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1. Introduction

This paper presents an econometric model for large-dimension vector time
series with a panel structure where there is dependence across variables as
well as over time. By panel structure, we mean repeated observations of a
large but fixed number of agents over time, rather than a vector containing
a large number of aggregate attributes. Examples of this type of data include
quarterly observations on sector-specific variables and weekly price data for
many retail firms in a region. In situations like these, there are too few de-
grees of freedom to permit unrestricted time series estimation; restrictions are
needed to make progress. Restrictions that are typically imposed are those
that limit interrelationships such as exclusion restrictions in vector autore-
gressions, or those that assume there are a few underlying factors responsible
for interrelationships.! However, the panel structure of these series presents
the possibility that there may be some replication across agents’ series that
can be used to mitigate the problem of having a relatively short time series. 2
Our idea is to use additional information on the relationships between agents
to model this replication across agents.

We model agents as residing in a Euclidean space where distances between
them are determined by an ‘economic metric’. For example, if agents cor-
respond to sectors they may be close if they use inputs in nearly the same
proportions, far if they use inputs in very different proportions.* If agents
correspond to firms, measures of the overlap in their retail markets might
be plausible measures of economic distances.* If agents are countries, mea-
sures of trade volumes or transport costs between countries may be suitable
economic distance metrics.> Our data generating model allows economic dis-
tances between agents to be jointly determined along with the variables of
interest and to change over time.® However, we require that these economic
distances be observable to the econometrician.

The data-generating process is assumed to be characterized by economic
distances between agents. The basic idea is that if there are two groups of
agents with the same positions relative to each other, then there is replication
in the cross section that can be exploited. Our data generation model is a

! See, for example, Horvath and Verbrugge (1997) for a VAR with many exclusion restrictions
and Quah and Sargent (1993) for a dynamic factor model.

2 Obviously, replication across series is what enables consistent (large N) estimation of
large-cross-section panel data models, including those with temporal dynamic structure like,
e.g., Holz-Eakin et al. (1988).

3 Conley and Dupor (1999, 2000) construct such an economic distance for US industrial
sectors from a series of benchmark input—output tables. We use this measure in Section 4.

4For other examples of economic distance in firm panels see Pulvino (1998).

5 See, e.g., Conley and Ligon (2000) for measures of economic distances between countries
meant to reflect transport costs.

In our empirical example distances vary slowly over time, and are treated as exogenous.
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vector autoregression (VAR) whose coefficient matrix and shock covariance
matrix are functions of economic distances between agents. The impact of
other agents’ variables on the conditional mean of a given agent’s variable is
a function of their economic distances from this agent. Similarly, covariances
of VAR shocks are functions of distances between agents in the previous
period, a property we refer to as being isotropic.

We take a semiparametric approach to estimate our VAR coefficient ma-
trix and shock covariance matrix. We estimate both using sieve estimators
whose large sample properties are studied by Chen and Shen (1998).7 By
expanding the order of the sieves, we can approximate VAR coefficients that
are arbitrary (subject to smoothness conditions) functions of distance and we
can approximate any valid shock covariance matrix. We use representations
of isotropic covariance functions borrowed from the statistics literature on
random fields (vector-indexed variables) to choose basis functions for our
sieves that will guarantee that our estimates of shock covariance matrices are
positive definite.® The same sieve basis also allows us to estimate the VAR
coefficient matrix imposing shape restrictions in a straightforward manner.

We present an empirical example that demonstrates how the paper’s model
can be used to characterize the dynamic correlation properties of sector-level
variables and their relation to input—output structures. Several important mod-
els of business cycles rely on the presence of strong intersectoral linkages to
account for fluctuations.® Quantifying these linkages using the paper’s econo-
metric method can provide a useful assessment of the plausibility of these
models. Following Conley and Dupor (1999, 2000), we construct economic
distances between sectors that measure linkages due to similarity of input
technology. We present evidence suggesting that there is substantial comove-
ment in sectoral output growth rates that is related to this metric.

There are many applications in other fields where large-dimension time
series are of interest and our model or its potential extensions should be
useful. Industrial organization applications include modeling commodity price
dynamics for many locations, as in Slade (1986), and estimating demand
elasticities using state-level series, as in Sumner (1981). Finance applications
include characterizing distributions of many asset returns, as in Connor and
Koracjczk (1993), and pricing of many macroeconomic factors, as in Chen
et al. (1986). International applications include studies of purchasing power
parity using series from many countries, see, for example, Taylor (2000).

Our spatial model puts different restrictions on comovement across agents
than typical factor models. Covariance across variables in factor models is

7 Sieve estimators use flexible approximating basis functions such as orthogonal series, poly-
nomials, splines, and neural networks, see e.g., Gallant and Nychka (1987), Newey et al.
(1999).

8 See, e.g., Yaglom (1987) for a discussion of isotropic random fields.

9 For example, see Long and Plosser (1983), Horvath (1998), or Dupor (1997).
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mediated by some relatively low-dimensional set of factors, as in Quah and
Sargent (1993) or Forni and Reichlin (1998). Our model does not require the
existence of a low-dimensional source of covariation, instead it relies upon
replications in covariance patterns as functions of economic distances. We
also impose a certain symmetry in order to estimate conditional covariances.
Still, our model can result in very general unconditional covariance patterns
because we allow agents to move (potentially endogenously) over time. '
Of course, we are limited to situations where measurements of economic
distances are available and afford a sensible model of variables’ relationships.
Our spatial model may not be useful for large-dimension vector time series
without a panel structure. For example, if the analysis is concerned with
forecasting given a large number of aggregate indicators, as in Stock and
Watson (1997), and these indicators are a large number of aggregate statistics,
a spatial model may not be suitable to describe their relationships.

The remainder of the paper is organized as follows. Section 2 describes
our model of data generation, and presents sufficient conditions for this model
to generate stationary, [-mixing time series with finite higher-order mo-
ments. Section 3 presents our estimation strategy for the VAR coefficient and
shock covariance matrices. We obtain consistency with rates of convergence
for our sieve estimators, provide v/7 asymptotic normality for the model’s
finite-dimensional parameters, and present a bootstrap method for inference.
Section 4 presents an empirical example in which our approach is used to
study output comovement across US industrial sectors. Section 5 presents a
small Monte Carlo experiment evaluating the performance of our estimators.
Finally, Section 6 discusses possible extensions and concludes.

2. Data generation

We use a model that characterizes the relationships between agents’ vari-
ables by the economic distances between them. For simplicity, we use eco-
nomic distance configurations that can be represented by a set of points (one
for each agent at each time period) in 9%. Thus we model agents as residing
at locations in R¥, with agent i at time ¢ located at a point s;,. Each agent
also has a variable of interest X;, which we take to be a scalar for simplicity.

19 Our modeling moving locations and flexible dynamic interactions are the main differences
between our model and related work in the spatial-temporal statistics literature. In this litera-
ture, typical data sets consist of repeated observations at a fixed number of physical locations.
Dependence over time is usually treated in a symmetric manner with dependence over space,
see Carroll et al. (1997), limiting the ability of these models to capture dynamic interactions
(see Cressie, 1997). There are a few spatial statistics models that do allow a linear dynamic
structure, for example Huang and Cressie (1997) and Meiring et al. (1998). However, they still
restrict attention to fixed, exogenous locations.
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The econometrician’s sample of N agents’ variables consists of the realiza-
tions of X;, at a collection of locations {s;,}Y, for each of T time periods:
{Xii=1,...,N, t=1,...,T}. We denote ¥, =(X; n X2 1,....Xy,) €RY as a
vector collecting {X;,}V | and D; as a vector of distances between the {s;,}V .
Referring to the distance between points i and j as D(i,j) = ||si; — 5;.||, we
stack the distances as

D, =(D«(1,2),...,D,(1,N),Di2,3),...,Di(2,N),...,D(N — 1,N)Y
e RV =D)/2.
We assume that D;(i,j) has common support (0,a] for all ¢, i#.

We assume that the joint process {(Y;,D,): t=1,...,T} is a first-order
Markov process,'! and that Y, evolves according to the following nonlinear
VAR model:

Yioi =AD)Y, +erv1, e = O(Dy)ugy1, (2.1)

where u,4; is an IID sequence with Eu,,y =0 and Eu,u,, , =1Iy. The N x N
matrix A(D;) consists of elements that are functions of economic distances
between agents. X(D,) = O(D,)O(D,) is a conditional covariance matrix that
is also a function of distances between agents.

2.1. Structure on conditional means

We model the conditional mean of X; .., given {(Y,—;,D;—;),/ = 0} as fol-
lows:
E[X; i {(Yi—i: D—p) L = 0} =X + > gi(D(i. j))X 1,
J#i
where the g;(-) are continuous functions from (0,00) to SR!. Hence the con-
ditional mean of Y,y given {(¥;—;,D,—;),! = 0} is A(D,)Y,,

o g](Dt(l,Z)) gl(Dt(l,N))
(2,1 (2,
A(D,) = 92(Di(2, 1)) ) 92(D«(2,N)) . 22)
gn(Di(N, 1)) gn(Di(N,2)) ... oy

In the following theoretical development, we model the g; functions in a
general way, letting each be distinct. However, in practice it may be quite
desirable to model g; as having considerable features in common across i.
For example, g; might differ across i only in scale: g;=7y;g with g being a
monotone function.

' Note that we only model the joint process of Y; and the economic distance D; as a Markov
process, without imposing any structure directly on locations {s;,}¥, which may include phys-
ical locations as parts of the elements in s;,.
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2.2. Structure on conditional variances

We model the conditional variance of Y,y given {(Y,—;,D,—;),/ = 0} as
o1+ C(0) C(D(1,2)) ... C(D,(1,N))

D))= C(D/(2,1)) a3+ C(0) ... C(D(2,N)) ’ 23)

C(D«(N, 1)) C(D(N,2)) ... a3 + C(0)

where C(-) is assumed to be continuous at zero and is a k-dimensional
isotropic covariance function. In other words, C is assumed to be covariance
function for stationary random fields with indices in 9% whose covariance
depends only on distance, not direction. This choice of C implies that X(D,)
will be positive definite for any set of interpoint distances D, and any values
of the ¢? > 0.

We use a representation of C that is analogous to the spectral representation
of a time-series covariance function. An isotropic covariance function has a
representation as an integral of a generalized Bessel function against a positive
finite measure, see e.g. Yaglom (1987, Section 22, pp. 353-354). That is, for

any e Rt with ||t]|= /35,

i=1 "i»*
(el = / H(yl[l]) de( ). (2.4)

- k\ Ju—22(l]zl])
— ~(k=2)/2 " (k=2)/2
ol =272 () e

where @: [0,00) —[0,P(c0)] is a bounded nondecreasing function, and

Ji—2y2(+) is a Bessel function. The function @ is analogous to spectral mea-

sure for covariance stationary time series. The smoother the function C(||z]|)

is, the more moments the measure @ possesses. This representation allows us

to easily approximate any isotropic covariance function by approximating .
For many values of k, A(y||t||) simplifies. For example, when k=3,

h(y“”)_w

and when &k = oo,

h(yl[z]]) = exp(—[yl[z][]*). (2.6)

If a function is an isotropic covariance function in k£ dimensions then it is
also a valid isotropic covariance function in any lower number of dimensions.
Therefore, the limiting expression (2.6) for 4 will generate a set of covariance
functions that are valid for locations {s;,} in 9%, for any k.

(2.5)
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2.3. Some probabilistic properties of the model

In this subsection, we provide two sets of sufficient conditions to ensure the
asymptotic stability of the dynamic system. We are particularly interested in
properties such as stationarity, ergodicity, finiteness of higher-order moments,
and temporal dependence structure described in terms of S-mixing.'> Either
of the following two Propositions (2.1) or (2.2) can be used in Section 3 to
establish large sample properties of our estimators:

Case 1. Exogenous D,

ALLl. {D;: t =0} is IID with continuous marginal density (w.r.t. Lebesgue
measure restricted to [0,a]Y~"/?), and is independent of {u,,,} and
Yy. The density of D; is positive over (0,5]N N=1y2

AL2. {u;1:t =0} is 1ID and independent of Yo. Eu,y1 =0, Eupypqu;, =1y
and E(||us+1|]*) < oo for some s > 2. The marginal distribution is ab-
solutely continuous w.r.t. Lebesgue measure on RV, and has positive
continuous marginal density on R".

AL3. max{|oy|,...,|ay|} <1, and g;(-), i=1,...,N are continuously differ-
entiable over (0,4o00).

AL4. 0 < min{o? + C(0),...,0% + C(0)} < oo, and C(-) is continuously dif-
ferentiable over [0, 4-00).

ALS. E([p(A(D,))]’) < 1 for some integer s = 2, where p(-) is the spectral
radius of A(D;) (i.e., the largest eigenvalue in absolute value of 4(D;)).

Proposition 2.1. Under AL.1-ALS, {Y,} is geometrically ergodic Markov and
E[||Y:|I'] < co. If in addition Y, is initialized from the invariant distri-
bution, then {Y,} is strictly stationary, [-mixing with an exponential de-
cay rate.

Proof. See the appendix. [

Case 11. (Possibly) Endogenous D,
We assume that {D,} evolves according to

In(Dyy1)=Y¥1(Y,,In(D;)) + ¥2(In(D; )41,

where {v;} is an IID shock with zero mean and identity covariance matrix.
We concentrate on estimation of objects that do not require estimation of
¥, and Y¥,. Therefore, we try to be agnostic about this process and make

12Recall that a time series {Z: ¢ >0} is p-mixing (or absolutely regular) if B,=
sup, E[supgc 72, |P(B|7)—P(B)|]— 0 as n — oo, where #{ and Z 7, denote the sigma-fields
generated by (Zy,...,Z;) and (Zi4n,...,Zoo) respectively. The process is called f-mixing with
an exponential decay rate if f,=O(p") for some p € (0,1).
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minimal assumptions about ¥ and ¥, that ensure stationarity and S-mixing.
Obviously, to solve problems such as forecasting ¥ more than a single period
in advance, we will require more structure on ¥; and ¥, than we currently
impose. We look at the joint process

Zin = { Vi ] _ { A(D)Y, } N {Q(Dz) 0 } {]
T [ In(Disa) ¥1(Y:, In(Dy)) 0 Yo(In(Dy)) ] [vi1 ]
AIIl {(u[+1,vt+1): t 20} 1S IID With E(u[, U[):(0,0), E(u[, U[)(u[, D[),:I
and independent of (Yy,Dp). The marginal distribution is absolutely
continuous w.r.t. Lebesgue measure, and equivalent to Lebesgue mea-
sure in a neighborhood of zero, and has continuous marginal density,
and finite s > 2 order moments.

AIL2. There exist two nonsingular, nonrandom matrices 2, and 2, s.t.

o(D) 0
&< [ 0 ¥y(In(D))
AIL3. (i) AL3 holds and sup; ,|9:/(D(i,j))| < g <ooalli=1,...,N,i <.
(i) ¥i(Y,In(D)) is bounded over any compact set; and there ex-
ist constant matrices Bj,B, s.t. ¥(Y,In(D)) ~ B1Y + B;In(D) as

(Y, In(D))]| — oo.

} < Q, almost surely.

AllL4.

([ a]) <1

where the matrix 4 is the matrix A4(D) with all the ¢;(D(i, j)) elements
replaced by g.

Proposition 2.2. Under All.1-All4, {(Y,;,In(D,))} is geometrically ergodic
Markov with finite s-th moments. If in addition (Yy,In(Dy)) is initialized
from the invariant distribution, then {(Y;,In(D,))} is strictly stationary and
p-mixing with an exponential decay rate.

Proof. See the appendix. [

For simplicity, we assume in the following sections that the stationary
(marginal) probability distribution of D,(i,j) is absolutely continuous with
respect to Lebesgue measure and has a bounded density on [0,a]. We note
that formally this rules out time-invariant distances. If distances were fixed
then, strictly speaking, the functions g; and C are only identified at a finite
number of points and the estimation problem can be thought of as a com-
pletely parametric one. However, the number of distinct distances in many
applications is likely to be very large relative to sample size. In such cases, we
argue that proceeding as if the distances distribution were in fact absolutely
continuous w.r.t. Lebesgue measure provides a very useful approximation.



X. Chen, T.G. Conley!Journal of Econometrics 105 (2001) 59-83 67
3. Estimation and inference

We use the method of sieves (Grenander, 1981) to construct estimators for
the g; and . Essentially, this approach is to use a flexible sequence of para-
metric families, e.g. Fourier series, orthogonal polynomials, splines, wavelets
or neural networks, to approximate the unknown functions. The number of
terms in the approximating sequence is allowed to grow as the sample size
increases to improve the accuracy of the approximation. In this section, we
first describe our choices of sieves to approximate the g; and ®. We then
present our estimators, their large sample properties, and a bootstrap-based
method for conducting inference.

3.1. Shape-preserving cardinal B-spline wavelet sieve

Our choice of an approximating sequence is motivated by our need to
obtain a nondecreasing estimate of @ in (2.4) to ensure that our estimated C is
valid, implying a positive definite estimate of ~. In addition, shape restrictions
on g; in (2.2) will also be of interest. Thus, we choose a basis that makes
it easy to impose shape restrictions; following Chen et al. (1997) we use a
shape-preserving cardinal B-spline sieve. Let B,, denote the cardinal B-spline
of order m, a piecewise polynomial of highest degree m — 1. The pieces
are tied together so that the resulting function is m — 1 times differentiable,
nonnegative, has support on [0,m] and is symmetric about the center of its
support

Bm(x):(m_ll)!§(1)k (’Z) [max(0,x — k)" . (3.1)

Hence a first-order spline is the unit function with support [0,1], and a
second-order spline is a tent with support [0,2] and a peak at 1, see Chui
(1992). Thus the functions ¢; and @ of interest are approximated by

+o0
g(MN~ > 4B,(2"y —)), (3.2)

Jj=—0o0
+0oo

D(y)~ Y biBu(2"y —)) (3.3)
Jj=—0o0

for some n. The index n and coefficients a; are allowed to differ across these
approximations of course, however we suppress this in our notation. '3

13 We also suppress the dependence in n in the coefficients a;,b;. For instance, in Eq. (3.3)
one often writes by ;2"?B,(2"y — j) in the more standard wavelets approximation. Here we
effectively use spline approximation.
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This is a two index depiction of a family of basis functions. The index j is a
translation and the index » provides a scale refinement. Since B,, has compact
support, the summation over ; is effectively summing over a finite number
of terms, say j€[J,J], determined by the support of the data. The right
sides of (3.2) and (3.3) show the approximation for given scale refinement
(choice of n). As n gets larger, more B,,(2"y — j) terms are included and the
approximation improves. A discussion of the denseness of this approximation
class and the shape-preserving property can be found in Anastassiou and
Yu (1992); and the approximation accuracy can be found in Chen et al.
(1997). Since B,, is nonnegative, to obtain a nondecreasing and nonnegative
approximator for @, we can simply restrict the coefficient sequence {b;} to
be nondecreasing and nonnegative.

3.1.1. Sieve for g;
We suppose that the true function g; € 4;, where

Y= {g e C"([0,a]):  sup [976) — 9" )| < oo}

x,y€[0.alx#y |x - y|;i

(3.4)

with 7; is some nonnegative integer and 0 < ¢; < 1. We assume that the total
smoothness is m; = r; +¢; > 1/2.
We consider the following sieve:

Ji
g% g(»)=>)_ a;Bn (2" Dy~ j),
‘(qi,T = J=J; > (35)

/ [ () dx < eT)

where J, =—m; and J; =2"g, c,(T) — oo very slowly at the order of log (T)
and 2"7) — 0o at the order of 7'+ Thus, smooth functions (with larger
m;) allow slower growth of n;(T).

Remark 1. Monotonicity restrictions are easily enforced in this framework.
For example, if g is nonincreasing we can then impose g < 0 in the pop-
ulation parameter space (3.4), and --- > a; > a;1; > --- in sieve (3.5).

3.1.2. Sieve for C
We assume that the true C € 4, where

C(HTH):/ h(y||z||)d®(y): @ bounded, positive nondecr.
0

C continuous at 0, and has m, derivatives
(3.6)
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Our sieve for C can be viewed as plugging the approximation for @ in
(3.3) into the representation in (2.4) or equivalently as an approximation of
C using a new sieve basis obtained from B,:

H, (x)=2" / B DBy — j)dy  for x€[0,00).
0

Thus we use the following sieve:
J

C: C(llell) =3 by (7], € continuous at 0
Cr= = , (3.7)

< by <bjyy < / [CT)()]Pdz < e(T)

where J and J are determined by the support of {D,(i,/)} and c(T) grows at
log (T) order. Note that the constraint --- < b; < b;y; <--- implies that the
corresponding estimates of @ is nondecreasing and C is positive definite.

3.2. Estimation: Two-step sieve least squares

In this subsection, we introduce an additional subscript to denote true
functions and parameters to facilitate exposition of our estimators’ proper-
ties. Thus, we denote the true values of o, gi(-),0?, i=1,...,N and C(-) by
%ios Jio(), O'%O, i=1,...,N and C,(-). We can consistently estimate all the
parameters and functions of interest by the following simple two-step sieve
least-squares (LS) procedure !4 :

Step 1: LS estimation of o; and g;(-) using the conditional mean specifi-
cation (2.2) and sieve (3.5) for g;.
We assume the true o, =(o0,...,0n0) €RY and g, =(g1.0r---»IN.0)
€ Hf/:l %;, and estimate o, and g, by least squares:
. : 1 ,
(r.gr)=arg  min = "[Yy — AD)Y.]'[Yer1 — AD)Y;).
(0)eRY x11Y G T —
(3.8)
With the level of generality presented here, there are no cross-equation re-

strictions imposed among the true parameters (o ,---,0N.0)(G1.05--->IN.0)
and this will reduce to equation by equation estimation of the system

X1 =%0Xis + Y Gio(Dili ) XG0 + €31, (3.9)
J#i

Elei 1 |[{(Yi—1,Di—1),1 = 0}]=0, (3.10)

Ele, {(Yit,Dioi), 1 = 0}] = a2, + C,(0). (3.11)

14 Weighted LS may, of course, provide more efficient estimates of some components.
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Estimates for o;, g;, i=1,...,N can be obtained by performing N individual
sieve LS minimizations using

2

X+ > gi(Dili )X

(&, T,g,T)—arg(“ g%g{lX%TTZ Xirr1— -

JFi
(3.12)
We denote €,.1 =(€1,4+1,..-,€n,+1) as the LS residual, that is fori=1,...,N,
Gt =Xiie1 — |@r X+ G (D)X | - (3.13)

J#i
Step 2: Sieve estimation of ¢?> and C(-) using the conditional variance
specification (2.3) and (2.4) and sieve (3.7) for C, and the fitted residuals
€111 from step 1.

We assume the true o; = (07 ,,...,0%,) € (0,00)" and C,(-) € ¢. Their sieve

estimates (O’T,C r(+)) solve:

T—

(a2, C)e(o oo)'” Z {Z (éitJrl - [0','2 + C(O)])2

=1

AN (Gl — C(Dt(z',mf} : (3.14)
i
Simple calculation yields: o-l r=max{(1/(T — 1))2 ,,H —C7(0),0}, and

CT(O) = Z I—J b;, rHy1),1(0). Coefficient estimates {bl, 7} can be obtained from
the first-order conditions for /=J,...,J,

ZZZ (ezme, 1~ Zbk rHury k(D (i, J))) w1 (D0, 7)) = 0.

t=1 i i#j

Remark 2. If we allow C(-) to be discontinuous at zero then we can only
identify and estimate 7 + C(0), i=1,...,N jointly.

Theorem 3.1. Suppose either Proposition 2.1 or 2.2 holds with s > 2, and
that all the distances D,(i,]), i #j have positive continuous densities with
support (0,a]. Let the true g;, €%9; with m; > 1/2, c(T)=O(log(T)), and
20 = O(TVC@m+DY) Then for i=1,...,N,

(1) /S [1.7@) — g0 (0)P d= Op(T =m0,




X. Chen, T.G. Conley!Journal of Econometrics 105 (2001) 59-83 71

(2) If Xit # E[Xi1 | Di(i, ), X1, j # i] with positive probability, then N/T(8; r—
%0) = (0,02 ) where

oy 1

O'ii = [650 + Co(0)] x inf E

w;iZ£0,w; €Y;

Xoo = Y wilDi(i )X
JF

>0,

(3.15)

where 9, denotes the linear completion of %; — {gi.,}.
(3) If either Proposition 2.1 or 2.2 holds with s > 4, then N/T([6; 7+Cr(0)]—
[0}, + Co(0)]) = A0, V,,) where

Vo= Elel = E(el)T

(4) Let either Proposition 2.1 or 2.2 hold with s > 4, and the true C,(-) €%
with m. €(0.5,2]. If ¢(T)=0(log(T)) and 2"7) =O(T"m+D), then:

VITICHE) — Co@)F dz = Op(T—/Cm4D),

Proof. See the appendix. [

Under the assumptions for Theorem 3.1, by applying the results in Chen
and Shen (1998), we actually obtain multivariate asymptotic normalitg of
VT (@ r=0t10s- -, Gvr—00) and VT([6] 7+ Cr(0)][07 ,+Co(O)], ... [Gx r+
C‘T(O)]—[aﬁ,’oJrCo(O)]), see the appendix. However, the asymptotic covariance
expressions are very complicated, so we do not report them here.

Remark 3. We can state (2) as: If E[X;, — E[X;, |D,(l',j),X_,-,t,j;«réi]]2 >0,
and if there is a nonzero function w} € 4; such that

E[Xot | D)) Xjnj # 11 => Wi (Dilis ) Xj.00 (3.16)
J#i

then VT (3;7 — 040) = A°(0,62 ) with
o2 =[0?, + Co(0)] x {E[X;, — E[Xi | Di(i, /), X0 j #1113

Notice that when (X ,,...,Xx,) has a multivariate normal distribution condi-
tional on {D,(i, )}, then (3.16) is satisfied. However without making specific
distributional assumptions, it is in general difficult to check whether or not the
conditional expectation E[X;, | D(i, ), Xj,1,j # il has the form >, wi(Di(i, /)
X, for some function w; € 4;. Therefore, we express the asymptotic variance
as (3.15) in Theorem 3.1. To conduct inference about o;, we need a consistent
estimator of ¢2. We could approximate the solution to iilfwl somez E[Xi —
> i wi(D,(i, j))Xj,,]2 > (0 by sieves which are dense in ¥;. Alternately, we
can conduct bootstrap-based inference as described in Section 3.3.
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3.3. Inference

This section describes a heuristic bootstrap method for conducting inference
for the special case of our model where distances are exogenous. Our primary
motivation for using a bootstrap is the fact that we do not have a pointwise
distribution result for our nonparametric estimators § and C. In addition,
although we have /T asymptotic normality results for the parametric portions
of our model, the asymptotic variance of & may be difficult to estimate (see
Remark 3).

In presenting the bootstrap method, we abstract from consideration of the
distance generating process, conditioning on the observed sequence of dis-
tances {D,} and keeping them fixed in constructing our bootstrap samples.
This is motivated by applications such as that in Section 4 where there is
neither an obvious specification for a distance evolution process, nor sufficient
data to estimate one were it available.'> In this application, distances vary
slowly relative to Y;, and this ‘fixed distance-sample-path bootstrap’ should
still give useful approximations. Of course, given a model of exogenous dis-
tance evolution and enough data, it would be straightforward to generalize
this bootstrap to include this source of variation.

The initial step is to use our consistent estimates of the model’s parameters,
A(D,) and Z(D,) to construct estimates of the shocks in the model. Defining
O(D,) as the Cholesky factor of 3(D,), estimates of the underlymg shocks
can be obtained from residuals é,,, by premultiplication by O(D,)~! : 1,4, =
[O(D)]'é,41. We generate a sequence of u shocks by drawing independently
from the empirical distribution of #,.,. Then, using the first observation in
our data, Y, as a starting value we generate bootstrap samples of length T’
using the actual sequence of distances {D;,D,,...} (for all bootstrap samples)
and the autoregression

Y1 =AD)Y, + O(D, )i 11

Once the bootstrap samples are generated, we can estimate {o;}, {a7}, {g;}
and C for each bootstrap sample using the same estimation method as was
used for the point estimates. The resulting collection of estimates allows us
to recover the bootstrap distribution of {o;}, {6?} and g;(d) and C(d) for
each distance d which we use to construct approximate confidence intervals
and standard errors.

15 The economic distances in Section 4 are formed using benchmark input-output matrix data
from four years: 1972, 1977, 1982, and 1987. So there are not enough observations to estimate
a dynamic model of their evolution.
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4. An empirical example

This section presents an example application of our estimation method to
the study of output comovement across US industrial sectors to illustrate our
methods. Several important models of business cycles rely on the presence
of strong intersectoral linkages to account for fluctuations. This motivates
an empirical investigation of whether measures of such linkages, captured
in economic metrics, are systematically related to comovements in sectoral
output. Therefore, we estimate our model for 20 industrial sectors’ output
growth rates.

Our economic distance metric is motivated by the idea that comovements
in output growth may be due to innovations in common technologies. There-
fore, we construct an economic metric of similarity of technologies across
sectors using input requirements.'® Our metric implies sectors are close if
they use inputs in similar proportions and far if they do not. Specifically,
sector locations s;, are identified with input shares calculated for 22 inputs
including the 20 industrial sectors, labor, and an aggregate of all other goods.
These input shares are calculated using benchmark use tables prepared by the
Bureau of Economic Analysis in 1972, 1977, 1982, and 1987. To construct
quarterly economic distances, we identify the benchmark input—output matri-
ces with configurations of sectors in the first quarters of 1972, 1977, 1982 and
1987. Observations for quarters prior to 1972:1 and after 1987:1 are the 1972
and 1987 benchmarks, respectively. Configurations for intermediate quarters
are imputed as linear interpolations of the benchmarks. Economic distances
in the matrix D, are taken to be the Euclidean distances between sectors’
input share vectors. The nonzero distances range from 0.09 to 0.81 with a
median of 0.36. Our Y; observations are de-meaned quarterly growth rates
of the Federal Reserve Board monthly industrial production index for the 20
two-digit SIC manufacturing sectors from 1947:2 to 1992:4.

We estimate our model defined by (2.1), (2.2), and (2.3) with g; specified
to be common across sectors, using least squares (LS). We approximate g as
a linear combination of six third-order B-splines (bell-shaped curves given by
(3.1) with m=3) scaled to be evenly spaced over the support of the distance
distribution. Estimation proceeds as though this approximation for g and the
o; coefficients on the main diagonal of A(D,) are a completely parametric
model of the conditional mean of Y., given Y; and D,. The parameters in
the approximation for g and the o; parameters are then estimated using LS.
Residuals from this LS procedure are used to estimate C.

Our estimates of C in (2.3) are obtained by minimizing the sum of squared
differences between an approximation for C and these residuals. Although our

16 See Conley and Dupor (1999) for more detail on the construction of this and other economic
distance metrics between sectors.
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Table 1

o; Point estimates and bootstrap SE in ()

SIC20 food —0.42 (0.060) SIC30 plastics 0.03 (0.069)
SIC21 tobacco —0.43 (0.071) SIC31 leather 0.15 (0.066)
SIC22 textile 0.23 (0.069) SIC32 stone, glass 0.17 (0.063)
SIC23 apparel 0.07 (0.070) SIC33 prim. metals —0.08 (0.075)
SIC24 lumber 0.01 (0.068) SIC34 fab. metals 0.16 (0.060)
SIC25 furniture 0.22 (0.060) SIC35 nonelec. mach. 0.53 (0.045)
SIC26 paper 0.16 (0.066) SIC36 elec. mach. 0.28 (0.058)
SIC27 printing —0.03 (0.050) SIC37 transportation 0.01 (0.071)
SIC28 chemicals 0.19 (0.082) SIC38 instruments 0.31 (0.052)
SIC29 oil —0.26 (0.069) SIC39 miscellaneous 0.25 (0.066)

economic distances correspond to distances between share vectors in J3?2, we
do not use the specification given by (2.5) for £k =22. Instead, for computa-
tional simplicity we use the representation in (2.6) for £ = co. Specifically, we
approximate the measure @ in (2.4) as a linear combination of six third-order
B-splines evenly spaced from frequency 0 to 60.!7 The coefficients are con-
strained to be nondecreasing and @ specified to be constant after a frequency
of 60 to guarantee that this estimate is a valid measure. We plug our @
approximation into (2.4) and numerically approximate this integral over the
same 0 to 60 range to produce an approximation for C. The resulting ap-
proximation for C is a linear combination of functions of distances with a
monotonicity constraint on their coefficients (see (3.7)). We estimate C by
regressing products of residuals from distinct agents upon these functions of
distances, subject to the monotonicity constraint. We estimate ¢ + C(0) in
(2.3) for each sector i by the maximum of either the sample second moment
of its LS residuals or the implied estimate of C(0), in order to respect the
nonnegativity constraint on ¢2. '8

The coefficient matrix 4(D,) is summarized by the « coefficients on each
sector’s own lagged output growth rate and the function g that governs
the impact of other sectors’ output growth. Estimates of «; presented in
Table 1 are not particularly large in absolute magnitude, though the ma-
jority are significantly different from zero. Our estimate of g is presented in
Fig. 1. The solid line is our point estimate of g plotted over the distances in
our sample. The pluses are a bootstrap 95% confidence interval (200 draws)

17We did not use any formal data-driven methods such as cross-validation to choose the
number of splines. In limited experimentation, we obtained similar results using five and seven
splines for g and C.

'8 In other words, our o7 + C(0) estimate is max{(1/(T — 1)) >/" é%,,,,Cr(0)}, see (3.14).
This nonnegativity constraint on ¢2 binds for four sectors.
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Estimate of g and Bootstrapped Confidence Interval

o02s| - : i|— PLEst 1
o + 95% Cl

; H H H H ; H H H H ; H H H H H
[ 0.1 0.2 03 04 05 06 07 08 0.9 o 0.1 02 03 04 05 06 0.7 0.8 0.9

Distance Distance

Fig. 1. The solid lines are point estimates of g and normalized C, pluses indicate bootstrapped
95% confidence intervals (200 draws).

constructed as described in Section 3.3.' Our point estimates are small in
magnitude but are statistically significant—the pointwise confidence intervals
do not include zero—for distances less than 0.45 which is approximately the
80th percentile of nonzero distances. The point estimate is also decreasing for
distances up to around 0.5 which is approximately the 90th percentile of the
distribution. Thus there is some evidence of significant (but small) dynamic
spatial correlation for most distances and that it declines with distance. How-
ever, ¢ is not precisely estimated, perhaps partially due to lack of variation
in the preliminary distance measurements used here.

The conditional variances are described by idiosyncratic components o?
and the function C that governs covariances. Sector specific variance esti-
mates, C(0) + &?, presented in Table 2 differ across sectors with the largest
being about 19 times the smallest, evidence of the importance of idiosyncratic
shocks. Our estimate of C divided by the average of the sector variance es-
timates is presented in Fig. 1. This normalized estimate of C would be the
sample spatial correlation if sector variances were identical, and in this case
where they are unequal it still provides a rough measure of whether C is large
relative to sector variances. Pluses indicate a 95% confidence interval (200
draws) obtained using the bootstrap described in Section 3.3. The magnitude
of the estimates of C is quite large relative to the estimated sector-specific
variances, even when only the lower endpoints of the confidence intervals are
considered. There is strong evidence that the shocks in our VAR are spatially
correlated as a function of this economic distance.

19 Note that there is a bias in our residuals sampled in the bootstrap. They are not mean zero
even though we use demeaned Y; because we have time-varying distances. This bias will be
small where distances vary little, the only situation were one would expect the bootstrap to
work well, and could be removed by, e.g., including constants in the regression.
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Table 2

a? + C(0) Point estimates and bootstrap SE in ()

SIC20 food
SIC21 tobacco
SIC22 textile
SIC23 apparel
SIC24 lumber
SIC25 furniture
SIC26 paper
SIC27 printing
SIC28 chemicals
SIC29 oil

0.0005 (0.0001)
0.0010 (0.0001)
0.0012 (0.0002)
0.0006 (0.0001)
0.0018 (0.0004)
0.0007 (0.0001)
0.0006 (0.0001)
0.0005 (0.0001)
0.0005 (0.0001)
0.0006 (0.0001)

SIC30 plastics
SIC31 leather
SIC32 stone, glass
SIC33 prim. metals
SIC34 fab. metals

SIC35 nonelec. mach.

SIC36 elec. mach.
SIC37 transportation
SIC38 instruments
SIC39 miscellaneous

0.0016 (0.0002)
0.0010 (0.0001)
0.0006 (0.0001)
0.0093 (0.0024)
0.0007 (0.0001)
0.0005 (0.0001)
0.0009 (0.0001)
0.0027 (0.0004)
0.0005 (0.0001)
0.0007 (0.0001)

5. Monte Carlo exercise

This section presents the results from a small Monte Carlo (MC) exercise
that examines the finite sample properties of our estimators. The first exper-
iment we consider uses the simplest possible data generating process (DGP)
where locations and hence distances are fixed over time. We characterize the
performance of our point estimators and bootstrap inferences with this DGP.
One of the main issues in our empirical application is that distances vary over
time but slowly relative to output growth rates. Effectively, we have too few
distance observations to estimate a model of their evolution for use in our
bootstrap inference procedures. This motivates our second set of experiments
that assess the quality of inference using our bootstrap that conditions on a
single sample path of distances when the DGP has moving distances.

Our DGP specifications are as follows. In each case, we have 20 agents
with locations in 9R%. Our fixed location DGP is calibrated to match the
sector-level input distances by choosing the configuration that corresponds to
the projection of the sector locations from our empirical example into 3.2
Our moving location DGPs take this projection as mean locations that are
perturbed by expectation zero AR(1) shocks (with varying serial correlation)
to each coordinate. The specification of 4 and 2 in (2.2) and (2.3) is common
to both sets of experiments. We take the conditional mean components o; and
gi to be common across all agents with o; =0.4 and g; to be linear from an
intercept of 0.06 to zero at a distance of 0.35, and zero for all larger distances.
The innovations are Gaussian with the conditional variance parameters 7 = 1
for all i and C(d)=exp(—2d).

20 See Mardia et al. (1979) for a description of this projection procedure, called multidimen-
sional scaling, and an algorithm for its implementation. The deciles (0.1 to 0.9) of inter-agent
distances in this configuration are: 0.08, 0.13, 0.17, 0.22, 0.26, 0.32, 0.37, 0.42, 0.49.
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We examine the performance of approximations for both g and C that
use third-order B-splines as in the empirical example. We approximate g
as a linear combination of six splines scaled to be evenly spaced over the
support of the distance distribution. Our approximation for C corresponds to
approximating the spectral measure @ using eight splines, evenly spaced from
frequency 0 to 60, with @ specified to be constant for higher frequencies. %!
The {o;} parameters and the function g are estimated by least squares and
then the resulting residuals are used to estimate the {67} parameters and the
function C via least squares with a coefficient constraint. Bootstrap confidence
intervals are then calculated using 100 bootstrap draws.

Table 3 summarizes 500 MC simulations from our fixed location DGP for
sample lengths of 7=200 and 500. Statistics are reported for o, ¢2, and ¢
and C evaluated at distances 0.12, 0.27, and 0.49, approximately the 10th,
50th, and 90th percentiles. The columns labeled percentiles report the 10th,
30th, 50th, 70th, and 90th percentiles of the various parameters across MC
draws, pooling all agents’ estimates for o; and ¢?. The columns labeled Bias
and Root MSE contain the resulting bias and root mean squared error across
MC replications. Finally, the last column labeled 96% CI Cover Pr reports the
fraction of MC draws where our bootstrap 96% confidence interval contains
the true parameter value. ??

Table 4 presents a comparison of coverage probabilities for our estimators
of o; and ¢? and g and C for moving distance DGPs. The entries in each
row are the proportion of 500 MC samples with 7'=200 where the bootstrap
96% confidence intervals contain the true value (¢ and ¢? estimates pool
across all agents). The differences across rows reflect different specifications
for the distances: DGPs with location autocorrelation of zero, 0.2, and 0.9 are
considered (mean locations are the same as in the fixed location DGP).?

Overall, our estimators perform well in these experiments. For the fixed
distance DGP, typical biases are a few percent of the true parameter values
and the 10th-90th percentile spread is small relative to the true parameter
value. The poorest performance in relative bias (for nonzero parameters) is
for g(0.27). While 0.27 is near the median, it is also near the kink at 0.35
where we expect g to be hard to estimate. Across parameters in Table 3,
the 96% confidence interval coverage probabilities are below but generally
close to 96%. The improvement in precision with 7'=500 over 7 =200 is

21 These choices of numbers of splines are admittedly ad hoc. Six splines for g was the only
number examined as it appeared to fit well. Five, eight, ten, and 15 splines were tried for C.
The fit appeared much better with more than five splines and eight was chosen as it was fastest
to compute.

22 We use 96% rather than 95% confidence intervals due to the need to limit the number of
bootstrap draws (100) for each MC replication for computational tractability.

23 The innovation variance for all these processes is 0.0001. Thus the processes with serial
correlation have larger second moments.



Table 3
Results for 500 Monte Carlo simulations: fixed location DGP
Param. Truth Percentiles of Monte Carlo distribution Bias Root 96% Cl
10 30 50 70 90 MSE Cover Pr
T =200
o 0.4 0.3179 0.3600 0.3894 0.4167 0.4541 0.0130 0.0557 0.940
a2 1 0.7007 0.8616 0.9720 1.0813 1.2369 0.0287 0.6094 0.933
g (0.12) 0.040 0.0313 0.0369 0.0400 0.0428 0.0466 0.0004 0.00027 0917
g (0.27) 0.014 0.0057 0.0098 0.0127 0.0150 0.0187 0.0018 0.00025 0.929
g (0.49) 0 —0.0092 —0.0046 —0.0016 0.0016 0.0054 0.0015 0.00027 0.925
C(0.12) 0.78 0.6677 0.7221 0.7644 0.8058 0.8634 0.0188 0.0037 0.908
C(0.27) 0.59 0.4810 0.5362 0.5720 0.6015 0.6581 0.0142 0.0032 0.913
C(0.49) 0.38 0.3064 0.3454 0.3730 0.3988 0.4433 0.0039 0.0024 0.931
T =500
o 0.4 0.3521 0.3786 0.3964 0.4133 0.4371 0.0046 0.0343 0.934
a2 1 0.8320 0.9344 1.0022 1.0724 1.1771 0.0031 0.6180 0.932
g (0.12) 0.040 0.0356 0.0385 0.0400 0.0417 0.0443 0.0008 0.00016 0918
g (0.27) 0.014 0.0091 0.0113 0.0130 0.0145 0.0172 0.0013 0.00016 0.944
g (0.49) 0 —0.0060 —0.0034 —0.0016 0.0002 0.0027 0.0016 0.00016 0.916
C(0.12) 0.78 0.7085 0.7466 0.7744 0.8008 0.8407 0.0088 0.0024 0918
C(0.27) 0.59 0.5214 0.5499 0.5770 0.5993 0.6331 0.0087 0.0020 0.926
C(0.49) 0.38 0.3337 0.3580 0.3772 0.3963 0.4215 0.0005 0.0015 0.936
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Table 4
96% Cl coverage probabilities with moving locations DGPs 500 Monte Carlo simulations,
T =200

DGP location  Parameters

autocorrelation

o a2 g (0.12) ¢ (027) ¢ (049) C(0.12) C(0.27) (C(0.49)
0 0.935 0919 0.926 0.902 0.940 0.916 0.916 0.878
0.2 0.935 0.933 0.926 0.954 0.940 0.902 0.904 0.912
0.9 0.936 0.932 0.938 0.946 0.940 0.922 0.924 0.920

noticeable, however not overwhelming. The coverage probabilities in Table 4
are below, but close to 96% for all parameters and across the moving distance
DGPs as well. Conducting bootstrap inference with a fixed distance sample
path when the true DGP does have moving distances appears to give fairly
reliable interval estimates for at least these types of moving distances.

6. Conclusion and extensions

This paper presented a tractable model for large-dimension vector time
series that utilizes a spatial model of dependence across series, made oper-
ational by data on economic distances between agents. Spatial and temporal
dependence between agents’ variables is modeled using flexible functions of
their economic distances. We present sufficient conditions for our model to
generate stationary, ff-mixing series with finite higher-order moments. Sieve
estimators of functions of economic distance are constructed to preserve shape
restrictions, in particular those required for C to be a valid covariance func-
tion. We provide rates of convergence for the sieve estimators g, and C, VT
asymptotic normality for the parametric portions of the model, and a bootstrap
method for inference. These estimators provide a good method of character-
izing dynamics of agents’ series as demonstrated in our example application
where comovement in sector-specific output growth is seen to be systemati-
cally related to an economic distance measuring the similarity of technology
between sectors. Short-term forecasts holding distances fixed are also feasible
using the paper’s results. Finally, our Monte Carlo evidence suggests that our
estimators work reasonably well for the set of experiments we considered.

There are many ways to extend our current results. Perhaps the most inter-
esting and important extensions will be to develop specific, estimable models
of distance evolution. Clearly this will be necessary for long-term forecasts.
Models of distance evolution are likely to be tied to a particular application
so that the exact nature of economic configurations can be well understood,
particularly if distances are endogenous. Developing a model of distance
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evolution for the intersector distances used here will be problematic. The time
series of benchmark input—output data is likely not to have sufficient varia-
tion to estimate a model, even if one were suggested by economic theory.
However, there is considerable promise for developing a model of endogenous
economic distances in applications with firm-level data. For example, a model
for the evolution of a measure of economic distance based on cross-price de-
mand elasticities should be estimable in connection with a model describing
price response functions for competing firms.

There are several other extensions that we feel will be worth pursuing. A
more thorough Monte Carlo evaluation would help address questions like how
different order sieve approximations perform and how our model’s forecasting
performance compares to that of alternatives like dynamic factor models. An
extension of great empirical relevance is testing dimension-reducing restric-
tions on the g; functions. Another useful extension would be to allow agents’
series to be cointegrated. Finally, the paper’s basic model of dependence
across series is well suited to extensions where cross-sectional dependence is
allowed for in panel data when taking limits as both the cross-section and
time-series dimensions increase.
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Appendix

Proofs of Propositions 2.1 and 2.2. To establish f-mixing with exponential
decay rates for {Z] =(Y,,In(D,))}, we need to show (e.g. Doukhan, 1994):

24The full proofs are available upon request from the authors.
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(i) ¢-irreducible and aperiodic; (ii) Lyapunov criteria or “drift condition”.
Either AI.1-ALS5 or AIl.1-All.4 are sufficient to imply (i) and (ii).

Proof of Theorem 3.1. We establish the results by applying the Theorems
1-3 of Chen and Shen (1998, CS), here we outline steps needed to verify
their conditions.

(1) For convergence rate of g, — gi,, we apply CS Theorem 1 by let-
ting their 0 = (o, g;), true 0, =(2;,,¢:,), their sieve estimator éT =(%,7.d;r)
SO]VeS supOe(fl,l)fo,‘T(l/T)Zthl 1(97 Yl‘,Dt) Where 1(97 }ItaD!): - %(‘Xvi,t"’l -
[06X; ¢ + 32,4 9i(Di(i, /))X; 1)°, and their norm [[0 — 01> = E[X; (o — ) +
2% 9i(Di(i, ) — di.o(D,(i, j)])>. Their condition A.1 of f-mixing is
satisfied by our Propositions 2.1 or 2.2. Their condition A.2 of local vari-
ance behavior, and their condition A.4 of global Lipschitz continuous prop-
erty of {/(0,Y,,D,) — (0,,Y:,D,): 0 — 0,} are satisfied by the same proof
as CS for their Proposition 1 on nonparametric regression. Now CS Theo-
rem 1 implies \/f [g;r(x) — g,;o(x)]2 dx = Op(max{||I7g;o—4iol||,0r}) where
Or =const. x v/2m(T1) x T=1 ig obtained by solving CS condition A.3 on met-
ric entropy, and ||II7g;, — gi.o|| = const. x 27m(T)*m ig the deterministic ap-
proximation error rates. The optimal convergence rate is obtained by setting
1I7gi,0 — giol| = 7, hence \/f [G; 7(x) — gi.o(x)]* dx = Op(T~m/Cmit D)),

(2) To establish VT (&7 —.0) = A0, 02 ), we apply CS Theorem 2 with
their smooth functional f(6)=o;. In particular, we use the same proof as for

CS Proposition 2 on partial linear regressions to verify conditions B.1-B.5
for their Theorem 2. Hence we obtain: /T (@7 — o0) = A0, aii), where

0;, = Var(l},[v*, Y, D]) + 2 Cou(ly, [v*, Yo, Dol, Iy, [v*, Ye, Di]),
k=1

and v* € R x ¥; is the Riesz representor for f(0)=o; with

6% = {inf,, g cq, B ¢ — 32, wi D )X P} 1. Clearly [|o*]] < oo
under our assumption that X;, # E[X;, | D,(i,/),X;,j #i] with positive prob-
ability. Simple computation yields:

62, =[0?, + Co(0)] x {inf, 4o, cq, ELX: — 32, wi Di(i, )X, 1P}

(3) To establish VT[(6 7+ Cr(0)) (2, +Co(0))] = A7(0,52 ), we apply
CS Theorem 3 (p. 307). In particular, we have with ey = O(T—"/Cmi+D)y:

sup(1/T) S, [1(0,Y;,D,)— 1(0,, ;. D,) — E(1(0, Y, D) — 1(0,, ¥,, D,))] = O,
(¢2), with sup taken over 0 €R x %, 1,[|0 — 0,|| < e¢r. This and m; > 1/2
imply that: £ S°7 [1(0r,Y,,D;) — 1(0,, Y;, D)= O,(e%) = 0,(T~"?). Hence,
—VT(6; 1 + Cr(0) — (a2, + Co(ON] = 0,(1) + (2/VT) X1, [1(0,, Y1, D) —
E[1(0,,Y,,D,)]]. Now by the standard CLT for f-mixing process, we obtain
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F7 S 05, YD) — E[UO0,, Y D)l = N0, Ve,), Ve =Elel,.,
E(ef )T A A

(4) For convergence rate of Cr(-) — C,(-): Recall Cr(-) solves:

1 T N N
min ?ZZ | Z (Cirnéyn = CDGY,
t=1 i=1 j=2,j>i

where €; i1 =X 11 — (A7 Xi e + 32, G 7(Di(i,7))X ]

First under m, > 1/2 and by the same proofs as those for CS Propositions
1 and 2, the conclusions of (1) and (2) are valid uniformly over i=1,...,N,
and VT(Gx.r — On.os...,8n. T — On,) iS asymptotically jointly normal. These
and

€i+1€j,01 — C(Di(6,))) = (€1141€ 141 — €ir41€/,14+1)
+(eirr1€j.41 — C(D(i,/)))s

(éi,H—]éj,H-] — €i1+1€j,1+1 ) = éi,t+1(é_/,t+l - e_/,t+1) + e_i,t+1(éi,t+l — €+l ),
imply that C7(-) is an approximate sieve solution to:
A
min =337 3 (eursijin = CD()))) + O,(T 2/,

Ce%br
t=1 i=1j=2,j>i

We apply CS Theorem 1 again, by letting their 6 =C, their [(6,Y,,D,) to
be — >, 1, o i(€iej i — C(Di(i,j)))?, and their norm [0 — 0| to be

E[C(D(i./))~Co(Dy(i. ) hence y/ [ [C1(2) — Co(2) dz=0p(T-7/ D),
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