression with measurement
error. The method of instrumental variables (IVs) is popular for obtaining consistent estimators
of the parameters of interest in linear models with classical independent additive measurement
error. In non-linear regression models,Hausman, Ichimura, Newey and Powell(1991) and
Hausman, Newey and Powell(1995) generalized this IV method to polynomial functions in
the presence of double measurements on the mismeasured variables.Li (2002) andSchennach
(2004) presented methods for non-linear regression models with classical measurement error
and double measurements. See alsoHsiao and Wang(1995) andNewey(2001). Taupin(2001)
andHong and Tamer(2003) use distributional assumptions on the measurement error to obtain
a simple estimator in non-linear models when no auxiliary data are present.Chesher(1991)
presented useful approximation methods to the true distribution and parameters of interest. Most
of these papers impose the classical errors in variables assumption. On the other hand,Horowitz
and Manski(1995) used a different model of measurement error, where they assume that the
observed sample is contaminated or corrupted (for more on this issue, seeMolinari, 2003). Other
papers allowing for non-classical measurement errors are the ones assuming the presence of true
validation data; see,e.g. Carroll and Wand(1991), Sepanski and Carroll(1993) and Lee and
Sepanski(1995). Carroll and Wand(1991) use a semiparametric maximum likelihood estimator
in a logistic regression model with covariate measurement error.Sepanski and Carroll(1993)
use a quasi-likelihood approach to estimate non-linear regression models. In addition to the
existence of a validation sample, both papers assumed that the conditional distribution of the
response given the mismeasured variable and the true variable is the same as the conditional
distribution given the true variable.Lee and Sepanski(1995) proposed an innovative estimator
for non-linear regression problems in the presence of validation data. Their method uses a least
squares projection onto a fixed finite dimensional collection of functions as a replacement for
the conditional expectation of the non-linear function. This avoids the use of a semiparametric
estimator for the conditional expectation, but is less efficient.

Our paper differs from the current literature in several important ways. We allow for a
general measurement error model that allows arbitrary correlation between the observed and the
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true variables while relaxing the requirement of validation data by allowing for stratification.
Moreover, our framework handles non-linear models with possibly non-smooth functions. The
class of models thatCarroll and Wand(1991), Sepanski and Carroll(1993) andLee and Sepanski
(1995) consider is smaller than the one we cover in this paper. They consider non-linear least
squares problems where the measurement error is only in the regressors. Our general class of
moment based models nests theirs but also contains for example the class of best predictor
problems with measurement error in both the regressors and response. This, for example, allows
one to study (possibly censored) quantile regression with measurement error in the dependent
variable as well as in the regressors, something that the above-mentioned papers cannot handle.
In fact, our set-up nests theirs in a similar way that generalized method of moments nests least
squares. Moreover, the results in these papers generally fail if the auxiliary data are obtained by
stratified sampling.

The remainder of the paper is organized as follows.Section2 formally introduces the model
and our estimator.Section3 provides the assumptions and the large sample distributional results.
It also discusses the efficiency gain of combining the validation data and the primary data,
and provides a simple consistent estimator of the asymptotic variance.Section4 presents the
empirical illustration.Section5 concludes. All technical proofs are collected in the Appendix.

2. THE MODEL AND THE ESTIMATOR

2.1. The main model assumption

We assume that a latentd∗
× 1-vectorX∗ satisfies the following moment condition:

E[m(X∗, βo)] = 0, (2)

uniquely at some unknown parameterβo ∈ B, a compact subset ofRq with 1 ≤ q ≤ r , where
m is a r × 1-vector of known moment functions that may be non-linear and non-smooth in
X∗ and/orβo, and the distribution ofX∗ is unspecified. We also assume that we have access
to two data-sets: theprimary data-set {Xpi : i = 1, . . . , np} and theauxiliary data-set
{(X∗

v j , Xv j ) : j = 1, . . . , nv}, whereXpi , X∗

v j , Xv j ∈ Rd andnv < np. The object of interest
is the parameterβo which is related to the true unknown densityfX∗ ≡ fX∗

p
of the latent

variableX∗.
The auxiliary data-set allows us to recover information about arbitrary correlation between

X∗
p andXp. This model nests both the classical error in variables model and the contamination

model as special cases. In the following we denote byfXp , fX∗
p
, fXv and fX∗

v
the marginal

densities of the proxy variable and the latent variable in the primary and auxiliary data-set,
respectively, byfX∗

p|Xp and fX∗
v |Xv the conditional densities of the latent variable given the proxy

variable in the primary and auxiliary data-sets; and byfX∗
p,Xp and fX∗

v ,Xv the joint densities.1 We
also denoteEp andEv as expectations with respect to the primary sample and auxiliary sample,
respectively. Let

g(x, β) ≡ E[m(X∗
p, β) | Xp = x] =

∫
m(x∗, β) fX∗

p|Xp=x(x
∗)dx∗

then (2) implies, by the law of iterated expectation, that uniquely atβ = βo

Ep[g(X, βo)] =

∫
g(x, βo) fXp(x)dx = 0. (3)

1. Here all the densities are understood to be Radon–Nykodym derivatives of corresponding probability measures
with respect to products of Lebesgue measures and counting measures. That is, we allow for both continuous and discrete
random variables.
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This gives a set of moment conditions based on the primary data. The next assumption is crucial
in allowing us to use the auxiliary data to recover the correlation between the mismeasured
variables and the true variables.

Assumption 1 (Main Assumption). fX∗
v |Xv=x = fX∗

p|Xp=x for all x in the support of Xp
inRd.

This assumption implies that for each fixedβ,

g(x, β) = E[m(X∗
v , β) | Xv = x] =

∫
m(x∗, β) fX∗

v |Xv=x(x
∗)dx∗

hence information aboutg(x, β) can be recovered from the auxiliary sample and thus one can
use the auxiliary sample to consistently estimateβo by combining this main assumption with
the moment condition (3) for the primary sample. Note that in our set-up the random variables
Xp, Xv, X∗

p, X∗
v do not need to measure the same thing, and the dimensions ofXp, Xv may differ

from those ofX∗
p, X∗

v ; see the empirical section for an example.
The motivation of Assumption1 is statistical in nature and should relate to the nature of the

measurement error available in the data. Nevertheless, there is a link between this assumption
and the identifying assumption (the so-called “strong ignorability condition” or the “selection
on observables” condition) typically made for matching estimators in the program evaluation
literature (seeHeckman, Ichimura and Todd, 1998). There, conditional on a set of observed
covariates, the researcher is interested in identifying the counterfactual untreated distribution
of the treated group should they have not been treated. The “strong ignorability condition”
assumes that this is equal to the observed outcome distribution of the untreated group. Hence, by
using Assumption1, one can replace the projection of the counterfactual (unobserved) outcome
distribution in the treated group by the projection of the (observed) outcome distribution in the
untreated group and then average over the regressors. A closely related assumption is used in
Wooldridge(1995, 2002). Interestingly, this assumption is also closely related to the notion of
“superexogeneity” as discussed inEngle, Hendry and Richard(1983) andWhite (1994).

It is important to note that Assumption1 is satisfied in thestratified sampling design where
anon-random response based subsampleof the primary data is validated. In a typical example of
this stratified sampling design, we first oversample a certain subpopulation of the mismeasured
variablesX, and then validate the true variablesX∗ corresponding to this non-random stratified
subsample ofX. It is very natural and sensible to oversample a subpopulation of the primary data-
set where more severe measurement error is suspected to be present. Assumption1 is valid as
long as, in this sampling procedure of the auxiliary data-set, the sampling scheme ofXv is based
only on information available in the distribution of the primary data-set{Xp}. For example, one
can choose a subset of the primary data-set{Xp} and validate the corresponding{X∗

}, in which
case theXv ’s in the auxiliary data-set are a subset of the primary dataXp. The stratified sampling
procedure can be illustrated as follows. LetUpi be i.i.d.U (0, 1) random variables independent
of both Xpi and X∗

pi , and letT(Xpi ) ∈ (0, 1) be a measurable function of the primary data.
The stratified sample is obtained by validating every observation for whichUpi < T(Xpi ). In
other words,T(Xpi ) specifies the probability of validating an observation afterXpi is observed.
This implies, for example, that Assumption1 is clearly satisfied, although

fXv (x) = fXp(x)T(x)

/∫
fXp(y)T(y)dy 6= fXp(x)

unlessT(x) is constant. On the other hand, in the case of avalidation data-set, i.e. the
auxiliary data-set(X∗

v , Xv) is derived from the same sample distribution as the primary data-
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set, fX∗
v ,Xv = fX∗

p,Xp , Assumption1 is trivially satisfied. This is the common case that is used in
the statistics literature where usually a random subset of the primary data is validated. With
validation data, we can also use moment condition (2) directly to estimateβo. In Section3
we show that efficiency gains can be obtained by optimally combining moment conditions (2)
and (3).

2.2. The estimators

In this section, we provide estimators that can be used, under Assumption1, to consistently
estimate the parameterβo.

2.2.1. General auxiliary data case. Under Assumption1 and the moment condition (3),
we can define a generalized method of moments (GMM) estimatorβ̂ of βo as

β̂ = arg minβ

(
1

np

∑np

i =1
ĝ(Xpi , β)

)′

Ŵ

(
1

np

∑np

i =1
ĝ(Xpi , β)

)
, (4)

whereŴ is some random positive definite symmetric weighting matrix, andĝ(x, β) is a non-
parametric estimator ofg(x, β) using the auxiliary data-set{(X∗

v j , Xv j ) : j = 1, . . . , nv}. We
consider a series (sieve) least squares estimator ofg(x, β):

ĝ(x, β) =

∑nv

j =1
m(X∗

v j , β)pknv (Xv j )
′(P′

v Pv)
−1 pknv (x), (5)

where {pl (x), l = 1, 2, . . .} denotes a sequence of known basis functions that can
approximate any square-integrable function ofx well (to be more precise later),pknv (x) =

(p1(x), . . . , pknv (x))′ andPv = (pknv (Xv1), . . . , pknv (Xvnv ))
′ for some integerknv, with knv →

∞ andknv/nv → 0 asnv → ∞.
One can also use a kernel estimator forg(x, β):

g̃(x, β) =
1

nvad

∑nv

j =1

m(X∗

v j , β)K
(

Xv j −x
a

)
1

nvad

∑nv

j =1 K
(

Xv j −x
a

) ,

whereK (·) : Rd
→ R is a kernel function, anda is a bandwidth satisfyingnvad

→ ∞, a → 0
as nv → ∞. However, this kernel based estimator requires tedious trimming arguments to
guard against small values of the denominator. These trimming arguments require strong support
conditions on the data and are difficult to interpret.

Although we assumefX∗
v |Xv = fX∗

p|Xp , the marginal densityfXv may be different fromfXp .
Typically the supports of these two distributions are the same, but the distributions themselves
are different. This implies thatfX∗

v
may be different fromfX∗

p
but with the same support. That

is why the estimatorβ̂ given in (4) is based only on the moment condition (3). Since we
do not observeX∗ in the primary sample, we cannot directly use the moment condition (2)
to construct the usual GMM estimator forβo. However, one can non-parametrically estimate
fX∗

v |Xv from the auxiliary sample, andfXp from the primary sample. Under the assumption
fX∗

v |Xv = fX∗
p|Xp , we can then non-parametrically estimatefX∗

p
(·) =

∫
fX∗

v |Xv=x(·) fXp(x)dx

by f̂X∗
p
(·) =

∫
f̂X∗

v |Xv=x(·) f̂Xp(x)dx. An estimate ofβo can be obtained by either

minβ

(∫
m(x∗, β) f̂X∗

p
(x∗)dx∗

)′

Ŵ

(∫
m(x∗, β) f̂X∗

p
(x∗)dx∗

)
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or

minβ

(
1

S

∑S

s=1
m(X∗

ps, β)

)′

Ŵ

(
1

S

∑S

s=1
m(X∗

ps, β)

)
where {X∗

ps : s = 1, . . . , S} is a simulated sample from̂fX∗
p
. We do not implement these

alternative estimators since both are computationally more involved and more difficult to
implement than the estimatorβ̂ given in (4).

2.2.2. Estimation with validation data. If in addition to Assumption1 we have fXv =

fXp , then fX∗
v

= fX∗
p
. Our model (2) implies both (3) and the following additional moment

condition:

Ev[m(X∗
v , βo)] = 0. (6)

In this case the auxiliary data-set is actually a validation data-set,i.e. both the validation and the
primary data come from the same population.

We can construct a GMM estimatorβ̂ that exploits the information in both (3) and (6), i.e.

minβ

[ 1
nv

∑nv

j =1 m(X∗

v j , β)

1
np

∑np
i =1 ĝ(Xpi , β)

]′

Ŵ

[ 1
nv

∑nv

j =1 m(X∗

v j , β)

1
np

∑np
i =1 ĝ(Xpi , β)

]
(7)

whereŴ is an appropriate weighing matrix andĝ(·, β) is a non-parametric estimate ofg(·, β)

based on the auxiliary data, such as the sieve estimator given in (5).
In the case of a non-linear regression with validation data,Lee and Sepanski(1995)

replace the conditional expectationg(X, β) = E[m(X∗, β) | X] with a linear projection
h(X, β) = Proj(m(X∗, β) | L(X)), whereL(X) is a finite dimensional linear combination of a
fixednumber of functions ofX. It is easily seen that as long asL(X) includes a constant term,
then in the case where the marginal distribution ofXv is the same as the marginal distribution of
Xp we have

0 = Ev[m(X∗, βo)] = Ev[Proj(m(X∗, βo) | L(X))] = Ep[Proj(m(X∗, βo) | L(X))]. (8)

Lee and Sepanski(1995) used the sample projection to estimate the population projection,
and replaced̂g(Xpi , β) in (7) by ĥ(Xpi , β), the sample least squares projection ofm(X∗, βo)

onto L(x), to construct a method of moments estimator ofβo. We show inSection3 that our
estimator based on (7) is more efficient than the one based on this finite dimensional least squares
projection. In addition, our estimator based on (4) works even if the two marginal distributions
are different.2

3. LARGE SAMPLE RESULTS

In this section, we provide the consistency and asymptotic normality of our semiparametric
estimatorβ̂ given in (4) for the case of a general auxiliary sample. We also provide simple
consistent estimators of the asymptotic variance ofβ̂.

3.1. Consistency

Assumption 2. Let the following hold.

2. In practice, one could non-parametrically test the null hypothesis offXp(·) = fXv (·).
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(1) The primary data-set{Xpi : i = 1, . . . , np} is an i.i.d. sample drawn from fXp over
X ⊆ Rd; the auxiliary data-set{(X∗

v j , Xv j ) : j = 1, . . . , nv} is an i.i.d. sample drawn
from fX∗

v ,Xv .
(2) nv < np, nv −→ ∞, np −→ ∞, andλ = limnv→∞(nv/np) ∈ [0, ∞).
(3) Ŵ − W = op(1), where W is a positive semidefinite matrix.
(4) W E[g(Xp, β)] = 0 has a unique solution on B atβo, with B a compact subset ofRq.

Assumptions2(1) and2(2) require mild restrictions on the relation between the primary
data-set and the auxiliary data-set. Assumptions2(3) and2(4) are standard regularity conditions
for consistency of the GMM estimator ofβo with known functional formg(·, β).

Under Assumptions1 and2, the estimator̂β defined in (4) can be shown to converge toβo

as long as the sieve estimatorĝ(·, β) defined in (5) converges tog(·, β) in some metric. Since
the supports of the mismeasured variables could be unbounded,X = Rd, we use a weighted
sup-norm metric defined as‖h‖∞,ω ≡ supx∈X ,β∈B |h(x, β)[1 + |x|

2
]
−ω/2

| for someω > 0.
Assumptions3(1) and3(5) below are sufficient to ensure thatĝ defined in (5) converges tog
under the norm‖ · ‖∞,ω.

Assumption 3. Let the following hold:

(1) for all β ∈ B, g(·, β) is H(γ, ω1)-smooth for someγ > 0, ω1 ≥ 0;
(2)

∫
(1 + |x|

2)ω fXp(x)dx < ∞,
∫
(1 + |x|

2)ω fXv (x)dx < ∞ for someω > ω1 ≥ 0;
(3) for each fixed x, g(x, β) is continuous atβ for all β ∈ B;
(4) Var[{m(X∗

v , β) − g(Xv, β)} | Xv = x] is bounded uniformly over x andβ;
(5) for any H(γ, ω1)-smooth function g(·, β), there is a function5∞ng in the sieve space

Gn = {h(·, β) = pknv (·)′π(β)} such that‖g(·, β) − 5∞ng(·, β)‖∞,ω = o(1). Also
Ev[pknv (X)pknv (X)′] is non-singular uniformly in knv.

To estimate the unknown functiong(·, β) well by the sieve estimator̂g(·, β), we need
to assume thatg(x, β) is smooth in some sense with respect toxc, the vector of continuous
elements ofx. (For simplicity, we assume thatxc = x in this paper.) Assumption 3(1) is a
standard weighted smoothness condition imposed on the functiong(·; β); see AppendixA for the
definition ofH(γ, ω1)-smoothand other technical details. Assumption3(2) is a typical condition
on the tail behaviour of the marginal densities. In AppendixA we show that under Assumptions
3(1) and3(5), ‖ĝ − g‖∞,ω = op(1). The weight function[1 + |x|

2
]
−ω/2 employed in our sieve

estimation ofg(·, β) could be regarded as an alternative to the trimming function used in kernel
estimation when the support is unbounded,X = Rd. This kind of smooth weighting to deal with
unbounded support3 has been used inChen, Hansen and Scheinkman(1997) andAi and Chen
(2003). Alternatively one could also impose different weighted function space and different sieve
basis such as the Hermite polynomial sieves inGallant and Nychka(1987).

Assumptions3(3) and3(4) are sufficient conditions to ensure consistency of the method
of moments estimator ofβo when the functional form of the momentg(x, β) ≡ E[m(X∗

v , β) |

Xv = x] is known. Note that Assumption 3(3) allows form(X∗
v , β) to be non-smooth such as

quantile based moment functions.

Theorem 1. Let β̂ be given in(4). Under Assumptions1–3, if knv

nv
→ 0, knv → ∞, then

β̂ − βo = op(1).

3. The weighting used here will not work in cases where the supports of the data are bounded but the densities
go to zero at the boundaries. In those cases, alternative weighting can be used.
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3.2. Asymptotic distribution

The following assumptions are used to study the asymptotic behaviour ofβ̂.

Assumption 4. Letβo be an interior point of B, and

(1) G′W G is finite positive definite where G= Ep

[
∂g(Xpi ,βo)

∂β ′

]
;

(2) Ep[g(x, βo)g(x, βo)
′
] is finite and positive definite;

(3) for each fixed x, and for someδ > 0, ∂g(x,β)
∂β ′ is continuous inβ ∈ B with |β − βo| ≤ δ,

Ep

[
supβ:|β−βo|≤δ

∣∣∣∣∂g(Xp, β)

∂β ′

∣∣∣∣] < ∞;

(4) there exist a constantε ∈ (0, 1], a δ > 0 and a measurable function b(·) with Ep[b(Xp)] <

∞ such that| ∂ g̃(x,β)
∂β ′ −

∂g(x,β)
∂β ′ | ≤ b(x)[‖g̃ − g‖∞,ω]

ε for all β ∈ B with |β − βo| ≤ δ and
all H (γ, ω1)-smooth functioñg with‖g̃ − g‖∞,ω ≤ δ.

Assumptions4(1)–4(3) are the usual regularity and dominance conditions to ensure root-n
normality of the GMM estimator ofβo when the functional formg(·, β) is known. Assumptions
3 and 4(4), together with the following Assumption5, ensure that the unknowng(·, β) can
be replaced by the sieve estimatorĝ(·, β), and that the resulting estimatorβ̂ defined in (4) is
still root-n consistent and asymptotically normally distributed. In the following, for any square

measurable functionh : X → R we define a Hilbert norm‖h‖2,v ≡

√∫
h(x)2 fXv (x)dx < ∞.

Also we let52nh denote the orthogonal projection ofh onto the closed linear span ofpknv (x) =

(p1(x), . . . , pknv (x))′ under the norm‖ · ‖2,v.

Assumption 5. Let the following hold:

(1) Ev

[(
fXp(X)

fXv (X)

)2
]

< ∞;

(2) Assumption3(1) is satisfied withγ > d/2, and Assumption3(2) is satisfied withω >

ω1 + γ ;

(3) knv = O
(
(nv)

d
2γ+d

)
;

(4) (nv)
−

γ
2γ+d ×

∥∥∥ fXp(·)

fXv (·)
− 52n

fXp(·)

fXv (·)

∥∥∥
2,v

= o(n−1/2
v ).

Assumption5(1) is satisfied when[ fXp(x)]2 ≈ fXv (x)/
√

x′x
1+ε

for all largex′x and for
some smallε > 0. It is also satisfied whenfXp is absolutely continuous with respect tofXv

and supx
fXp(x)

fXv (x)
< ∞, which is again satisfied with the validation sample. For the stratification

scheme suggested inSection2.1, Assumption5(1) is satisfied as long asEv[(
1

T(X)
)2

] < ∞.
Assumption5(2) is a stronger version of Assumptions3(1) and3(2). Assumptions5(2), 5(3) and

3 together imply that‖ĝ(·, βo) − g(·, βo)‖2,v = Op((nv)
−

γ
2γ+d ), the same as Stone’s optimal

convergence rate while we allow for unbounded supportX ⊆ Rd. Assumption5(4) will be

satisfied when
fXp(·)

fXv (·)
is a little bit smooth such that

∥∥∥ fXp(·)

fXv (·)
− 52n

fXp(·)

fXv (·)

∥∥∥
2,v

= o

(
n

−
d

2(2γ+d)
v

)
.



352 REVIEW OF ECONOMIC STUDIES

Theorem 2. Let β̂ be given in(4). Under Assumptions1–5, we have
√

nv(β̂ − βo) ⇒

N (0, V), with

V = (G′W G)−1G′W�W G(G′W G)−1

� = Avar

(
1

√
nv

∑nv

j =1

fXp(Xv j )

fXv (Xv j )
{m(X∗

v j , βo) − g(Xv j , βo)} +

√
nv

np

∑np

i =1
g(Xpi , βo)

)
.

Theorem2 holds regardless of the correlation between the primary and the auxiliary data-
set. Note that, as long as there is non-degenerate measurement error distribution in the primary
data, the

√
nv convergence rate in Theorem2 applies even whennv/np → 0 (whereλ → 0).

However, if the primary data-set is measured without error, thenm(X∗, β) ≡ g(X, β) and
� = λEp[g(X, βo)g(X, βo)

′
]. In this case,λ → 0 impliesV → 0 and the correct normalization

for a non-degenerate limiting distribution should be
√

np.
Notice that the expression of� can be simplified under two most important cases: the

case where the auxiliary sample is independent of the primary sample, and the case where the
auxiliary data-set is a subset of the original primary data. We will call the latter case “validate in
sample” case, which is relevant if the researcher collects the primary data first, and then decides
to validate a subset of the primary data based on the observations of variablesXpi . Such is the
case for the empirical illustration we consider inSection4. For both cases, we have

� = �1 + λEp[g(X, βo)g(X, βo)
′
], (9)

�1 ≡ Ev

[(
fXp(X)

fXv (X)

)2

{m(X∗, βo) − g(X, βo)}{m(X∗, βo) − g(X, βo)}
′

]
.

For more on the form of the asymptotic variance in the “validate in sample” case and the stratified
scheme suggested inSection2.1, see AppendixB below.

3.3. Consistent estimation of the asymptotic variance

Each component ofV , the asymptotic variance of̂β, can be consistently estimated. LetV̂ andĜ
be such that

V̂ = (Ĝ′WĜ)−1Ĝ′W�̂WĜ(Ĝ′WĜ)−1, Ĝ =
1

np

∑np

i =1

∂ ĝ(Xpi , β̂)

∂β ′
.

We also denote

Vo = (G′�−1G)−1 and V̂o = (Ĝ′�̂−1Ĝ)−1.

For simplicity we consider the two most important cases: (1) the auxiliary data-set is
independent of the primary data-set; (2) the auxiliary data-set is a subset of the primary data-
set. In both cases,� is given in (9), and can be consistently estimated by

�̂ =
1

nv

∑nv

j =1
(υ̂∗

v j Ûv j )(υ̂
∗

v j Ûv j )
′
+

nv

n2
p

∑np

i =1
(ĝ(Xpi , β̂)ĝ(Xpi , β̂)′)

Ûv j = m(X∗

v j , β̂) − ĝ(Xv j , β̂)

υ̂∗

v j =

[
1

np

∑np

i =1
pknv (Xpi )

]′ ( P′
v Pv

nv

)−1

pknv (Xv j ). (10)

The idea behind our estimator (10) for v∗

v j ≡ fXp(Xv j )/ fXv (Xv j ) is as follows. Letυ∗(x) ≡

fXp(x)/ fXv (x), then52nυ
∗(x) = {(Ev[pknv (X)pknv (X)′])−1Ev[pknv (X)υ∗(X)]}′ pknv (x) by

definition. Now 1
np

∑np
i =1 pknv (Xpi ) is a consistent estimator of

∫
pknv (x) fXp(x)dx =
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Ev[pknv (X)υ∗(X)], and P′
v Pv

nv
is a consistent estimator ofEv[pknv (X)pknv (X)′]. Hence

[
1

np

∑np
i =1 pknv (Xpi )]

′(
P′

v Pv

nv
)−1 pknv (x) is a consistent estimator of52nυ

∗(x) in some sense,

which in turn approximatesυ∗(x) under Assumption5(1) asknv → ∞.
There are of course many other consistent estimators ofυ∗

v j based on consistent estimators

of densitiesfXp and fXv . For example, (a) kernel plug-in estimator̂υ∗

v j = f̂Xp(Xv j )/ f̂Xv (Xv j ),
with

f̂Xp(x) =
1

npad
p

∑np

i =1
K

(
Xpi − x

ap

)
, f̂Xv (x) =

1

nvad
v

∑nv

j =1
K

(
Xv j − x

av

)
whereK (·) : Rd

→ R is a kernel function, andap, av are bandwidth parameters going to zero
slowly. For simplicity we can setap = av → 0, nvad

v → ∞. (b) Orthogonal series plug-in
estimatorυ̂∗

v j = f̂Xp(Xv j )/ f̂Xv (Xv j ), with

f̂Xp(x) =

∑Jnp

`=1
π̂p` A`(x), π̂p` =

1

np

∑np

i =1
A`(Xpi )

f̂Xv (x) =

∑Jnv

`=1
π̂v` A`(x), π̂v` =

1

nv

∑nv

i =1
A`(Xvi )

where {A`(x) : ` = 1, . . . ,∞} is an orthonormal basis for the space of square-integrable
functions against the Lebesgue measure onRd, andJnp andJnv are series smoothing parameters
going to infinity slowly. For simplicity we can setJnp = Jnv → ∞, Jnv

nv
→ 0. Although the

orthogonal series estimator of a density might not be non-negative in a finite sample, it does not
matter for the purpose of constructing a consistent estimator of�1 = Ev[(υ

∗

v j Uv j )(υ
∗

v j Uv j )
′
].

Assumption 6. Let the following hold withυ∗
v ≡ { fXp(Xv)/ fXv (Xv)}:

(1) There exists a measurable function b(·) such thatsupβ∈B:|β−βo|=o(1) |
∂g(x,β)

∂β ′ | ≤ b(x) and

Ev[{b(Xv)υ
∗
v }

2
] < ∞;

(2) Ev[(1 + X
′

v Xv)
ωυ∗

v
2
] < ∞ for someω > ω1 ≥ 0;

(3) There is a constant s∈ (0, 2] such that for all smallδ > 0,

Ev

[
υ∗

v
2 supβ∈B:|β−βo|≤δ |{m(X∗

v , β) − m(X∗
v , βo)}{m(X∗

v , β) − m(X∗
v , βo)}

′
|

]
= O(δs).

Assumption6(3) is trivially satisfied if m(x, β) is (pointwise) Lipschitz continuous in
(x, β). Assumption6(3) also allows for non-smooth moment conditions such as quantile based
moments. The next theorem provides the desired result.

Theorem 3. Under Assumptions1–4, 5(1) and6, � given in(9), and knv

nv
→ 0,knv → ∞,

we have(i) V̂ = V + op(1) and V̂o = Vo + op(1); (ii) further, if Assumption5(2)–5(4) and
W = �−1

+ op(1) hold, then
√

nv(β̂ − βo) ⇒ N (0, Vo).

In the case in which the auxiliary data are a subset of the primary data, we can also estimate
� by

�̄ =
1

nv

∑nv

j =1
(υ̂∗

v j Ûv j )(υ̂
∗

v j Ûv j )
′
+

nv

n2
p

∑np

i =1
(ĝ(Xpi , β̂)ĝ(Xpi , β̂)′)

+
2

np

∑nv

j =1
υ̂∗

v j Ûv j ĝ(Xv j , β̂)′.
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Under our assumption thatfX∗
v |Xv = fX∗

p|Xp , �̂ − �̄ = op(1). The difference between̂� and�̄

can also be used as a specification check on the plausibility of Assumption1. As an alternative to
consistent estimation of the limiting variance covariance matrix, resampling methods including
bootstrap and subsampling methods could be used for inference. In both special cases that
we considered, the observations with both the primary data-set and the auxiliary data-set are
assumed to be independent from each other and identically distributed. If serial correlations,
heteroscedasticity, cluster structure or panel data structure are present in either or both data-sets,
we will need to take into account these correlation structures in estimating the limiting variance
of Theorem2 or in the resampling procedures.

3.4. Efficiency gains with a validation sample

When the primary is independent of the auxiliary data and when they both come from the same
distribution, we can use the two sets of moment conditions (3) and (6) above. These explore
the information in both the auxiliary sample (the validation data in this case) and the primary
sample, and should produce a more efficient estimate ofβ. Let β̂ be given in (7). Then, under mild
conditions and by a similar proof as that for Theorem2, we obtain

√
nv(β̂−βo) ⇒ N (0, V), with

V = (G′W G)−1G′W�W G(G′W G)−1

G =

{
∂

∂β
E[m(Xpi , β), g(Xpi , β)]′

}∣∣∣∣
β=βo

= [I , I ]′ A with A =
∂E[m(Xpi , β)]

∂β ′

∣∣∣∣
β=βo

� =

[
V2 V2 − V1

V2 − V1 λV1 + (V2 − V1)

]
whereV1 = E[g(Xp, βo)g(Xp, βo)

′
] andV2 = E[m(Xv, βo)m(Xv, βo)

′
]. Further ifW = �−1,

then
√

nv(β̂ − βo) ⇒ N (0, Vo), with

Vo = (G′�−1G)−1
= (A(V−1

2 + V−1
2 [(λ + 1)V−1

1 − V−1
2 ]

−1V−1
2 )A′)−1.

Let β̃ be the optimally weighted GMM estimator ofβo using only the moment condition
(6) and the validation data-set,1nv

∑nv

j =1 m(X∗

v j , β). Then under mild conditions,

√
nv(β̃ − βo) ⇒ N (0, (AV−1

2 A′)−1).

The efficiency gain of using both moment conditions (3) and (6) is confirmed by observing that

V−1
o = AV−1

2 (I + [(λ + 1)V−1
1 V2 − I ]−1)A′

≥ AV−1
2 A′,

sinceV2 ≥ V1 andλ ≥ 0. Moreover, the efficiency gain is monotonically decreasing inλ. In
particular, the efficiency gain disappears ifλ = limnv→∞(nv/np) = ∞, in which case one can
ignore the primary sample. And the gain in efficiency is maximized whenλ = 0. If λ = 0 and the
primary data-set is measured without error, thenV1 = V2, V0 = 0 andV−1

0 = ∞, the efficiency
gain from combining both moment conditions is infinitely large.

With true validation data, it is also easy to show that if we replace our sieve based estimate
of the conditional expectation̂g(Xpi , β) in (7) by the fixed finite dimensional linear projection
ĥ(Xpi , β) of Lee and Sepanski(1995), the resulting optimally weighted GMM estimatorβ̄ of βo

will satisfy
√

nv(β̄ − βo) ⇒ N (0, V̄), with

V̄ = (A(V−1
2 + V−1

2 [(λ + 1)V̄−1
1 − V−1

2 ]
−1V−1

2 )A′)−1, V̄1 = Eh(Xp, βo)h(Xp, βo)
′.
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TABLE 1

Descriptive statistics for match and unmatched
respondents

Variable SSR unmatch (st. dev.) Matched (st. dev.)

Earnings 23,569 24,528
(12,470) (11,854)

Age 44·9 45·04
(3·19) (3·22)

Education 13·4 13·5
(3·22) (3·07)

Race 0·89 0·92
(0·303) (0·269)

Therefore,Lee and Sepanski’s (1995) fixed projection estimator is more efficient than using
the validation sample alone sincēV1 ≤ V2 and V̄−1

− (AV−1
2 A′) ≥ 0; but it is less efficient

than our sieve based estimator sinceV1 ≥ V̄1 and V−1
o − V̄−1

≥ 0. This is natural because
the conditional expectationg(Xp, βo) explains more variation inm(·, βo) than any fixed linear
projectionh(Xp, βo) does.

4. EMPIRICAL ILLUSTRATION: RETURNS TO SCHOOLING FROM THE CPS/SSR 1978
MATCH FILES

To illustrate our methods empirically, we use a data-set that matches the Current Population
Survey (CPS) to employer-reported social security earnings (SSR) from 1978 (the CPS/SSR
Exact Match File). This data-set has been used byBound and Krueger(1991) and Bollinger
(1998) to study the extent of measurement error in earnings. They both document correlation
between measurement error and the true variable. Individuals in the CPS were asked about their
social security numbers. For those who provided the number, their earnings were matched against
the social security records. Applied researchers are often interested in using the CPS data-set
to implement a standard Mincer regression to compute returns to education and experience.
However, income in the CPS data-set is mismeasured. In this section, we show how one can
use our results to make inferences on parameters in such a returns to education regression.
Another complication arises due to the top-coding (censoring) of the social security earnings.
The estimator we present below will not only correct for the measurement error in income in a
returns to schooling regression, but will also deal with the top coding issue by using a censoring
robust estimator.

Our maintained assumption is that social security earnings data are more accurate than
the household reported earnings data (CPS). Hence earnings from the social security records
(SSR) are treated as the auxiliary data. We eliminate observations where the respondent has been
working for less than a year or is working in occupations that are likely to have unreported tips
like bartenders, waiters or taxicab drivers. An issue that arises is that individuals that provided
their social security number might be a selected group. We present a table similar to Table 2
of Bound and Krueger(1991) that compares the observable characteristic of the matched and
the non-matched respondents. As in Bound and Krueger, we see inTable1 that the observable
characteristics of both respondents are similar (Bound and Krueger used more variables and
found that these characteristics are similar also).

Another shortcoming of the SSR data is that earnings are capped at the social security
maximum of $16,500. This maps into a censoring level of 40% for males and about 4% for
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Measurement error density by income quantile

females. To reduce the effect of sample selection that would arise using the female sample,4 we
use the male sample and restrict it to individuals between the ages of 40 and 50 (for computational
simplicity) and use censored least absolute deviation estimators to deal with censoring. The
number of observations in the primary sample isnp = 7362 and in the validation sample is
nv = 4809.

We provide further evidence against the classical measurement error model inFigure 1.
There, we divide the data into the lowest quartile (based on SSR) and call that LowSSR in
the figure, the 25-th–75-th range (MedianSSR in the figure) and the top quartile (HighSSR)
and graph the density of the measurement error (CPS–SSR) for matched individuals whose SSR
income isbelow the topcode of $16,500. The median SSR income in the LowSSR group is
$4578, the median SSR income in the MedianSSR group is $10,012 and the median in the
High SSR group is $15,316. As one can see, the error densities are different for different income
levels.5 In particular, low income individuals (based on their SSR income) tend to overreport
their income.

A Mincer regression studies the log income level logY∗
p as a function ofZp, a set of

regressors that include education and experience. We use a quantile based censored least absolute
deviation model (CLAD) where we correct for measurement error of unknown form using
methods developed in this paper. Moreover, by restricting ourselves to older males, we minimize
the sample selection problem. To map the problem back into our framework which is based on
method of moments (rather than M-estimation) one can take the first order conditions of the
CLAD objective function. However, it is well known that the moment conditions based on the
first order conditions are set equal to zero not only by the true parameter value, but also by other
parameters (like zero) which creates problems of local minima when using method of moments
as a basis for inference. To remedy this, we base our inference on the objective function and

4. For a quantile approach to studying female wages that also handles selection, seeBuchinsky(1998).
5. The measurement error (SSR–CPS) can be as small as−$45,000. The reason for this is that, for individuals

whose SSR income is less than the topcode, their CPS income (or reported income) can be high. The median SSR income
below the topcode is $10,034 while the median CPS income for individuals whose SSR is below the topcode is $19,000.
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adapt our approach above to it. This objective function, if we can observe the true income level
in the primary data-set, is given by

minβ Ep|logY∗
p − min(Z′

pβ, c)|,

wherec = log(16,500) is the fictitious level of censoring for the primary data logY∗
p (which

is not observed). Given that we only observe logY∗ in the validation data, and assuming that
the regressors (Z = education, experience, experience2, and race) are measured without error,
we use the modified objective function that we obtain by projecting the unobserved objective
function first onto the primary dataX p = (logYp, edu, exp, race)

minβ EpEp(|logY∗
p − min(Z′

pβ, c)| | X p) = minβ EpEv(|logY∗
v − min(Z′

vβ, c)| | Xv = X p)

where the equality follows from our main Assumption1 above. We then minimize the following
sample analogue of the above objective function:

minβ

1

np

∑np

i =1
Êv(|logY∗

v − min(Z′
vβ, c)| | Xv = Xpi )

=
1

np

∑np

i =1

(∑nv

j =1
|logY∗

v j − min(Z′

v j β, c)|pknv (Xv j )
′(P′

v Pv)
−1 pknv (Xpi )

)
(11)

where pknv (Xv j ) is a tensor product polynomial spline sieve in the empirical application. In
particular, we used second order polynomial splines withK knots as the sieve basis{(Xl )

j , j =

0, 1, 2, max(0, Xl − τl ,k)
2, k = 1, . . . , K } to approximate square integrable functions ofXl

for l = log(Yp), educ, exp, whereτl ,k, k = 1, . . . , K are the equal range quantiles of the
empirical distribution ofXl for l = log(Yp), educ, exp. We interact the race dummy with
all the polynomial spline base functions. In the application we have tried with a number of
knots K = 3, 4, 5, and the resulting estimates ofβo do not change much. The estimation
result reported inTable 2 corresponds toK = 4. Although there are theoretical results on
generalized cross-validation (GCV) procedure when deciding on the number of sieve terms
for purely non-parametric estimation of a conditional mean function, in our application the
parameter of interest is the finite dimensional parameterβo, not the conditional mean function
g(·, β) = Ep(|logY∗

p − min(Z′
pβ, c)| | Xp = ·). Theoretical results on GCV in semiparametric

models is a current area of research. Nevertheless, there is much empirical and Monte Carlo
evidence showing that for inference about a finite dimensional parameterβ neither the choice
of basis functions (splines, wavelets, Fourier series) nor the choice of the number of sieve terms
are important;6 see for exampleNewey(1994), Ai and Chen(2003), andBlundell, Chen and
Kristensen(2003).

The results of our regression are summarized inTable2. The first column provides estimates
using the censored LAD model on the auxiliary data. The estimator here is the median censored
regression estimator ofPowell (1984) which is consistent in the absence of stratification. The
second column provides LAD estimates from the primary sample. Here the dependent variable
is the log ofreportedincome and is in general inconsistent in the presence of measurement error.
The third column reports estimates that are obtained using our estimator in (11). The standard
errors for the third column estimator were obtained using formulas derived in AppendixC. As we
can see, the returns to schooling coefficient is stable around 5·5% for the first and third estimator
with (11) having the highest standard error which is to be expected. The returns to schooling
using LAD (second column) on the primary data is higher (at almost 7%). It is interesting to
note that the returns to experience is negative and insignificant for both the auxiliary estimator

6. One safe rule is that spline sieve is always better than power series. Also, in the semiparametric sieve set-up
one can still use the same number of sieve terms as suggested by GCV in the purely non-parametric regressions.
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TABLE 2

CLAD estimates ofβ

CLAD
Auxiliary Primary Ours
Estimate Estimate Estimate
St. error St. error St. error

Education 0·0551 0·0691 0·055
(4·84e−03) (3·02e−03) (5·9e−03)

Experience −0·0156 0·0507 −0·019
(0·0178) (0·011) (0·025)

Experience2 3·8e−04 −7·89e−04 4·27e−04
(3·78e−04) (2·26e−04) (4·76e−04)

Race 0·17 0·136 0·18
(0·0299) (0·023) (0·0368)

Constant 8·75 8·18 8·81
(0·153) (0·16) (0·321)

and our estimator, while the estimator using the primary data is positive and significant. Under
our assumptions, this estimator is inconsistent. We suspect that the reason for the insignificance
of the experience coefficient is that the effect of experience in the population of males above 40
years of age might not be as important.

5. CONCLUSION

We study the problem of parameter estimation in models defined in terms of moment conditions
when the data are measured with error. Our paper is partially motivated by the distrust of the
classical measurement error assumption that requires independence of the measurement error and
the true variable. To allow for arbitrary correlation between the true variable and the measurement
error, we use auxiliary data that identify the conditional distribution of the true variables given
the mismeasured variables. This assumption is satisfied if the auxiliary data-set is a validated
stratified subsample of the primary data-set, or if it is a validation data-set that is drawn from
the population. Under the identification conditions, we provide a semiparametric sieve based
estimator that exploits the information in both data-sets and show that this estimator is consistent
and asymptotically normal.

In survey data where the presence of measurement error can bias estimates of parameters
of interest, it is sometimes questionable to assume the classical errors in variables model. For a
general and possibly non-linear model, this paper shows that collecting auxiliary data remedies
the identification problem while allowing for arbitrary correlation between the measurement error
and the true variables. The auxiliary data need to satisfy our main Assumption1. One might
obtain validation data by randomly validating a subsample of the primary data, or one can also
collect a stratified sample based on the primary data, and validate the corresponding variables.
We illustrate our estimator using data from the CPS/SSR exact match data where we show how
our estimator can be used in the presence of censoring.

APPENDIX A

Preliminaries

We first provide a few definitions. A typical smoothness assumption is that a function belongs to a Hölder space. For any
1× d vectora = (a1, . . . , ad) of non-negative integers, we write|a| =

∑d
k=1 ak, and for anyx = (x1, . . . , xd)′ ∈ X ⊆
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Rd, we denote the|a|-th derivative of a functionh : X → R as

∇
ah(x) =

∂ |a|

∂x
a1
1 . . . ∂x

ad
d

h(x).

For someγ > 0, letγ be the largest integer smaller thanγ , and let3γ (X ) denote a Ḧolder space with smoothnessγ ,
i.e.a space of functionsh : X → R which have up toγ -th continuous derivatives, and the highest (γ -th) derivatives are
Hölder continuous with the Ḧolder exponentγ − γ ∈ (0, 1]. The Ḧolder space becomes a Banach space when endowed
with the Hölder norm:

‖h‖3γ = supx |h(x)| + max|a|=γ supx 6=x̄
|∇

ah(x) − ∇
ah(x̄)|√

(x − x̄)′(x − x̄)
γ−γ

< ∞.

Let 3γ (X , ω1) denote a weighted Ḧolder space of functionsh : X → R such thath(·)[1 + | · |
2
]
−ω1/2 is in 3γ (X ).

We call3γ
c (X , ω1) ≡ {h ∈ 3γ (X , ω1) : ‖h(·)[1 + | · |

2
]
−ω1/2

‖3γ ≤ c < ∞} a weighted Ḧolder ball (with radiusc).

Definition1. For allβ, a functiong(·; β) is H(γ, ω1)-smooth if it belongs to a weighted Hölder ball3γ
c (X , ω1)

for someγ > 0 andω1 ≥ 0.

The weighted Holder ball withω1 = 0 reduces to the standard Hölder ball3γ
c (X ) condition, which is a typical

sufficient condition especially when the supportX is a bounded subset ofRd. However, whenX = Rd, the standard
Hölder ball3γ

c (X ) may exclude some moment functions such asg(x, β) = x′(βo − β). It is clear that the weighted
Hölder ball3γ

c (X , ω1) with ω1 > 0 is a strictly larger space andx′(βo − β) ∈ 3
γ
c (Rd, ω1) with ω1 = 1.

DenoteL2,v(X ) = {h : X → R : ‖h‖2,v =

√∫
h(x)2 fXv (x)dx < ∞} andL2,p(X ) = {h : X → R : ‖h‖2,p =√∫

h(x)2 fXp(x)dx < ∞} as the two Hilbert spaces. Recall that

‖h‖∞,ω = supx∈X ,β∈B |h(x, β)[1 + |x|
2
]
−ω/2

| = op(1).

Proposition A1. Under Assumptions1–3, and knv
nv

→ 0, knv → ∞, np → ∞, we have(i)

‖ĝ(•, •) − g(•, •)‖∞,ω = op(1);

supβ∈B ‖ĝ(•, β) − g(•, β)‖2,p = op(1), supβ∈B ‖ĝ(•, β) − g(•, β)‖2,v = op(1);

(ii) in addition, if Assumption5(2) holds, then

‖ĝ(•, βo) − g(•, βo)‖2,v = Op

(√
knv

nv
+ (knv)−γ /d

)
.

Proof (PropositionA1). (i) Recall thatĝ(x, β) is the sieve least squares estimator ofg(x, β) = E[m(X∗, β) |

X = x] ∈ 3
γ
c (X , ω1) based on the auxiliary sample. That is,ĝ(x, β) solves

inf g̃∈Gn

1

nv

∑nv

j =1
[m(X∗

v j , β) − g̃(Xv j , β)]2

whereGn increases with auxiliary sample sizenv , and is dense in3γ
c (X , ω1) asknv → ∞. Moreover, by Assumptions

2(1) and3 we have the following results: (1) the parameter space is compact under the norm‖ · ‖∞,ω for ω > ω1 ≥ 0,
seeChenet al. (1997) or Ai and Chen(2003); (2) Ev{[m(X∗

v j , β) − g̃(Xv j , β)]2} is uniquely minimized atg(x, β) =

E[m(X∗, β) | X = x] ∈ 3
γ
c (X , ω1); (3) Ev{[m(X∗

v j , β) − g̃(Xv j , β)]2} is continuous iñg under the metric‖ · ‖∞,ω.
This is due to the fact that because

Ev{[m(X∗
v j , β) − g̃(Xv j , β)]2} = Ev{[m(X∗

v j , β) − g(Xv j , β)]2} + Ev{[g(Xv j , β) − g̃(Xv j , β)]2},
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we can write, for anỹg, ḡ ∈ 3
γ
c (X , ω1), and forω > ω1 ≥ 0,

Ev{[m(X∗
v j , β) − g̃(Xv j , β)]2} − Ev{[m(X∗

v j , β) − ḡ(Xv j , β)]2}

= Ev{[g(Xv j , β) − g̃(Xv j , β)]2} − Ev{[g(Xv j , β) − ḡ(Xv j , β)]2}

= Ev{[ḡ(Xv j , β) − g̃(Xv j , β)][2g(Xv j , β) − (g̃(Xv j , β) + ḡ(Xv j , β))]}

≤ const.× Ev{(1 + X′
v j Xv j )

(ω1+ω)/2
|[ḡ(Xv j , β) − g̃(Xv j , β)](1 + X′

v j Xv j )
−ω/2

|}

≤ const.

√∫
(1 + x′x)ω fXv (x)dx × ‖g̃ − ḡ‖∞,ω,

and (4)

sup̃g

∣∣∣∣ 1

nv

∑nv

j =1
[m(X∗

v j , β) − g̃(Xv j , β)]2 − Ev{[m(X∗
v j , β) − g̃(Xv j , β)]2}

∣∣∣∣ = op(1),

which is because, for anỹg, ḡ ∈ 3
γ
c (X , ω1),

|[m(X∗
v j , β) − g̃(Xv j , β)]2 − [m(X∗

v j , β) − ḡ(Xv j , β)]2|

≤ |ḡ(Xv j , β) − g̃(Xv j , β)| × |2m(X∗
v j , β) − (g̃(Xv j , β) + ḡ(Xv j , β))|

≤ |ḡ(Xv j , β) − g̃(Xv j , β)| × {|2g(Xv j , β) − (g̃(Xv j , β) + ḡ(Xv j , β))| + 2|m(X∗
v j , β) − g(Xv j , β)|}

≤ ‖g̃ − ḡ‖∞,ω × M(X∗
v j , Xv j ),

with E[M(X∗
v j , Xv j )] < ∞ where

M(X∗
v j , Xv j ) ≡ (1 + X′

v j Xv j )
ω/2

× {const.(1 + X′
v j Xv j )

ω1/2
+ 2 supβ |m(X∗

v j , β) − g(Xv j , β)|}.

Hence by Lemma 2.9 and Theorem 2.1 inNewey and MCFadden(1994), ‖ĝ(•, •) − g(•, •)‖∞,ω = op(1). Now

supβ∈B ‖ĝ(•, β) − g(•, β)‖2,p = supβ∈B

√∫
[ĝ(x, β) − g(x, β)]2 fXp(x)dx

≤

√
(‖ĝ(•, •) − g(•, •)‖∞,ω)2

∫
(1 + x′x)ω fXp(x)dx

→ 0 asnv → ∞ (by Assumption3(2)),

and similarly

supβ∈B ‖ĝ(•, β) − g(•, β)‖2,v = op(1).

(ii) We can obtain the convergence rate of‖ĝ(•, βo) − g(•, βo)‖2,v by simple application of Theorem 1 inChen
and Shen(1998). All the assumptions of the Chen–Shen Theorem 1 are satisfied given our Assumptions2(1) and3. We
obtain

‖ĝ(•, βo) − g(•, βo)‖2,v = Op

(
max

{√
knv

nv
, ‖g(•, βo) − 52ng(•, βo)‖2,v

})
.

Under Assumption3(1), for g(•, βo) ∈ 3
γ
c (X , ω1), there exists5∞ng(•, βo) = π(βo)′ pknv (•) ∈ 3

γ
c (X , ω1), such

that for any fixedω > γ + ω1

‖g(•, βo) − 5∞ng(•, βo)‖∞,ω = supx |[g(x, βo) − 5∞ng(x, βo)](1 + |x|
2)−ω/2

| ≤ c(knv)−γ /d,

seeChenet al. (1997) or Ai and Chen(2003). Hence by Assumption5(2) with ω = γ + ω1 + ε for a smallε > 0,

‖g(•, βo) − 52ng(•, βo)‖2,v ≤ ‖g(•, βo) − 5∞ng(•, βo)‖2,v =

√∫
[g(x, βo) − 5∞ng(x, βo)]2 fXv (x)dx

≤

√
(‖g(•, βo) − 5∞ng(•, βo)‖∞,ω)2

∫
(1 + x′x)ω fXv (x)dx ≤ c′(knv)−γ /d.

Then

‖ĝ(•, βo) − g(•, βo)‖2,v = Op

(√
knv

nv
+ (knv)−γ /d

)
= op(1). ‖
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PropositionA1 establishes that under Assumptions3(1) and3(5)

‖ĝ − g‖∞,ω = supx∈X ,β∈B |{ĝ(x, β) − g(x, β)}[1 + |x|
2
]
−ω/2

| = op(1).

This and Assumption3(2) imply that supβ∈B
∫
{ĝ(x, β) − g(x, β)}2 fXv (x)dx = op(1). We note that the consistency in

the weighted sup-norm metric‖ĝ−g‖∞,ω = op(1) is a strictly weaker notion of consistency than the standard sup-norm
metric‖ĝ − g‖∞ = supx∈X ,β∈B |ĝ(x, β) − g(x, β)| = op(1).

Proof (Theorem1). Given‖ĝ(•, •) − g(•, •)‖∞,ω = op(1) (PropositionA1(i)), Assumptions2 and3(1)–3(3),

all conditions of Lemma 5.2 inNewey(1994) are satisfied, hencêβ − βo = op(1). ‖

Proof (Theorem2). By first order condition and mean-value expansion, we obtain{(
1

np

∑np

i =1

∂ ĝ(Xpi , β̂)

∂β ′

)′

Ŵ

(
1

np

∑np

i =1

∂ ĝ(Xpi , β̄)

∂β ′

)}
(β̂ − βo)

= −

(
1

np

∑np

i =1

∂ ĝ(Xpi , β̂)

∂β ′

)′

Ŵ

(
1

np

∑np

i =1
ĝ(Xpi , βo)

)
where, forl = 1, . . . , q, β̄l is a convex combination of̂βl andβol . In the following we shall establish

sup|β−βo|=o(1)

∣∣∣∣ 1

np

∑np

i =1

∂ ĝ(Xpi , β)

∂β ′
− Ep

[
∂g(Xpi , βo)

∂β ′

]∣∣∣∣ = op(1) (A.1)

√
nv

1

np

∑np

i =1
ĝ(Xpi , βo)

=
1

√
nv

∑nv

j =1

fXp(Xv j )

fXv (Xv j )
{m(X∗

v j , βo) − g(Xv j , βo)} +

√
nv

np

∑np

i =1
g(Xpi , βo) + op(1). (A.2)

For (A.1), it suffices to show

sup|β−βo|=o(1),‖g̃−g‖∞,ω=o(1)

∣∣∣∣ 1

np

∑np

i =1

∂ g̃(Xpi , β)

∂β ′
− Ep

[
∂g(Xpi , β)

∂β ′

]∣∣∣∣ = op(1) (A.1.1)

and

sup|β−βo|=o(1)

∣∣∣∣Ep

[
∂g(Xpi , β)

∂β ′

]
− Ep

[
∂g(Xpi , βo)

∂β ′

]∣∣∣∣ = o(1). (A.1.2)

Equation (A.1.1) is implied by Assumptions2(1), 3(2) and4(4), and (A.1.2) is implied by Assumption4(3).
For (A.2), we notice

1

np

∑np

i =1
ĝ(Xpi , βo) − Ep[g(Xpi , βo)] =

∫
[ĝ(x, βo) − g(x, βo)] fXp(x)dx +

∫
g(x, βo)d[F̂Xp(x) − FXp(x)]

+

∫
[ĝ(x, βo) − g(x, βo)]d[F̂Xp(x) − FXp(x)].

By Assumption2(1) and Assumption4(2),

√
np

∫
g(x, βo)d[F̂Xp(x) − FXp(x)] =

1
√

np

∑np

j =1
g(Xpi , βo) ⇒ N (0, Ep[g(x, βo)g(x, βo)′]).

In the following we letN[](ε, 3
γ
c (X , ω1), ‖ · ‖2,p) denote the‖ · ‖2,p-covering number of3γ

c (X , ω1) with bracketing
(i.e. the minimal number ofN for which there existε-brackets{[l j , u j ] : ‖l j − u j ‖2,p ≤ ε, ‖l j ‖2,p, ‖u j ‖2,p < ∞,

j = 1, . . . , N} to cover3γ
c (X , ω1)). We also letN(ε, 3

γ
c (X , ω1), ‖ · ‖∞,ω) denote the‖ · ‖∞,ω-covering number of

3
γ
c (X , ω1) (i.e. the minimal number ofN for which there existε-balls{h : ‖h − u j ‖∞,ω ≤ ε}, j = 1, . . . , N to cover

3
γ
c (X , ω1)). By Assumptions2(1) and3(2) with ω > ω1 + γ , we have

log N[](δ, 3
γ
c (X , ω1), ‖ · ‖2,p) ≤ log N(δ, 3

γ
c (X , ω1), ‖ · ‖∞,ω) ≤ const.

( c

δ

)d/γ
, (12)

seeChenet al. (1997) andBlundellet al. (2003). Thus under Assumption5(2) (γ > d/2),∫ 1

0

√
log N[](δ, 3

γ
c (X , ω1), ‖ · ‖2,p)dδ < ∞,
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and the class{g̃(•, βo) : g̃(•, βo) ∈ 3
γ
c (X , ω1)} is a FXp -Donsker class. This and the fact thatĝ(x, βo) ∈ 3

γ
c (X , ω1),

γ > d/2 with probability approaching one asnv → ∞ imply that

sup̃g(•,βo)∈3
γ
c (X ,ω1):‖g̃(•,βo)−g(•,βo)‖2,p=o(1)

∣∣∣∣∫ [̃g(x, βo) − g(x, βo)]d[F̂Xp(x) − FXp(x)]

∣∣∣∣ = op

(
1

√
np

)
,

this together with Assumption2(2) implies

∫
[ĝ(x, βo) − g(x, βo)]d[F̂Xp(x) − FXp(x)] = op

( √
λ

√
nv

)
= op

(
1

√
nv

)
.

Therefore (A.2) will be established after we obtain (A.2.0):

√
nv

∫
[ĝ(x, βo) − g(x, βo)] fXp(x)dx =

√
nv

∫
[ĝ(x, βo) − g(x, βo)]υ∗(x) fXv (x)dx

=
1

√
nv

∑nv

j =1
υ∗(Xv j )[m(X∗

v j , βo) − g(Xv j , βo)] + op(1) ⇒ N (0, �1) (A.2.0)

with

υ∗(•) ≡
fXp(•)

fXv (•)
∈ L2,v(X ) by Assumption5(1).

We now apply the approach taken inChen and Shen(1998) and Ai and Chen(2003) to show (A.2.0). Recall that
ĝ(x, βo) is the sieve LS estimator ofg(x, βo) = E[m(X∗, βo)|X] ∈ 3

γ
c (X , ω1) based on the validation sample, and

that3γ
c (X , ω1) is dense in the Hilbert spaceL2,v(X ). For anỹg(•, βo) ∈ 3

γ
c (X , ω1), we have

∫
[̃g(x, βo) − g(x, βo)] fXp(x)dx =

∫
[̃g(x, βo) − g(x, βo)]υ∗(x) fXv (x)dx.

In the following we denoteZ j = (X∗′
v j , X′

v j )
′ andUv j = m(X∗

v j , βo) − g(Xv j , βo). By definition E[Uv j | Xv j ] = 0.

Let Ln(g̃) =
1

nv

∑nv
j =1 `(Z j , g̃) with `(Z j , g̃) = −

1
2 [m(X∗

v j , βo) − g̃(Xv j , βo)]2. We also denoteµn(h) =

1
nv

∑nv
j =1[h(Z j ) − Ev(h(Z j ))] as the empirical process indexed byh, and letεn be any positive sequence with

εn = o( 1√
nv

). Then by definition,

0 ≤ Ln(ĝ) − Ln(ĝ ± εn52nυ∗)

= µn(`(Z j , ĝ) − `(Z j , ĝ ± εn52nυ∗)) + Ev(`(Z j , ĝ) − `(Z j , ĝ ± εn52nυ∗)).

Simple calculation yields

Ev(`(Z j , ĝ) − `(Z j , ĝ ± εn52nυ∗)) = ±εnEv[52nυ∗(Xv j ){ĝ(Xv j , βo) − g(Xv j , βo)}]

+
1
2ε2

nEv[{52nυ∗(Xv j )}
2
]

µn(`(Z j , ĝ) − `(Z j , ĝ ± εn52nυ∗)) = ∓εn × µn(52nυ∗Uv j ) ± εn

× µn

(
52nυ∗ 2{ĝ(·, βo) − g(·, βo)} ± εn52nυ∗

2

)
hence

0 ≤ ∓µn
(
52nυ∗(Xv j )Uv j

)
± Ev[52nυ∗(Xv j ){ĝ(Xv j , βo) − g(Xv j , βo)}]

±µn(52nυ∗(Xv j ){ĝ(Xv j , βo) − g(Xv j , βo)}) +
εn

2nv

∑nv

j =1
{52nυ∗(Xv j )}

2

= ∓µn([52nυ∗
− υ∗

]Uv j ) ± µn(υ∗Uv j ) ± Ev[[52nυ∗
− υ∗

]{ĝ − g}] ∓ Ev[υ∗
{ĝ − g}]

±µn(52nυ∗(Xv j ){ĝ(Xv j , βo) − g(Xv j , βo)}) +
εn

2nv

∑nv

j =1
{52nυ∗(Xv j )}

2.
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Then we obtain (A.2.0) after we establish the following (A.2.1)–(A.2.4):

µn([52nυ∗(Xv j ) − υ∗(Xv j )]Uv j ) = op

(
1

√
nv

)
(A.2.1)

Ev([52nυ∗(Xv j ) − υ∗(Xv j )]{ĝ(Xv j , βo) − g(Xv j , βo)}) = op

(
1

√
nv

)
(A.2.2)

µn(52nυ∗
{ĝ(Xv j , βo) − g(Xv j , βo)}) = op

(
1

√
nv

)
(A.2.3)

1

nv

∑nv

j =1
{52nυ∗(Xv j )}

2
= Op(1). (A.2.4)

Now (A.2.1) is implied by Chebychev inequality, Assumptions2(1),3(4) and5(4). (A.2.2) is implied by Assumption5(4)

and‖ĝ(•, βo) − g(•, βo)‖2,v = Op

(
(nv)

−
γ

2γ+d

)
from PropositionA1(ii). (A.2.4) is implied by Markov inequality,

Assumptions2(1), 5(1) and5(4). Finally, for (A.2.3), letFn = {52nυ∗(•)g̃(•, βo) : g̃(•, βo) ∈ 3
γ
c (X , ω1)}, then by

Assumptions2(1) and5, log N[](δ,Fn, ‖ · ‖2,v) ≤ const.·( c
δ
)d/γ for anyδ > 0. Applying Theorem 3 inChen and Shen

(1998) with δn = (nv)−γ /(2γ+d), we have

sup̃g∈Fn:‖g̃−g(•,βo)‖2,v≤δn |
√

nvµn(52nυ∗
{g̃(•, βo) − g(•, βo)})| = Op

(
(nv)

−
2γ−d

2(2γ+d)

)
= op(1).

Hence we obtain (A.2.3) and hence (A.2.0). ‖

Proof (Theorem3). We have already established̂G = G + op(1) in the proof of Theorem2; see (A.1.1) above.
It suffices to show that̂� = � + op(1) for � expressed in (9). Given PropositionA1(i), Theorem1, Assumptions2(1),
3(1)–3(3) and4(1), 4(2), we have

nv

n2
p

∑np

i =1
ĝ(Xpi , β̂)ĝ(Xpi , β̂)′ = λEp[g(X, βo)g(X, βo)′] + op(1).

It remains to show that

1

nv

∑nv

j =1
(υ̂∗

v j Ûv j )(υ̂
∗
v j Ûv j )

′
= Ev[(υ∗

v j Uv j )(υ
∗
v j Uv j )

′
] + op(1).

Which, given Assumptions2(1), 3(4), 5(1) and5(4), will be implied by (A.3.1)–(A.3.3):

1

nv

∑nv

j =1
(υ̂∗

v j − υ∗
v j )

2Uv j U
′
v j = op(1) (A.3.1)

1

nv

∑nv

j =1
υ∗2
v j (Ûv j − Uv j )(Ûv j − Uv j )

′
= op(1) (A.3.2)

1

nv

∑nv

j =1
(υ∗

v j Uv j )(υ
∗
v j Uv j )

′
− Ev[(υ∗

v j Uv j )(υ
∗
v j Uv j )

′
] = op(1). (A.3.3)

For (A.3.1), given Assumptions2(1), 3(4), 5(1) and5(4), we have

Ev[(υ̂∗
v j − υ∗

v j )
2Uv j U

′
v j ] ≤ Ev[(υ̂∗

v j − υ∗
v j )

2E[Uv j U
′
v j | Xv j ]]

≤ const.Ev[(υ̂∗
v j − υ∗

v j )
2
] = op(1).

Hence (A.3.1) holds by Markov inequality. (A.3.3) is obviously true given Assumptions2(1), 3(4) and5(1). For (A.3.2),
we note that

Ûv j − Uv j = {m(X∗
v j , β̂) − m(X∗

v j , βo)} − {ĝ(Xv j , β̂) − g(Xv j , β̂)} − {g(Xv j , β̂) − g(Xv j , βo)}.

By Assumptions6(1) and6(2), PropositionA1(i) and Theorem1, we have

|υ∗
v j {ĝ(Xv j , β̂) − g(Xv j , βo)}| ≤ |υ∗

v j |{(1 + X′
v j Xv j )

ω
2 ‖ĝ − g‖∞,ω + b(Xv j )|β̂ − βo|}

and
1

nv

∑nv

j =1
υ∗2
v j (ĝ(Xv j , β̂) − g(Xv j , βo))(ĝ(Xv j , β̂) − g(Xv j , βo))′ = op(1).
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Finally by Assumptions2(1) and6(3) and Theorem1, we have

1

nv

∑nv

j =1
υ∗2
v j (m(X∗

v j , β̂) − m(X∗
v j , βo))(m(X∗

v j , β̂) − m(X∗
v j , βo))′ = op(1),

thus (A.3.2) is satisfied. ‖

APPENDIX B. VARIANCE FORMULAS FROM SECTION 3.2 ABOVE

It is obvious that� takes the form (9) when the auxiliary sample is independent of the primary. It turns out that (9) is
also valid for the “validate in sample” case. Defineυ∗

v j ≡ fXp(Xv j )/ fXv (Xv j ), Uv j ≡ m(X∗
v j , βo)− g(Xv j , βo). Then

for the “validate in sample” case

� = �1 + λEp[g(Xpi , βo)g(Xpi , βo)′] + 2λEv[υ∗
v j Uv j g(Xv j , βo)′]

= �1 + λEp[g(Xpi , βo)g(Xpi , βo)′] (sinceEv[Uv j | Xv j ] = 0).

Let g(Xpi ) = g(Xpi , βo) andm(X∗
pi ) = m(X∗

v j , βo). For the stratification scheme suggested inSection2.1, we have

λ = p lim
1

np

∑np

i =1
1(Upi ≤ T(Xpi )) =

∫
fXp(x)T(x)dx.

Then,

� = Avar

(√
nv

np

∑np

i =1
g(Xpi ) +

1
√

nv

∑np

i =1

fXp(Xpi )

fXv (Xpi )
(m(X∗

pi ) − g(Xpi ))1(Upi ≤ T(Xpi ))

)

= Avar

(
1

√
np

∑np

i =1

{
√

λg(Xpi ) +
1

√
λ

fXp(Xpi )

fXv (Xpi )
(m(X∗

pi ) − g(Xpi ))1(Upi ≤ T(Xpi ))

})
.

We can write

� = λEg(Xpi )
2

+
1

λ
E

fXp(Xpi )
2

fXv (Xpi )
2

[m(X∗
pi ) − g(Xpi )]

21(Upi ≤ T(Xpi ))

+ 2Eg(Xpi )
fXp(Xpi )

fXv (Xpi )
[m(X∗

pi ) − g(Xpi )]1(Upi ≤ T(Xpi )).

The third term drops out because of the definitiong(Xpi ) = E(m(X∗
pi ) | Xpi ), and the second term can be written as

2
1

λ
E

fXp(Xpi )
2

fXv (Xpi )
2

[m(X∗
pi ) − g(Xpi )]

2T(Xpi ) = 2E
λ

T(Xpi )
[m(X∗

pi ) − g(Xpi )]
2.

This is consistent with the earlier definition of�1 since�1 can be written as

Ev

[(
λ

T(X)

)2
{m(X∗, βo) − g(X, βo)}2

]
=

∫ [(
λ

T(X)

)2
{m(X∗, βo) − g(X, βo)}2

]
fXp(X)

T(x)

λ
d X

=

∫ (
λ

T(X)

)
{m(X∗, βo) − g(X, βo)}2 fXp(X)d X.

APPENDIX C. STANDARD ERRORS FOR THE CLAD ESTIMATOR

First, to simplify notation, we letW = pknv (X). Thenβ̂ minimizes7

1

np

∑np

i =1

(∑nv

j =1

∣∣∣logY∗
v j − min(Z′

v j β, c)
∣∣∣W′

v j (W
′
vWv)−1Wpi

)
=

(∑nv

j =1

∣∣∣logY∗
v j − min(Z′

v j β, c)
∣∣∣W′

v j

)
(W′

vWv)−1
(

1

np

∑np

i =1
Wpi

)
.

7. Here, we just provide a sketch of the asymptotic variance calculations without providing the regularity
conditions. For similar conditions, seePowell(1984).
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The approximate first order condition forβ̂ is(
1

nv

∑nv

j =1
1(Z′

v j β̂ < c)

[
1(logY∗

v j < Z′
v j β̂) −

1

2

]
Zv j W′

v j

)(
W′

vWv

nv

)−1( 1

np

∑np

i =1
Wpi

)
= op(nv

−1/2).

With the usual Taylor expansion, we can write

√
nv(β̂ − βo) = −H−1

(
1

√
nv

∑nv

j =1
1(Z′

v j βo < c)

[
1(logY∗

v j < Z′
v j βo) −

1

2

]
Zv j W′

v j

)(
W′

vWv

nv

)−1

×

(
1

np

∑np

i =1
Wpi

)
+ op(1),

where

Hkl = Ev[1(Z′
v j βo < c) flogY∗

v j −Z′
v j βo

(0 | Zv j )Zk
v j Zl

v j W′
v j ](EvWv j W′

v j )
−1(EpWpi ).

Assuming that the bias term is sufficiently small

Ev1(Z′
v j βo < c)[1(logY∗

v j < Z′
v j βo) −

1
2 ]Zv j W′

v j = op(1/
√

nv),

we can write approximately
√

nv(β̂ − βo) ∼ N(0, H−13H−1),

where

3kl =
1
4(EpWpi )

′(EvWv j W′
v j )

−1Ev[1(Z′
v j βo < c)Zk

v j Zl
v j Wv j W′

v j ](EvWv j W′
v j )

−1(EpWpi ).

Consistent estimators forHkl and3kl are given by

Ĥkl =

[
1

nv

∑nv

j =1
1(Z′

v j β̂ < c)
∑

i

1

a
k

(
logY∗

vi − Z′
vi β̂

a

)
Zk

v j Zl
v j W′

v j

](
W′

vWv

nv

)−1( 1

np

∑np

i =1
Wpi

)
and

3̂kl =
1

4

(
1

np

∑np

i =1
Wpi

)′ (W′
vWv

nv

)−1 1

nv

∑nv

j =1
1(Z′

v j β̂ < c)Zk
v j Zl

v j Wv j W′
v j

(
W′

vWv

nv

)−1( 1

np

∑np

i =1
Wpi

)
wherek(·) is a kernel function anda > 0 goes to zero as sample size increases.
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