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Abstract

This paper studies the estimation of a class of copula-based semiparametric stationary

Markov models. These models are characterized by nonparametric marginal distributions and

parametric copula functions, while the copulas capture all the scale-free temporal dependence

of the processes. Simple estimators of the marginal distribution and the copula parameter are

provided, and their asymptotic properties are established under easily verifiable conditions.

These results are used to obtain root-n consistent and asymptotically normal estimators of

important features of the transition distribution such as the (nonlinear) conditional moments

and conditional quantiles. The semiparametric conditional quantile estimators are auto-

matically monotonic across quantiles, which is attractive for portfolio conditional value-at-

risk calculations.
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1. Introduction

A copula function is a multivariate distribution function with standard uniform
marginals. By Sklar’s (1959) theorem, one can always model any multivariate
distribution by modeling its marginal distributions and its copula function
separately, where the copula captures all the scale-free dependence in the
multivariate distribution. Because of this flexibility, copulas have gained popularity
in the finance and insurance community3 in the past few years, where modeling and
estimating the dependence structure between several univariate time series are of
great interest; see Frees and Valdez (1998) and Embrechts et al. (2002) for reviews.4

While modeling the contemporaneous dependence between several univariate time
series is important, it is also important to model the temporal dependence of a
univariate (nonlinear) time series. In the copula approach to univariate time series
modeling, the finite dimensional distributions of the time series are generated by
copulas. By coupling different marginal distributions with different copula functions,
copula-based time series models are able to model a wide variety of marginal
behaviors (such as skewness and fat tails) and dependence properties (such as
clusters, positive or negative tail dependence). Darsow et al. (1992) provide a
necessary and sufficient condition for a copula-based time series to be a Markov
process. Joe (1997) proposes a class of parametric stationary Markov models based
on parametric copulas and parametric marginal distributions, and provides an
application to daily air quality measurements.

In this paper, we study a class of univariate copula-based semiparametric
stationary Markov models, in which copulas are parameterized, but the invariant (or
marginal) distributions are left unspecified. Models in this class are completely
characterized by two unknown parameters: the copula dependence parameter an

(i.e., the finite-dimensional parameter in the copula function); and the invariant (or
marginal) distribution function Gnð�Þ. The unknown marginal distribution can be
estimated by any one of the existing nonparametric methods, including the rescaled
empirical distribution function and the kernel smoothed estimator of the distribution
function. To estimate the copula dependence parameter an, we extend the two-step
estimator proposed for bivariate copula models with i.i.d. observations5 to our class
of univariate copula-based semiparametric time series models. We establish the
consistency and

ffiffiffi
n
p

-asymptotic normality of the proposed estimators of ðGn; anÞ
under easily verifiable conditions.
3Copulas have also proven to be useful in microeconometrics, see e.g., Lee (1982, 1983) on sample

selection models, and Heckman and Honoré (1989) on competing risk models.
4Specific applications include Rosenberg (1999) and Cherubini and Luciano (2002) for multivariate

option pricing, Hull and White (1998) and Embrechts et al. (2003) for portfolio Value-at-Risk, Li (2000)

and Frey and McNeil (2001) for default and credit risk, Costinot et al. (2000) and Hu (2002) for contagion,

to name only a few.
5Genest et al. (1995) and Shih and Louis (1995) study this approach independently, while the latter

paper allows the i.i.d. observations generated from a bivariate copula model with random censoring. Both

papers and Hu (1998) present the asymptotic normality of their two-step estimators for i.i.d. observations.
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In economic and financial applications, estimating the dependence parameter is
often not the ultimate aim; one is often interested in estimating or forecasting certain
features of the transition distribution of the time series such as the (nonlinear)
conditional moment and conditional quantile functions. For example, estimating the
conditional value-at-risk (VaR) of portfolios of assets, or equivalently the
conditional quantile of portfolios of assets, has become routine in risk management,
see e.g., Duffie and Pan (1997), Gourieroux and Jasiak (2002) and Engle and
Manganelli (2002). This can be easily accomplished for copula-based semiparametric
time series models, as the transition distribution of a time series in this class is
completely characterized by the marginal distribution and the copula dependence
parameter. Given the estimators of the marginal distribution and the copula
dependence parameter, one can easily construct an estimator of the transition
distribution of the time series and hence estimators of any (nonlinear) conditional
moment and conditional quantile functions. Moreover, given the joint asymptotic
distribution of the estimators of ðGn; anÞ, one can easily establish the

ffiffiffi
n
p

-consistency
and asymptotic normality of the resulting estimators of the nonlinear conditional
moment and conditional quantile functions. It is interesting to note that although the
conditional distribution of a copula-based semiparametric stationary Markov model
depends on the unknown marginal distribution, estimators of the nonlinear
conditional moment and conditional quantiles are still

ffiffiffi
n
p

-consistent and
asymptotically normal. Moreover, the estimated conditional quantile functions are
automatically monotonic across different quantiles, which is attractive for portfolio
conditional VaR calculations.

In an unpublished working paper that is independently done from ours, Bouyé et
al. (2002) also propose to use parametric copulas to model nonlinear autoregressive
dependence of time series and provide applications to financial returns and
transactions based forex data.6 They briefly mention the two-step procedure of
Genest et al. (1995)7 for estimating the copula dependence parameter without
establishing its large sample properties. Moreover, they did not study the estimation
of any conditional moment and conditional quantile functions of a copula-based
semiparametric time series model.

The rest of this paper is organized as follows. In Section 2, we present the class of
copula-based semiparametric time series models considered in this paper, and study
their b-mixing property. We also point out the close relation between these models
and the generalized semiparametric regression transformation models. In Section 3,
we introduce the semiparametric estimator of the copula dependence parameter and
estimators of the conditional moment and conditional quantile functions. Section 4
establishes the asymptotic properties of the estimators proposed in Section 3. In
Section 5, we verify the conditions for the consistency and asymptotic normality of
the two-step estimator for three widely used copulas. Section 6 concludes with
discussions of several extensions. All the proofs are relegated to the Appendix.
6Recently and independently, Gagliardini and Gourieroux (2002) have proposed a class of stationary

Markov duration time series models with proportional hazard and discussed its link to copulas.
7It is referred to as the canonical maximum likelihood (CML) estimation method in Bouyé et al. (2002).
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2. Copula-based Markov models of order 1

Let fY tg be a stationary Markov process of order 1 with continuous state space.
Then its probabilistic properties are completely determined by the joint distribution
function of Y t�1 and Y t, Hðy1; y2Þ (say). By Sklar’s theorem, one can express
Hðy1; y2Þ in terms of the marginal distribution function of Y t and the copula
function of Y t�1 and Y t. This suggests the copula approach as an alternative to
modeling a stationary Markov process: instead of specifying the joint distribution
function of Y t�1 and Y t directly, one specifies the marginal distribution function of
Y t and the copula function of Y t�1 and Y t. The advantage of the copula approach is
that one has the freedom to choose the marginal distribution and the copula function
separately; the former characterizes the marginal behavior such as the fat-tails of the
time series fY tg, while the latter characterizes the scale-free temporal dependence
property such as nonlinear, asymmetric dependence, of the time series.

In this paper, we will work with the class of copula-based, semiparametric time
series models in which the marginal distribution is left unspecified, but the copula
function has a parametric form.

Assumption 1. fY t : t ¼ 1; . . . ; ng is a sample of a stationary first-order Markov
process generated from ðGnð�Þ;Cð�; �; anÞÞ, where Gnð�Þ is the true invariant
distribution which is absolutely continuous with respect to Lebesgue measure on
the real line; Cð�; �; anÞ is the true parametric copula for ðY t�1;Y tÞ up to unknown
value an, is absolutely continuous with respect to Lebesgue measure on ½0; 1�2, and is
neither the Fréchet–Hoeffding upper nor lower bound.

It is known that if the copula of Y t�1 and Y t is either the Fréchet–Hoeffding upper
bound (Cðu1; u2Þ ¼ minðu1; u2Þ) or the lower bound (Cðu1; u2Þ ¼ maxðu1 þ u2 � 1; 0Þ),
then Y t is almost surely a monotonic function of Y t�1; the resulting time series is
deterministic and under stationarity, Y t ¼ Y t�1 for the upper bound and Y t ¼

Gn�1ð1� GnðY t�1ÞÞ for the lower bound. Assumption 1 rules out these two cases.

Remark. One standard approach that has been used to construct semiparametric
time series models is to specify a parametric conditional density of Y t given Y t�1

with an unspecified marginal distribution of Y t�1. Our approach specifies the
conditional density of Y t given Y t�1 semiparametrically via

hn
ðytjyt�1Þ ¼ gnðytÞcðG

nðyt�1Þ;G
nðytÞ; a

nÞ, (2.1)

where hn
ð�jyt�1Þ is the true conditional density function of Y t given Y t�1 ¼ yt�1,

cð�; �; anÞ is the copula density of Cð�; �; anÞ, and gnð�Þ is the density of the marginal
distribution Gnð�Þ, which is unspecified. One obvious advantage of the copula
approach over the standard approach is to separate out the temporal dependence
structure8 from the marginal behavior. The copula approach also allows us to take
advantage of numerous existing parametric copulas to construct new conditional
8In this paper, we refer the temporal dependence structure of a time series as that characterized by the

copula function which is invariant to any increasing transformation of the time series.
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density functions via (2.1), see Joe (1997) and Nelsen (1999) for expressions of many
commonly used parametric copulas.

We note that under Assumption 1, the transformed process, fUt : Ut � GnðY tÞg, is
a stationary parametric Markov process of order 1 in which the joint distribution of
Ut and Ut�1 is given by the copula Cðu0; u1; anÞ, and the conditional density of Ut

given Ut�1 ¼ u0 is f UtjUt�1¼u0
ðuÞ ¼ cðu0; u; anÞ. This implies that Assumption 1 is

consistent with the following generalized semiparametric regression transformation

model:

L1;y1 ðG
nðY tÞÞ ¼ L2;y2 ðG

nðY t�1ÞÞ þ et; EfetjY t�1g ¼ 0, (2.2)

where L1;y1 ð�Þ is a parametric increasing function, L2;y2 ðu0Þ � EfL1;y1
ðGnðY tÞÞjG

nðY t�1Þ ¼ u0g, and the conditional density of et given GnðY t�1Þ ¼ u0

satisfies:

f etjG
nðY t�1Þ¼u0

ðeÞ ¼ cðu0;L�11;y1 ðeþ L2;y2ðu0ÞÞ; anÞC
dL1;y1 ðeþ L2;y2 ðu0ÞÞ

de
.

It is clear that the functional form of L2;y2 ð�Þ is completely pinned down by L1;y1ð�Þ

and the copula density cð�; �; anÞ:

L2;y2 ðu0Þ � EfL1;y1 ðUtÞjUt�1 ¼ u0g ¼

Z 1

0

L1;y1 ðuÞ � cðu0; u; anÞdu.

A special case of (2.2) is given by L1;y1ðu1Þ ¼ u1, the identity mapping. Then
L2;y2ðu0Þ ¼ EðUtjUt�1 ¼ u0Þ ¼ 1�

R 1
0

qCðu0;u;anÞ
qUt�1

du. For some commonly used copulas
including the Plackett copula and the Farlie–Gumbel–Morgenstern (F–G–M)
copula, EðUtjUt�1 ¼ u0Þ has simple expressions, see e.g., Hutchinson and Lai
(1990). However, for many copulas, transformations L1;y1 ðu1Þ that are different from
the identity mapping will lead to simpler generalized semiparametric regression
transformation models (2.2).

Example 1. Suppose the copula of Y t�1 and Y t is the Gaussian copula:

Cðv1; v2; aÞ ¼ FaðF�1ðv1Þ;F�1ðv2ÞÞ, (2.3)

where 0pv1; v2p1, Fð�Þ is the distribution function of a standard normal random
variable, and Fað�; �Þ is the distribution function of the bivariate normal distribution
with means zero, variances 1, and correlation coefficient a. Then the process fY tg

satisfies

F�1ðGnðY tÞÞ ¼ aF�1ðGnðY t�1ÞÞ þ et, (2.4)

where et�Nð0; 1� a2Þ and is independent of Y t�1. If in addition the marginal
distribution Gnð�Þ is the standard normal, then fY tg is a linear AR(1) process. By
allowing Gnð�Þ to be non-normal such as Student’s t, (2.4) is able to generate first
order Markov processes characterized by the Gaussian copula, but non-normal
marginal distributions.

It is known that the Gaussian copula is symmetric and has no tail dependence and
hence cannot be used to model economic and financial time series exhibiting
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complicated nonlinear asymmetric dependence and clusters of large and/or small
values. Joe (1997) and Nelsen (1999) provide many non-Gaussian copulas that might
be used for this purpose.

Example 2. The Clayton copula given by

Cðu1; u2; aÞ ¼ ½u�a1 þ u�a2 � 1��1=a; where a40, (2.5)

has the lower tail dependence parameter tL ¼ 2�1=a and the upper tail dependence
parameter9 tU ¼ 0. The lower tail dependence of the Clayton copula increases as a
increases. When coupled with fat-tailed marginal distributions such as the Student’s t

distribution, this class of models can generate time series with clusters of small values
and hence provide alternative models for economic and financial time series that do
exhibit such clusters. To illustrate, Figs. 1 and 2 present time series plots10 and the
corresponding scatter plots of realizations of time series models with the Clayton
9The coefficients of lower and upper tail dependence of a bivariate copula C are defined as: tL ¼

limq!0½Cðq; qÞ=q� and tU ¼ limq!1½f1� 2qþ Cðq; qÞg=ð1� qÞ�.
10The realizations are generated by a modification of the conditional approach described in Nelsen

(1999) to time series models. Alternative algorithms are available for generating random variables from

specific copulas; see Devroye (1986), Johnson (1987), and Nelsen (1999).
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copula with a ¼ ð0:5; 2; 10Þ and the marginal distributions given by the standard
normal distribution (Fig. 1) and the Student’s t distribution with degrees of freedom
3 (Fig. 2), respectively. These figures demonstrate that: (1) the Clayton copula
produces time series with asymmetric dependence structure and the degree of
asymmetry becomes stronger as a increases; (2) as a increases, the lower tail
dependence increases leading to smooth time series plots corresponding to small
realizations; (3) coupled with fat-tailed marginal distributions such asthe Student’s t

distribution with 3 degrees of freedom, the Clayton copula with large a produces
clusters of small values.

To close this section, we present the b-mixing property of a copula-based Markov
process fY tg below; see e.g., Bradley (1986) for the definition of b-mixing. A real-
valued function L is called norm-like if the closure of the set fx : LðxÞpBg is compact
for each B40.

Proposition 2.1. Under Assumption 1, if cðu1; u2; anÞ is positive on ð0; 1Þ2, then (i) and

(ii) hold:
(i) If there are constants 0olo1, 0odo1, a norm-like function Lð�ÞX1, and a

small set K such that
R 1
0 LðuÞ � cðUt�1; u; anÞduplLðUt�1Þ þ d1KðUt�1Þ, then fY tg is

b-mixing with the exponential decay rate: btpconst� expf�atg for some a40;
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(ii) If there are constants l 2 ½0; 1Þ, 0oa; do1, a norm-like function Lð�ÞX1, and a

small set K such that
R 1
0 LðuÞ � cðUt�1; u; anÞdupLðUt�1Þ � a½LðUt�1Þ�

l þ d1KðUt�1Þ,
then fY tg is b-mixing with the polynomial decay rate bt: btð1þ tÞl=ð1�lÞ ! 0 as t!1.

The assumption that cðu1; u2; anÞ is positive on ð0; 1Þ2 ensures that any process
satisfying Assumption 1 with copula density given by cðu1; u2; anÞ is b-mixing, since
any strictly stationary, recurrent, aperiodic Markov process is b-mixing, albeit the b-
mixing decay rate could be very slow (see e.g., Bradley, 1986). The conditions in
Proposition 2.1 on the copula are sufficient to ensure that time series with such a
copula is b-mixing with at least a polynomial decay rate. Unlike many first-order
nonlinear stationary Markov models for which conditions that ensure b-mixing with
certain decay rates involve the invariant distributions (see e.g. Chen et al., 1998 for
diffusion models), conditions for b-mixing in Proposition 2.1 do not depend on the
invariant distribution Gn, but only depend on the copula specification. For instance,
by applying Proposition 2.1(i) to Example 1, one can easily verify that the time series
fY tg generated by the Gaussian copula is b-mixing with the exponential decay rate as
long as jajo1, regardless of its marginal distribution.
3. Estimation

In this section we first present estimators of model parameters ðGn; anÞ and then
introduce estimators of the conditional moment and conditional quantile functions
of Y t given Y t�1.

3.1. Estimation of model parameters

A semiparametric copula-based time series model is completely determined by
ðGn; anÞ. The unknown marginal distribution Gn can be estimated by Gnð�Þ, the
rescaled empirical distribution function defined as

GnðyÞ ¼
1

nþ 1

Xn

t¼1

IfY tpyg. (3.1)

Under Assumption 1, the true joint distribution function of Y t�1 and Y t is of a
semiparametric form: Hnðy1; y2Þ ¼ CðGnðy1Þ;G

nðy2Þ; a
nÞ and the conditional density of

Y t given Y t�1 is hn
ðY tjY t�1Þ ¼ gnðY tÞcðG

nðY t�1Þ;G
nðY tÞ; anÞ. Hence, if the marginal

distribution Gnð�Þ is completely known, then the log-likelihood function is given by

LðaÞ ¼
1

n

Xn

t¼1

log gnðY tÞ þ
1

n

Xn

t¼2

log cðGnðY t�1Þ;G
nðY tÞ; aÞ. (3.2)

Ignoring the first term and replacing Gn with Gn in the second term on the right-hand
side of (3.2) motivate the semiparametric estimator ~a of an:

~a ¼ argmaxa ~LðaÞ; ~LðaÞ ¼
1

n

Xn

t¼2

log cðGnðY t�1Þ;GnðY tÞ; aÞ. (3.3)



ARTICLE IN PRESS

X. Chen, Y. Fan / Journal of Econometrics 130 (2006) 307–335 315
The estimator ~a extends that in Genest et al. (1995) for an i.i.d. random sample
fðX i;Y iÞg

n
i¼1 from a bivariate distribution Hðx; yÞ ¼ CðF ðxÞ;GðyÞ; anÞ to a univariate

time series satisfying Assumption 1. We note that the rescaled empirical distribution
Gnð�Þ is used in criterion (3.3) instead of the standard empirical distribution
n�1
Pn

t¼1 IfY tp�g; this is a neat device to ensure that the criterion function is well
defined for all finite n. As the partial derivatives of log cðu1; u2; aÞ are infinity at ui ¼ 0 or
1 for i ¼ 1; 2 for many copula densities, the use of the rescaled empirical distribution
also ensures that the first order condition of criterion (3.3) is well defined for all finite n.
3.2. Estimation of conditional moment and conditional quantile functions

In economic and financial applications, one is often interested in estimating or
forecasting certain characteristics of Y t given Y t�1. These can be easily obtained
from the conditional density function hn

ð�jY t�1Þ of Y t given Y t�1. For example, the
conditional kth moment of Y t given Y t�1 can be calculated via

EðY k
t jY t�1 ¼ yÞ ¼

Z
zkhn
ðzjyÞdz ¼

Z
zkcðGnðyÞ;GnðzÞ; anÞdGnðzÞ. (3.4)

More generally, we may be interested in estimating a vector of conditional
moment functions E½cðY tÞjY t�1�, where c is a vector of known measurable functions
of Y t. Since

E½cðY tÞjY t�1 ¼ y� ¼

Z
cðzÞcðGnðyÞ;GnðzÞ; anÞdGnðzÞ, (3.5)

it can be estimated by the following simple plug-in estimator:

eE½cðY tÞjY t�1 ¼ y� ¼

Z
cðzÞcðGnðyÞ;GnðzÞ;eaÞdGnðzÞ. (3.6)

Another important characteristic of the conditional distribution of Y t given Y t�1

is the conditional quantile of Y t given Y t�1 or the conditional VaR of Y t. Estimating
the conditional VaR of portfolios of assets has become routine in risk management,
see Gourieroux and Jasiak (2002). For fY tg satisfying Assumption 1, the conditional
quantile function of Y t given Y t�1 can be easily estimated. To see this, note that
Y t ¼ Gn�1ðUtÞ is a monotonic transformation of Ut. Hence the qth conditional
quantile of Y t given Y t�1 is given by

QY
q ðY t�1Þ ¼ Gn�1ðQqðG

nðY t�1Þ; anÞÞ, (3.7)

where Qqðu; a
nÞ is the conditional quantile function of Ut given Ut�1 ¼ u:

Qqðu; a
nÞ ¼ C�12j1ðqju; a

nÞ, (3.8)

in which C2j1ð�ju; anÞ ¼ q
qu1

Cðu; �; anÞ � C1ðu; �; anÞ is the conditional distribution of
Ut given Ut�1 ¼ u. Bouyé and Salmon (2002) provide explicit expressions of the
conditional quantile functions Qqð�; aÞ for several specific copulas including the
Gaussian copula, the Frank copula, and the Clayton copula.
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It follows from (3.7) and (3.8) that the plug-in estimator of the conditional
quantile Qqðu; a

nÞ of Ut given Ut�1 ¼ u iseQqðuÞ ¼ Qqðu; ~aÞ ¼ C�12j1ðqju;eaÞ, (3.9)

and the plug-in estimator of the conditional quantile QY
q ðyÞ of Y t given Y t�1 ¼ y iseQY

q ðyÞ ¼ G�n ð
eQqðGnðyÞÞÞ ¼ G�n ðC

�1
2j1ðqjGnðyÞ;eaÞÞ, (3.10)

where G�n ðvÞ ¼ inffy : GnðyÞXvg. For specific copulas, explicit expressions for the
conditional quantile estimators are available. For example, for the Clayton copula,eQqðuÞ ¼ ½ðq

�~a=ð1þ~aÞ � 1Þu�~a þ 1��1=~a,eQY

q ðyÞ ¼ G�1n ð½ðq
�~a=ð1þ~aÞ � 1ÞGnðyÞ

�~a
þ 1��1=~aÞ.

In general, the conditional quantile function Qqð�; a
nÞ is nonlinear. But as it is

derived from the conditional distribution of Ut given Ut�1, it is automatically
monotonic across different quantiles. As a result, the semiparametric conditional
quantile function for fY tg also satisfies the monotonicity property and so does its
plug-in estimator eQY

q ðyÞ. This is a nice feature of the copula-based approach.
Although Koenker and Bassett’s (1978) linear quantile regression estimator satisfies
this monotonicity property, the nonlinear quantile regression extension typically fails
to be monotonic across quantiles.

Remark. Instead of using the rescaled empirical distribution function Gnð�Þ to
estimate Gnð�Þ, we could use the following kernel estimator of the distribution
function defined as

bGnðyÞ ¼
1

n

Xn

t¼1

K
y� Y t

an

� �
,

where KðxÞ ¼
R x

�1
kðzÞdz for a kernel density function k : R! ½0;1Þ, and an is the

bandwidth going to zero at a certain rate as n!1. Likewise, we could estimate an,
E½cðY tÞjY t�1� and QY

q ðY t�1Þ using bGnð�Þ instead of Gnð�Þ. According to the general
theory of Newey (1994) on semiparametric two-step estimation, the first order
limiting distributions of the estimators based on bGnð�Þ will be the same as those based
on Gnð�Þ under appropriate conditions.
4. Large sample properties

The main difficulty in establishing the asymptotic properties of the semiparametric
estimator ea is that the score function and its derivatives could blow up to infinity
near the boundaries. To overcome this difficulty, we first establish convergence of
Gnð�Þ in a weighted metric and then use it to establish the consistency and asymptotic
normality of ~a. Finally we present the joint asymptotic distribution of Gnð�Þ and ~a
which can be used together with the Delta method to establish the asymptotic
properties of the conditional moment and conditional quantile estimators.
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4.1. Estimators of model parameters

In the following we define eUnðvÞ � GnðG
n�1ðvÞÞ for v 2 ð0; 1Þ. Let W nð�Þ be a zero-

mean tight Gaussian process in D½0; 1� such that W nð0Þ ¼W nð1Þ ¼ 0, and

EfW nðv1ÞW
nðv2Þg ¼ minfv1; v2g � v1v2 þ

X1
k¼2

fCov½IðU1pv1Þ; IðUkpv2Þ�

þ Cov½IðUkpv1Þ; IðU1pv2Þ�g.

Lemma 4.1. Suppose fY tg satisfies Assumption 1 and is b-mixing. Let wð�Þ be a

continuous function on ½0; 1� which is strictly positive on ð0; 1Þ, symmetric at v ¼ 1=2,
and increasing on ð0; 1=2�.

(1) If bt ¼ Oðt�bÞ for some b40 and
R 1
0

1
wðvÞ

logð1þ 1
wðvÞ
Þdvo1, then

sup
v2½0;1�

eUnðvÞ � v

wðvÞ

�����
����� ¼ oa:s:ð1Þ; sup

y

GnðyÞ � GnðyÞ

wðGnðyÞÞ

���� ���� ¼ oa:s:ð1Þ.

(2) If either (i) bt ¼ Oðt�bÞ for some b4g=ðg� 1Þ with g41 and
R 1
0 ð

1
wðvÞ
Þ
2gdvo1; or

(ii) bt ¼ Oðb�t
Þ for some b41 and

R 1
0
ð 1
wðvÞ
Þ
2 logð1þ 1

wðvÞ
Þdvo1, thenffiffiffi

n
p
ð eUnð�Þ � �Þ=wð�Þ!distW

nð�Þ=wð�Þ in D½0; 1�,ffiffiffi
n
p

sup
y

GnðyÞ � GnðyÞ

wðGnðyÞÞ

���� ���� ¼ Opð1Þ.

The results in Lemma 4.1 are more general than the standard results: supyjGnðyÞ �

GnðyÞj ¼ oa:s:ð1Þ and
ffiffiffi
n
p

supyjGnðyÞ � GnðyÞj ¼ Opð1Þ. Obviously, choosing wðvÞ � 1
in Lemma 4.1 leads to the latter results. More importantly, weight functions of the
form: wðvÞ ¼ ½vð1� vÞ�1�x for all v 2 ð0; 1Þ and for some x 2 ð0; 1Þ, also satisfy the
conditions of Lemma 4.1 for appropriate choices of x. Such weight functions
approach zero when v approaches 0 or 1. Hence, the results in Lemma 4.1 are
stronger than the standard results, allowing us to handle unbounded score functions.
Previously Shao and Yu (1996, Theorem 2.2) obtained results similar to our Lemma
4.1(2) for stationary strong mixing processes with decay rate Oðt�bÞ, b41þ

ffiffiffi
2
p

. Our
assumption on the b-mixing decay rate and the method of proof are different from
theirs. According to our private communication with Shao and Yu, there is no
existing result similar to Lemma 4.1(1).

Define G as the space of probability distributions over the support of Y t [say R].
For any G 2 G we let kG � GnkG ¼ supyjfGðyÞ � GnðyÞg=wðGnðyÞÞj with wð�Þ

satisfying the condition in Lemma 4.1(1). Let Gd ¼ fG 2 G : kG � GnkGpdg for a
small d40.

Let A � Rd be the parameter space. For a 2A, we use ka� ank to denote the
usual Euclidean metric. In addition, let lðv1; v2; aÞ ¼ log cðv1; v2; aÞ. Denote
laðv1; v2; aÞ �

qlðv1;v2;aÞ
qa , la;aðv1; v2; aÞ �

q2lðv1;v2;aÞ
qaqa0 and la;jðv1; v2; aÞ �

q2lðv1;v2;aÞ
qvjqa

for j ¼ 1; 2.

Proposition 4.2. Suppose Assumption 1 and the following conditions hold:
C1. (i) an 2A, A is a compact subset of Rd ; (ii) E½laðUt�1;Ut; aÞ� ¼ 0 if and only if

a ¼ an;
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C2. (i) laðv1; v2; aÞ is well-defined for ðv1; v2; aÞ 2 ð0; 1Þ
2
�A, and for all a 2A,

laðUt�1;Ut; aÞ is Lipschitz continuous at a with probability one; (ii) la;jðv1; v2; aÞ; ðj ¼
1; 2Þ are well-defined and continuous in ðv1; v2; aÞ 2 ð0; 1Þ

2
�A;

C3. fY t : t ¼ 1; 2; . . .g is b-mixing with mixing decay rate bt ¼ Oðt�bÞ for some

b40;
C4. Efsupa2AklaðUt�1;Ut; aÞk log½1þ klaðUt�1;Ut; aÞk�go1;
C5. for j ¼ 1; 2, Efsupa2A;G2Gd

kla;jðGðY t�1Þ;GðY tÞ; aÞkwðUt�2þjÞgo1, where wð�Þ

satisfies the condition in Lemma 4.1(1).
Then: kea� ank ¼ opð1Þ.

We now discuss conditions C1–C5. The first two conditions are standard. The
third condition,11 C3, requires that the process fY tg be b-mixing with polynomial
decay rate, which may be verified via Proposition 2.1. Roughly speaking, C4 is a
moment condition on the score function. C5 states that the partial derivatives of the
score function with respect to the first two arguments must be dominated by a
function which has a finite first moment when weighted by a weighting function wð�Þ

satisfying the condition in Lemma 4.1(1). If the partial derivatives of the score
function are bounded, then one can choose the identity weighting function and C5 is
automatically satisfied. However, as the partial derivatives of the score function can
be unbounded for some copula functions, C5 may not be satisfied with the identity
weighting, but may be satisfied with other weighting functions such as wðvÞ ¼

½vð1� vÞ�1�x for all v 2 ð0; 1Þ and for some x 2 ð0; 1Þ.
Denote Fd ¼ fða;GÞ 2A� Gd : ka� ankpdg for a small d40. Let fGZ : Z 2
½0; 1�g � Gd be a one-dimensional smooth path in Gd with GZjZ¼0 ¼ Gn. In particular
we can take GZ ¼ Gn þ Z½G � Gn� for G 2 Gd. Let fðaZ;GZÞ : Z 2 ½0; 1�g �Fd be a
one-dimensional smooth path in Fd with ðaZ;GZÞjZ¼0 ¼ ðan;G

nÞ. We also define

An

n �
1

n� 1

Xn

t¼2

½laðUt�1;Ut; anÞ þW 1ðUt�1Þ þW 2ðUtÞ�, ð4:1Þ

W 1ðUt�1Þ �

Z 1

0

Z 1

0

½IfUt�1pv1g � v1�la;1ðv1; v2; anÞcðv1; v2; anÞdv1dv2, ð4:2Þ

W 2ðUtÞ �

Z 1

0

Z 1

0

½IfUtpv2g � v2�la;2ðv1; v2; anÞcðv1; v2; anÞdv1dv2. ð4:3Þ

The following set of conditions are sufficient to ensure the
ffiffiffi
n
p

-asymptotic
normality of ea:

A1. (i) condition C1 is satisfied with an 2 intðAÞ; (ii) B � �E½la;aðUt�1;Ut; anÞ� is
positive definite; (iii) S � limn!1Varð

ffiffiffi
n
p

An

nÞ is positive definite; (iv)
11We could replace this condition with a strong mixing condition by using the result in Shao and Yu

(1996) mentioned earlier. However the conditions on the strong mixing decay rate and the existence of

finite higher order moments of the score function and its partial derivatives will be stronger than those for

b-mixing processes. As many copula models have score functions blowing up at a fast rate, it is essential to

maintain minimal requirements for the existence of finite higher order moments. This motivates us to use

the b-mixing condition instead of the strong mixing.
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kea� ank ¼ opð1Þ, and supyjfGnðyÞ � GnðyÞg=w2ðG
nðyÞÞj ¼ Opðn

�1=2Þ, where w2ð�Þ

satisfies the condition in Lemma 4.1(2);
A2. la;aðv1; v2; aÞ is well-defined and continuous in ðv1; v2; aÞ 2 ð0; 1Þ

2
� intðAÞ;

A3. the interchange of differentiation and integration of laðGZðY t�1Þ;GZðY tÞ; aZÞ
with respect to Z 2 ð0; 1Þ is valid;

A4. (i) fY t : t ¼ 1; 2; . . .g is stationary b-mixing with mixing decay rate bt ¼ Oðt�bÞ

for some b4g=ðg� 1Þ, in which g41; (ii) EfkW 1ðUt�1Þ þW 2ðUtÞk
2ggo1;

(iii) Efsupða;GÞ2Fd
klaðGðY t�1Þ;GðY tÞ; aÞkg2go1;

A40. (i) fY t : t ¼ 1; 2; . . .g is stationary b-mixing with mixing decay rate bt ¼

Oðb�t
Þ for some b41; (ii) EfkW 1ðUt�1Þ þW 2ðUtÞk

2 log½1þ jjW 1ðUt�1Þþ

W 2ðUtÞjj�go1;
(iii) Efsupða;GÞ2Fd

klaðGðY t�1Þ;GðY tÞ; aÞk2 log½1þ jjlaðGðY t�1Þ;GðY tÞ; aÞjj�go1;
A5. Efsupða;GÞ2Fd

kla;aðGðY t�1Þ;GðY tÞ; aÞjjg2o1;
A6. Efsupða;GÞ2ldkla;jðGðY t�1Þ;GðY tÞ; aÞkwðUt�2þjÞg

2o1 for j ¼ 1; 2, where wð�Þ

satisfies the condition in Lemma 4.1(1) and Ef½w2ðUtÞ

wðUtÞ
�2go1.

We now comment on conditions A1 and A6; the other conditions are similar to
those in Proposition 4.2. Condition A1(i) requires that an be in the interior of the
parameter space. This is also assumed in Genest et al. (1995) and is a typical
condition in classical parametric and semiparametric models, see the conclusion
section for further discussion on this. A1(ii) and A1(iii) are also standard regularity
conditions. A1(iv) requires that Gnð�Þ converge uniformly to Gnð�Þ at a rate n�1=2 in
the weighted metric with the weight w2ð�Þ satisfying the condition in Lemma 4.1(2).
This condition implies that w2ð�Þ could go to zero at a slower rate than that in
Lemma 4.1(1). Similar to C5, A6 requires that the partial derivatives of the score
function be dominated by a function which has a finite second moment when
weighted by the weight function wð�Þ satisfying the condition in Lemma 4.1(1). The
assumption

R 1
0 ½

w2ðvÞ
wðvÞ
�2dvo1 in A6 restricts the relative decay rate of wð�Þ in A6 to

w2ð�Þ in A1(iv); when the time series fY tg is stationary b-mixing with the exponential
decay rate, we can take w2ðvÞ �

ffiffiffiffiffiffiffiffiffi
wðvÞ

p
, see e.g., the Gaussian copula example in

Section 5. The fact that wð�Þ could go to zero at a fast rate is very important for
copula models in which supakla;jðv1; v2; aÞk (j ¼ 1; 2) can blow up to infinity at a fast
rate.

Proposition 4.3. Under Assumption 1 and conditions A1–A3, A4 (or A40), A5–A6, we

have: (1) ~a� an ¼ B�1An

n þ opðn
�1=2Þ; (2)

ffiffiffi
n
p
ð~a� anÞ ! Nð0;B�1SB�1Þ in distribu-

tion, where B and S are defined in A1 and An

n in (4.1).

The additional terms W 1ðUt�1Þ and W 2ðUtÞ in An

n are introduced by the need to
estimate the marginal distribution function Gnð�Þ. In the case where the distribution
Gnð�Þ is completely known, both terms disappear from An

n .

4.2. Conditional moment and conditional quantile estimators

Asymptotic properties of the conditional moment and conditional quantile
estimators can be established from the joint asymptotic distribution of Gnð�Þ and ~a
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via the Delta method. Lemma 4.1(2), Proposition 4.3(1) and the Cramér–Wold
device lead to the following result.

Proposition 4.4. Under the conditions of Proposition 4.3,

ffiffiffi
n
p Gnð�Þ � Gnð�Þ

wðGnð�ÞÞ
; ½~a� an�

� �
!

W nðGnð�ÞÞ

wðGnð�ÞÞ
;Zn

� �
in distribution,

where ðW
nð�Þ

wð�Þ
;ZnÞ is a bivariate Gaussian process on D½0; 1� �Rd and Zn�N

ð0;B�1SB�1Þ.

The covariance of ðW
nð�Þ

wð�Þ
;ZnÞ can be derived by using the expression for Gnð�Þ and

Proposition 4.3(1). The expression is tedious and thus omitted. Proposition 4.4 and
the following expansions can be used to establish the asymptotic distributions of the
conditional moment and conditional quantile estimators. In particular, they show
that even though the transition distribution of the time series model is
semiparametric, the conditional moment and conditional quantile functions can
still be consistently estimated at the parametric

ffiffiffi
n
p

-rate and the estimators are
asymptotically normally distributed.

Under mild conditions, one can show that the conditional moment estimator (3.6)
satisfies

eE½cðY tÞjY t�1 ¼ y� � E½cðY tÞjY t�1 ¼ y�

¼

Z
cðzÞcðGnðyÞ;GnðzÞ; anÞd½GnðzÞ � GnðzÞ�

þ

Z
cðzÞc1ðGnðyÞ;GnðzÞ; anÞ½GnðyÞ � GnðyÞ�dGnðzÞ

þ

Z
cðzÞc2ðGnðyÞ;GnðzÞ; anÞ½GnðzÞ � GnðzÞ�dGnðzÞ

þ

Z
cðzÞcaðGnðyÞ;GnðzÞ; anÞdGnðzÞ � ðea� anÞ þ opðn

�1=2Þ,

where cjð�; �; anÞ denotes the partial derivative of c with respect to the j argument,
j ¼ 1; 2; a.

Similarly, one can show that under mild conditions, the conditional quantile
estimator (3.9) of Ut given Ut�1 ¼ u satisfies

eQqðuÞ �Qqðu; a
nÞ ¼

qC�12j1ðqju; a
nÞ

qa
ðea� anÞ þ opðn

�1=2Þ.

Again the asymptotic distribution of the estimator of the conditional quantile of Ut

given Ut�1 does not depend on the marginal distribution Gn. Nevertheless, the fact
that Gn is unknown and is estimated by Gn does affect the asymptotic variance ofeQqðuÞ via its impact on ðea� anÞ.
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Finally after tedious calculations, we have for the conditional quantile estimator
(3.10) of Y t given Y t�1 ¼ y:

eQY

q ðyÞ �QY
q ðyÞ ¼

1

gnðQY
q ðyÞÞ

fGnðQ
Y
q ðyÞÞ � GnðQY

q ðyÞÞg

þ
1

gnðQY
q ðyÞÞ

qC�12j1ðqju; a
nÞ

qu1
½GnðyÞ � GnðyÞ�

( )

þ
1

gnðQY
q ðyÞÞ

qC�12j1ðqju; a
nÞ

qa
ðea� anÞ

( )
þ opðn

�1=2Þ; with u ¼ GnðyÞ.

Again the conditional quantile of Y t given Y t�1 can be estimated consistently at the
parametric

ffiffiffi
n
p

-rate. Unfortunately the limiting distribution of its estimator depends
on the marginal density gnðQY

q ðyÞÞ.
4.3. Statistical inference

The asymptotic distributions of the estimators established in this section may be
used to construct inference procedures for the underlying population quantities of
interest. The unknown asymptotic variances of the estimators of an and of
E½cðY tÞjY t�1 ¼ y� can be simply estimated by any existing heteroscedasticity
autocorrelation consistent (HAC) covariance estimators, see e.g., Newey and West
(1987) and Andrews (1991). The asymptotic variance of the estimator of the
conditional quantile QY

q ðyÞ can be obtained by combining a consistent estimator (say
a kernel estimator) of the marginal density gnðQY

q ðyÞÞ with a HAC estimator, see e.g.,
Robinson (1983), Powell (1991), Newey (1994) and Engle and Manganelli (2002).
Alternatively, some bootstrap methods may be used to approximate the asymptotic
distributions of the estimators of interest directly.

For the class of copula-based semiparametric time series models, one convenient
bootstrap procedure is the semiparametric bootstrap which takes advantage of the
fact that Y t ¼ Gn�1ðUtÞ, where fUtg

n
t¼1 is a stationary first-order Markov process

with the copula Cðu1; u2; anÞ being the joint distribution of ðU1;U2Þ. The
semiparametric bootstrap procedure involves:

Step 1: Generate n independent Uð0; 1Þ random variables fX tg
n
t¼1.

Step 2: Generate Ub
1 ¼ X 1 and Ub

t ¼ C�12j1ðX tjU
b
t�1; ~aÞ for t ¼ 2; . . . ; n. This leads to

one bootstrap sample fUb
t g

n
t¼1.

Step 3: Let Y b
t ¼

bG�1n ðU
b
t Þ, where

bGnðyÞ is the kernel estimator defined in Section 3.
Compute the corresponding estimate using the bootstrap sample fY b

t g
n
t¼1.

Step 4: Repeat Steps 1–3 a large number of times and use the empirical
distribution of the centered bootstrap values of the estimator to approximate its
distribution.

Observing that conditional on the time series fY tg
n
t¼1, the bootstrap time series

fY b
t g satisfies Assumption 1 with the continuous marginal distribution bGnð�Þ and the
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copula function Cð�; �; ~aÞ and hence under the conditions of Proposition 4.3,
bootstrap works for all the estimators we proposed in the sense that the conditional
distribution of the bootstrap estimator converges in probability to the asymptotic
distribution of the corresponding estimator based on the original data. Conse-
quently, inference procedures can be constructed from the bootstrap distribution.
5. Verification of conditions for some copula families

In this section we verify the conditions of Propositions 4.2 and 4.3 for three
copulas: the Gaussian copula, the Frank copula, and the Clayton copula. The
Gaussian copula is widely used and turns out to be the most difficult to check, as its
score function blows up faster than most other copulas. By choosing the weighting
functions in A1(iv) and A6 carefully, we are able to verify them for the Gaussian
copula. Unlike the Gaussian copula, the Frank copula has bounded score functions.
As a result, the identity weighting is enough to verify the conditions of Propositions
4.2 and 4.3 for the Frank copula. The Clayton copula also has unbounded score
functions. Similar arguments used to verify conditions for the Gaussian copula can
be used to show that the Clayton copula also satisfies the conditions of Propositions
4.2 and 4.3 for appropriate choices of the weighting functions.
5.1. The Gaussian copula

From (2.1), it follows that the copula density of the Gaussian copula is given by

cðv1; v2; aÞ ¼
faðF

�1ðv1Þ;F�1ðv2ÞÞ
fðF�1ðv1ÞÞfðF�1ðv2ÞÞ

,

where fað�; �Þ is the density function of Fað�; �Þ and fð�Þ is the density function of Fð�Þ.
Apart from a constant term, we get

lðv1; v2; aÞ ¼ �
1

2
lnð1� a2Þ �

1

2ð1� a2Þ
f½F�1ðv1Þ�2

þ ½F�1ðv2Þ�2 � 2aF�1ðv1ÞF�1ðv2Þg.

As a result, the first and second order partial derivatives of lðv1; v2; aÞ are given by

laðv1; v2; aÞ ¼
að1� a2Þ � af½F�1ðv1Þ�2 þ ½F�1ðv2Þ�2g þ ð1þ a2ÞF�1ðv1ÞF�1ðv2Þ

ð1� a2Þ2
,

la;aðv1; v2; aÞ

¼
1þ a2

ð1� a2Þ2
þ
ð6aþ 2a3ÞF�1ðv1ÞF�1ðv2Þ � ð1þ 3a2Þf½F�1ðv1Þ�2 þ ½F�1ðv2Þ�2g

ð1� a2Þ3
,
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la;1ðv1; v2; aÞ ¼
ð1þ a2ÞF�1ðv2Þ � 2aF�1ðv1Þ

ð1� a2Þ2fðF�1ðv1ÞÞ
,

la;2ðv1; v2; aÞ ¼
ð1þ a2ÞF�1ðv1Þ � 2aF�1ðv2Þ

ð1� a2Þ2fðF�1ðv2ÞÞ
.

5.1.1. Consistency

We first establish the consistency of ea for an by verifying conditions C1–C5 of
Proposition 4.2. Suppose janjo1, especially, an 2 intðAÞ with A ¼ ½�1þ Z; 1� Z�
for an arbitrarily small Z40. Then condition C1(i) is satisfied. Conditions C1(ii), C2,
and C3 are trivially satisfied. It remains to verify conditions C4 and C5. We first
notice that there are constants M1, M240 and small �40 such that for all v 2 ð0; 1Þ,
the following inequalities hold:

F�1ðvÞ
fðF�1ðvÞÞ

���� ����p½vð1� vÞ��1; jF�1ðvÞjpM1½vð1� vÞ���,

1

fðF�1ðvÞÞ
pM2½vð1� vÞ��1,

see e.g., Hu (1998, p. 132). Let rðvÞ � vð1� vÞ, then there are constants k1; k240 such
that

sup
a2A
klaðv1; v2; aÞkpk1f½rðv1Þrðv2Þ�

�� þ ½rðv1Þ�
�2� þ ½rðv2Þ�

�2�gpk2½rðv1Þrðv2Þ�
�2�.

Since Ut�Uð0; 1Þ, one can easily verify that condition C4 is satisfied as long as
� 2 ð0; 1=2Þ such that

R 1
0 ½rðvÞ�

�2�f1þ logð½rðvÞ��2�Þgdvo1. For condition C5, since

sup
a2A
kla;1ðv1; v2; aÞkpk1

½rðv2Þ�
�� þ 1

rðv1Þ
; sup

a2A
kla;2ðv1; v2; aÞkpk2

½rðv1Þ�
�� þ 1

rðv2Þ
,

for some constants k1; k240, it suffices to show that for an arbitrarily small d40,

E sup
G2Gd

f½rðGðY t�1ÞÞ�
�1½rðGðY tÞÞ�

��gwðUt�1Þ

" #
o1,

for a weighting function wð�Þ satisfying the condition for Lemma 4.1(1). By the
definition of Gd, one can show that the following inequalities hold almost surely:

1

GnðY tÞ � dwðGnðY tÞÞ
X

1

GðY tÞ
X

1

GnðY tÞ þ dwðGnðY tÞÞ
,

1

1� GnðY tÞ � dwðGnðY tÞÞ
X

1

1� GðY tÞ
X

1

1� GnðY tÞ þ dwðGnðY tÞÞ
.

Hence, we get

1

rðUt�1Þ � dwðUt�1Þ
X

1

½1�Ut�1 � dwðUt�1Þ�½Ut�1 � dwðUt�1Þ�
X

1

rðGðY t�1ÞÞ
,
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1

frðUtÞ � dwðUtÞg
�X

1

f½1�Ut � dwðUtÞ�½Ut � dwðUtÞ�g
�X

1

frðGðY tÞÞg
� .

Let wðvÞ ¼ ½rðvÞ�1�x for some x 2 ð0; 1Þ. By Holder’s inequality, we have

E
wðUt�1Þ

½rðUt�1Þ � dwðUt�1Þ�frðUtÞ � dwðUtÞg
�

� �
pfE½f½rðUtÞ�

x � dg�p�g1=pfE½frðUtÞ � d½rðUtÞ�
1�xg��q�g1=q,

where p; q41 and 1
p
þ 1

q
¼ 1. Hence condition C5 is satisfied as long as x 2 ð0; 1=pÞ

and � 2 ð0; 1=qÞ. Proposition 4.2 now implies that ea� an ¼ opð1Þ.
5.1.2.
ffiffiffi
n
p

-normality

We now establish
ffiffiffi
n
p

-asymptotic normality of ea by verifying conditions A1–A6 of
Proposition 4.3. Obviously A1(i) is satisfied. One can easily verify that

B ¼
1þ an2

ð1� an2Þ2
; W 1ðUt�1Þ ¼

anf½F�1ðUt�1Þ�
2 � 1g

2ð1� an2Þ
,

W 2ðUtÞ ¼
anf½F�1ðUtÞ�

2 � 1g

2ð1� an2Þ
,

An

n ¼
�1

n� 1

Xn

t¼2

anð1þ an2Þð½F�1ðUt�1Þ�
2 þ ½F�1ðUtÞ�

2Þ � 2ð1þ an2ÞF�1ðUt�1ÞF�1ðUtÞ

2ð1� an2Þ2
.

Hence conditions A1(ii)(iii) are satisfied. Since the time series generated from
Assumption 1 with the Gaussian copula is stationary b-mixing with the exponential
decay rate, condition A1(iv) is satisfied with the weighting function w2ðvÞ ¼

½rðvÞ�ð1�xÞ=2 for some x 2 ð0; 1Þ. Conditions A2, A3 and A40(i)(ii) are satisfied.
It remains to check conditions A40(iii), A5 and A6. Since supa2Ajjla;aðv1; v2; aÞjj
pk½rðv1Þrðv2Þ�

�2�, similar to condition C5, one can conclude that conditions A40(iii)
and A5 are satisfied if

Ef½frðUt�1Þ � dwðUt�1ÞgfrðUtÞ � dwðUtÞg�
�4�ð1þ log½rðUtÞ � dwðUtÞ�

�2�Þgo1,

which is satisfied for some � 2 ð0; 1=8Þ. Finally let wðvÞ ¼ ½rðvÞ�1�x for some x 2 ð0; 1Þ

satisfying the condition in Lemma 4.1(1). Then Ef½w2ðUtÞ

wðUtÞ
�2g ¼

R 1
0

1
½rðvÞ�1�x

dvo1. Also

for any p; q41 with 1
p
þ 1

q
¼ 1 we have

E
wðUt�1Þ

frðUt�1Þ � dwðUt�1ÞgfrðUtÞ � dwðUtÞg
�

� �2
pfE½f½rðUtÞ�

x � dg�2p�g1=pfE½frðUtÞ � d½rðUtÞ�
1�xg�2�q�g1=qo1,
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where the last inequality holds as long as x 2 ð0; 1
2p
Þ and � 2 ð0; 1

2q
Þ. Hence condition

A6 is satisfied. Consequently, the following result holds:ffiffiffi
n
p
ð~a� anÞ ¼ B�1An

n þ opð1Þ ! Nð0; 1� an2Þ in distribution.
5.2. The Frank copula

The Frank copula density function is

cðv1; v2; aÞ ¼ logða�1Þ
av1av2

1� a
1�
ð1� av1 Þð1� av2 Þ

1� a

� ��2
if a40; aa1,

¼ 1 if a ¼ 1.

This copula generates positive dependence between Y t�1 and Y t when a 2 ð0; 1Þ,
negative dependence when a41, and independence when a ¼ 1, see Nelsen (1999) for
additional properties. We assume an 2 intðAÞ with A ¼ ½A�1;A� for a large A41.

If a40; aa1, then

lðv1; v2; aÞ ¼ loglogða�1Þ � logð1� aÞ þ ðv1 þ v2Þ log a

� 2 log 1�
ð1� av1 Þð1� av2Þ

1� a

� �
.

Hence,

laðv1; v2; aÞ ¼
1

a log a
þ

1

1� a
þ

v1 þ v2

a

�
2½ð1� aÞfð1� av2 Þav1v1 þ ð1� av1 Þav2v2g � að1� av1Þð1� av2 Þ�

að1� aÞ½ð1� aÞ � ð1� av1Þð1� av2 Þ�
,

la;1ðv1; v2; aÞ

¼
1

a
þ

2ð1� av2 Þav1 log a½ð1� aÞfð1� av2 Þav1v1 þ ð1� av1 Þav2v2g � að1� av1 Þð1� av2 Þ�

að1� aÞ½ð1� aÞ � ð1� av1 Þð1� av2 Þ�

�
2½ð1� aÞfð1� av2 Þav1ð1þ log aÞ � av2v2av1 log ag þ a1þv1ð1� av2Þ log a�

að1� aÞ½ð1� aÞ � ð1� av1 Þð1� av2 Þ�
,

la;aðv1; v2; aÞ

¼
½ð1� aÞfð1� av2 Þav1v1 þ ð1� av1Þav2v2g � að1� av1Þð1� av2 Þ�2

a2ð1� aÞ2½ð1� aÞ � ð1� av1 Þð1� av2 Þ�2

�
2ð1� av1Þf½2av2ð1� aÞ þ a2 � ð1� aÞ2v2ð1� v2Þ�av2 � a2g

a2ð1� aÞ2½ð1� aÞ � ð1� av1 Þð1� av2Þ�
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�
2ð1� av2 Þf½2av1ð1� aÞ þ a2 � ð1� aÞ2v1ð1� v1Þ�av1 � a2g � 4ð1� aÞ2v1v2av1av2

a2ð1� aÞ2½ð1� aÞ � ð1� av1 Þð1� av2Þ�

�
1þ log a

ða log aÞ2
þ

1

ð1� aÞ2
�

v1 þ v2

a2
.

If a ¼ 1, then lðv1; v2; aÞ ¼ 0; laðv1; v2; aÞ ¼ v1 þ v2 � 2v1v2 � 1=2; la;1ðv1; v2; aÞ ¼
�2v2 þ 1; and la;aðv1; v2; aÞ ¼ 2ðv1v2Þ

2
� 2ðv1v2Þðv1 þ v2 � 2Þ � ðv1 þ v2Þ þ 5=12.

It is easy to see that Conditions C1, C2, A2 and A3 are automatically satisfied.
Although the score function and its derivatives are in complicated forms, one can
show that jlaðv1; v2; aÞj, jla;aðv1; v2; aÞj, jla;jðv1; v2; aÞj for j ¼ 1; 2, are all bounded
uniformly in v1; v2 2 ½0; 1� and a 2 intðAÞ. Hence Conditions C4, C5, A4(iii) or
A40(iii), A5 and A6 are trivially satisfied with the identity weighting function
wð�Þ ¼ 1. Assuming condition A4(i) or A40(i), then conditions A1(ii)(iii)(iv) with
w2ð�Þ ¼ 1, and A4(ii) or A40(ii) are trivially satisfied. We can now apply Proposition
4.2 to establishing the consistency of ea, and apply Proposition 4.3 to obtain its

ffiffiffi
n
p

-
asymptotic normality.
5.3. The Clayton copula

The copula density of the Clayton copula is given by

cðv1; v2; aÞ ¼ ð1þ aÞv�ðaþ1Þ1 v
�ðaþ1Þ
2 ½v�a1 þ v�a2 � 1��ða

�1þ2Þ; where a40.

Hence, the log-copula density and its derivatives are:

lðv1; v2; aÞ ¼ logð1þ aÞ � ðaþ 1Þ log v1 � ðaþ 1Þ log v2

� ða�1 þ 2Þ logðv�a1 þ v�a2 � 1Þ.

laðv1; v2; aÞ ¼
1

1þ a
� logðv1v2Þ þ

logðv�a1 þ v�a2 � 1Þ

a2

þ
1

a
þ 2

� �
v�a1 log v1 þ v�a2 log v2

v�a1 þ v�a2 � 1
,

la;1ðv1; v2; aÞ ¼
�1

v1
þ
ð1þ 2aÞ½v�a2 ðlog v2 � log v1Þ þ log v1� þ 2ðv�a1 þ v�a2 � 1Þ

vaþ11 ðv
�a
1 þ v�a2 � 1Þ2

,

la;aðv1; v2; aÞ ¼ �
1

ð1þ aÞ2
�

2

a3
logðv�a1 þ v�a2 � 1Þ �

2ðv�a1 log v1 þ v�a2 log v2Þ

a2ðv�a1 þ v�a2 � 1Þ

þ
1

a
þ 2

� �
ðv�a1 log v1 þ v�a2 log v2Þ

2

ðv�a1 þ v�a2 � 1Þ2
�

v�a1 ðlog v1Þ
2
þ v�a2 ðlog v2Þ

2

ðv�a1 þ v�a2 � 1Þ

( )
.

We note that there are constants k1; k240 and small g40 such that the following
inequalities hold for all vi 2 ð0; 1Þ, i ¼ 1; 2 and all a40:

j log vijpk1v
�g
i ; 0p logðv�a1 þ v�a2 � 1Þpk2ðv

�g
1 þ v

�g
2 Þ; 0p

v�ai

v�a1 þ v�a2 � 1
p1.
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The remaining verifications of the conditions in Propositions 4.2 and 4.3 for the
Clayton copula are very similar to those for the Gaussian copula and are omitted
due to space limitations.
6. Conclusions and extensions

In this paper, we have studied the temporal dependence properties and the
estimation of a class of semiparametric stationary Markov time series models; a
member of this class is completely characterized by a parametric copula and a
nonparametric marginal distribution. We have proposed simple estimators of the
unknown marginal distribution and the copula dependence parameter, and have
established their large sample properties under easily verifiable conditions. In
addition, we have demonstrated that features of the transition distribution of models
in this class such as the (nonlinear) conditional moment and conditional quantile
functions can be easily estimated and their asymptotic properties can be established
from those of the estimators ðGnð�Þ; ~aÞ.

As this class of semiparametric Markov models is relatively new, much work
remains to be done. We now list a few of them, some of which will be addressed in
other papers.

an on the boundary: The results established in this paper can be used to construct
tests for the correct density forecasts and for the serial independence of a time series
that are robust to misspecification of the marginal distribution, see Chen and Fan
(2004a). Regarding tests for the serial independence of a time series, one limitation of
the asymptotic results obtained in this paper is due to Condition A1(i): the true
parameter value an is in the interior of the parameter space. If a parametric copula is
such that it equals to the independence copula when the parameter takes its value on
the boundary of the parameter space, then our Proposition 4.3 is not applicable. In
this case, one may establish the limiting distribution result by following Andrews’
(2001) approach.

Choice of copula: An important issue faced by an applied researcher interested in
using the class of semiparametric copula-based time series models is the choice of an
appropriate parametric copula. In different contexts, (1) Chen et al. (2003) propose
two simple tests for the correct specification of a parametric copula in the context of
modeling the contemporaneous dependence between several univariate time series12

and of the innovations of univariate GARCH models used to filter each univariate
time series; (2) Chen and Fan (2004b) establish pseudo-likelihood ratio tests for
selection of parametric copula models for multivariate i.i.d. observations under
copula misspecification. Extensions of these tests to time series models considered in
this paper will be addressed in a separate paper.

Markov processes of higher order: In principle, the results in this paper can be
extended to copula-based semiparametric Markov processes of any finite order. For
modeling higher order Markov processes, the parametric copula approach has an
12Fermanian (2003) has proposed another copula specification test in this context.



ARTICLE IN PRESS

X. Chen, Y. Fan / Journal of Econometrics 130 (2006) 307–335328
additional appealing feature. That is, the finite dimensional distribution of such
processes depends on nonparametric functions of only one dimension and hence
achieves dimension reduction. This is particularly useful when the dimension is high
due to the curse of dimensionality associated with fully nonparametric modeling.
Student’s t copula and its extensions should prove useful in high dimensions, see
Demarta and McNeil (2004).

Time-varying copulas: Patton (2002a, b; 2004) extended Sklar’s theorem to
multivariate conditional distributions and applied parametric conditional copulas to
model the time-varying dependence between different exchange rates; see Rockinger
and Jondeau (2002) and Granger et al. (2003) for similar applications. We can
borrow their idea to let the copula function be time-varying in a parametric manner.
Alternatively we could let the copula dependence parameter to be time-varying in a
Markov-switching manner. Of course both of these extensions will make the
resulting time series no longer stationary Markovian. We shall investigate these
models in future work.
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Appendix A. Technical proofs
Proof of Proposition 2.1. First, Assumption 1 with a positive copula density function
c and conditions in (i) imply that the Markov process fUtg satisfies all the conditions
for Theorem 5.2 in Down et al. (1995), hence fUtg is geometric ergodic. This and the
definition of beta-mixing imply that fUtg is beta-mixing with the exponential decay
rate.

Second, Assumption 1 with a positive copula density function c and conditions in
(ii) imply that the Markov process fUtg satisfies all the conditions for Theorem 3.6 in
Jarner and Robert (2001), hence fUtg is ergodic with the polynomial decay rate. This
and the definition of beta-mixing imply that fUtg is beta-mixing with the polynomial
decay rate.
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Since Gnð�Þ is a continuous probability distribution, and by the definition of beta-
mixing, fY tg is beta-mixing with certain decay rate as long as fUtg is beta-mixing
with the same decay rate. Hence we obtain the results (i) and (ii). &

Proof of Lemma 4.1. For result (1), we first consider the class of functions

f 1
wðvÞ

IðUtpvÞ : v 2 ð0; 1=2�g. Denote F ðUtÞ � supv2ð0;1=2�j
1

wðvÞ
IðUtpvÞj as the envelop

function. Since 1
wðvÞ

is decreasing in v 2 ð0; 1=2�, we have F ðUtÞp 1
wðUtÞ

. Hence

E½fF ðUtÞ log½1þ F ðUtÞ�g�o1 by the assumption on wð�Þ and that fUtg is uniformly
distributed over ð0; 1Þ. Now we can apply Rio’s (1995, p. 924) Theorem 1 and

Application 5, and obtain jf eUnðvÞ � vg=wðvÞj ¼ oa:s:ð1Þ for any fixed v 2 ð0; 1=2�. Now
for any small e40, we form a grid of points v0 ¼ 0ov1o � � �ovm ¼ 1=2 such that

Prf 1
wðvÞ

IðUtpvÞ : v 2 ðvi; viþ1Þgoe for each i 2 f0; 1; . . . ;mg. Then supv2ð0;1=2�jf
eUnðvÞ �

vg= wðvÞjpmaxijf eUnðviÞ � vig=wðviÞj þ e. Hence lim supnfsupv2ð0;1=2�jf
eUnðvÞ �

vg=wðvÞjgpe almost surely. By taking a sequence of small em ! 0, we see that

lim supnfsupv2ð0;1=2�jf
eUnðvÞ � vg=wðvÞjg ¼ 0 almost surely. Hence f 1

wðvÞ
IðUtpvÞ : v 2

ð0; 1=2�g is a Glivenko–Cantelli class. To show that f 1
wðvÞ

IðUtpvÞ : v 2 ð1=2; 1Þg is also

a Glivenko–Cantelli class, we note that 1
wðvÞ

is symmetric about 1
2
, decreasing in

v 2 ½0; 1=2�, and
R 1
0

1
wðvÞ

dvo1. As a result, it suffices to show that f 1
wðvÞ
½1�

IðUtpvÞ� : v 2 ð1=2; 1Þg is a Glivenko–Cantelli class, which can be established in the
same way as that for v 2 ð0; 1=2�.

For result (2), by the same reasoning as above, it suffices to show that

f 1
wðvÞ

IðUtpvÞ : v 2 ð0; 1=2�g is a Donsker class. Again by the assumption on wð�Þ,

we have that the envelop function F ðUtÞp 1
wðUtÞ

. Also by the assumption on wð�Þ and

that fUtg is stationary b-mixing and Ut is a uniform ð0; 1Þ random variable, we have

either E½F ðUtÞ�
2go1 with g41 for b-mixing with the polynomial decay, or

Ef½F ðUtÞ�
2 log½1þ F ðUtÞ�go1 for b-mixing with the exponential decay. Now we can

apply Theorem 1 in Doukhan et al. (1995) to conclude that f 1
wðvÞ

IðUtpvÞ : v 2

ð0; 1=2�g is a Donsker class. &

In the following let mnðf Þ �
1

n�1

Pn
t¼2 ½f ðY t�1;Y tÞ � Ef ðY t�1;Y tÞ� be the empirical

process indexed by f. Also let Ut � ðG
nðY t�1Þ;G

nðY tÞÞ and eUt � ðGnðY t�1Þ;GnðY tÞÞ.

Proof of Proposition 4.2. Notice that by Assumption 1, condition (C3) and
Lemma 4.1, we have kGn � GnkG ¼ opð1Þ for the weight function wð�Þ stated in
condition (C5). Under condition (C1), ea solves infa2A eQðaÞ with eQðaÞ ¼
f1

n

Pn
t¼1 laðeUt; aÞÞg0f1n

Pn
t¼1lað

eUt; aÞÞg, and an solves infa2A QðaÞ with QðaÞ ¼
fE½laðUt; aÞÞ�g0 fE½laðUt; aÞÞ�g.Again under conditions (C1) and (C2.i), it suffices to
show that

sup
a2A

1

n

Xn

t¼1

laðeUt; aÞ � E½laðUt; aÞ�

�����
����� ¼ opð1Þ.
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First by conditions (C2), (C3), (C5) and Assumption 1,

sup
a2A

1

n

Xn

t¼1

flaðeUt; aÞ � laðUt; aÞg

�����
�����

p
1

n

Xn

t¼1

sup
a2A
klaðeUt; aÞ � laðUt; aÞk

¼
1

n

Xn

t¼1

sup
a2A

X2
j¼1

la;jðGZðY t�1Þ;GZðY tÞ; aÞ½GnðY t�2þjÞ � GnðY t�2þjÞ�

�����
�����

p
X2
j¼1

1

n

Xn

t¼1

sup
a2A;G2Gd

fjla;jðGðY t�1Þ;GðY tÞ; aÞjwðGnðY t�2þjÞÞg

 !
�kGn � GnkG ¼ opð1Þ.

It remains to show that

( n) sup
a2A

1

n

Xn

t¼1

laðUt; aÞ � E½laðUt; aÞ�

�����
����� ¼ opð1Þ.

Under conditions (C1.i) and (C2.i), we know that for any e40, there exists d40 and
m finite integers such that fa1; . . . ; amg forms a d-covering of A, and

sup
a2A;ka�aikpd

klaðUt; aÞ � laðUt; aiÞkpe; sup
a2A;ka�aikpd

kEflaðUt; aÞ � laðUt; aiÞgkpe.

Hence

sup
a2A;ka�aikpd

1

n

Xn

t¼1

flaðUt; aÞ � laðUt; aiÞg

�����
�����pe,

sup
a2A;ka�aikpd

kmnðlaðUt; aÞÞ � mnðlaðUt; aiÞÞkp2e.

Under conditions (C3) and (C4), we have by Theorem 1 and Application 5 in Rio
(1995),

max
1pipm

kmnðlaðUt; aiÞÞk ¼ opð1Þ.

Hence (�) is valid. &

Recall that kG � GnkG � supyjfGðyÞ � GnðyÞg=wðGnðyÞÞj where wð�Þ satisfies the
condition in Lemma 4.1(1). In the following we also denote kG � GnkG;w2

�

supyjfGðyÞ � GnðyÞg=w2ðG
nðyÞÞj where w2ðÞ satisfies the condition in Lemma 4.1(2).

Lemma A.1. Suppose Assumption 1, conditions A1–A3, A4 or A40, and the
following hold:
(a)
 uniformly over ða;GÞ 2Fd,

mnðlaðGðY t�1Þ;GðY tÞ; aÞ � laðUt; anÞÞ ¼ opðn
�1=2Þ,
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uniformly over ða;GÞ 2Fd with kG � GnkG;w ¼ Opðn
�1=2Þ,
(b)
2

EflaðGðY t�1Þ;GðY tÞ; aÞg � Efla;aðUt; anÞ½a� an�g

�
P2

j¼1 Efla;jðUt; anÞ½GðY t�2þjÞ � GnðY t�2þjÞ�g

������
������

¼ oðka� ankÞ þ oðkG � GnkG;w2
Þ.
Then: ~a� an ¼ B�1An

n þ opðn
�1=2Þ.

Proof. By condition A1(i) and the first order condition, we have

1

n� 1

Xn

t¼2

laðGnðY t�1Þ;GnðY tÞ; ~aÞ ¼ 0.

In the following we denote Z ¼ ðY t�1;Y tÞ. By condition (a) we have

EZ½laðGnðY t�1Þ;GnðY tÞ;eaÞ� þ mnðlaðUt; anÞÞ ¼ opðn
�1=2Þ.

By condition (b) we have uniformly over ða;GÞ 2Fd with kG � GnkG;w2
¼ Opðn

�1=2Þ,

EZfla;aðUt; anÞ½ea� an�g þ
X2
j¼1

EZfla;jðUt; anÞ½GnðY t�2þjÞ � GnðY t�2þjÞ�g

þ oðkea� ankÞ þ oðkGn � GnkG;w2
Þ þ mnðlaðUt; anÞÞ

¼ opðn
�1=2Þ.

Since kGn � GnkG;w2
¼ Opðn

�1=2Þ and kea� ank ¼ opð1Þ by condition A1(iv), we have

�EZfla;aðUt; anÞg½ea� an� þ opðkea� ankÞ ¼ An

n þ opðn
�1=2Þ.

By conditions A1(i)(iii), A4 or A40, and the definition of An

n , applying Theorem 1 of
Doukhan et al. (1995), we have

ffiffiffi
n
p

An

n ! Nð0;SÞ. Now condition A1(ii) implies for
any fixed la0; all ea with kea� ank ¼ opð1Þ,ffiffiffi

n
p

l0½ea� an� þ
ffiffiffi
n
p
� opðjl

0
½ea� an�jÞ ¼

ffiffiffi
n
p

l0B�1An

n þ opð1Þ,

which could hold only if
ffiffiffi
n
p
jl0½ea� an�j is bounded in probability

since
ffiffiffi
n
p

l0B�1An

n ! Nð0;B�1SB�1Þ. Thus we obtain
ffiffiffi
n
p
ðea� anÞ ¼

ffiffiffi
n
p

B�1An

n

þopð1Þ. &

Lemma A.2. Condition (a) is implied by Assumption 1, conditions A1–A3, A4 or
A40, A5–A6.

Proof. We first show that flaðGðY t�1Þ;GðY tÞ; aÞ : ða;GÞ 2Fdg is a Donsker class by
applying Theorem 1 of Doukhan et al. (1995). Define the envelop function
F ðY t�1;Y tÞ ¼ supða;GÞ2Fd

jlaðGðY t�1Þ;GðY tÞ; aÞj. Then EZf½F ðY t�1;Y tÞ�
2ggo1, g41

by condition A4(i)(iii) for beta mixing with polynomial decay rate, or
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EZf½F ðY t�1;Y tÞ�
2 log½1þ F ðY t�1;Y tÞ�go1 by condition A40(i)(iii) for beta mixing

with exponential decay rate. By condition A3,

jlaðGðY t�1Þ;GðY tÞ; aÞ � laðUt; anÞj

pjla;aðGZðY t�1Þ;GZðY tÞ; aZÞj � ka� ank

þ jla;1ðGZðY t�1Þ;GZðY tÞ; aZÞwðGnðY t�1ÞÞj � kG � GnkG

þ jla;2ðGZðY t�1Þ;GZðY tÞ; aZÞwðGnðY tÞÞj � kG � GnkG

p sup
ðaZ;GZÞ2Fd

jla;aðGZðY t�1Þ;GZðY tÞ; aZÞj

( )
� ka� ank

þ sup
ðaZ;GZÞ2Fd

jla;1ðGZðY t�1Þ;GZðY tÞ; aZÞwðGnðY t�1ÞÞj

( )
� kG � GnkG

þ sup
ðaZ;GZÞ2Fd

jla;2ðGZðY t�1Þ;GZðY tÞ; aZÞwðGnðY tÞÞj

( )
� kG � GnkG.

Hence by conditions A5 and A6,

logN ½�ðe; flaðGðY t�1Þ;GðY tÞ; aÞ : ða;GÞ 2Fdg;L2ðPÞÞ

pK1 logNðe; fa 2A : ka� ankpdg; k � kÞ

þ K2 logNðe;Gd; k � kGÞpconst:� ln
1

e

� �
þ

1

e

� 	
,

this and condition A4(i)(iii) or A40(i)(iii) imply that all the conditions for Theorem 1
of Doukhan et al. (1995) are satisfied, hence flaðGðY t�1Þ;GðY tÞ; aÞ : ða;GÞ 2Fdg is a
Donsker class, moreover for any dn ! 0,

sup
EZ ½laðG;aÞ�laðUt ;anÞ�2odn

mnðlaðGðY t�1Þ;GðY tÞ; aÞ � laðUt; anÞÞ ¼ opðn
�1=2Þ.

Under conditions A5 and A6, EZfjlaðGðY t�1Þ;GðY tÞ; aÞ � laðUt; anÞj2g ! 0 as ka�
ank ! 0 and kG � GnkG! 0. This implies condition (a). &

Lemma A.3. Condition (b) is implied by conditions A1(i)(iv), A2, A3, A5 and A6.

Proof. By conditions A1(i) and A2, laðGðY t�1Þ;GðY tÞ; aÞ is continuously Gateaux
differentiable in a neighborhood of ðan;GnÞ. By Proposition A5.1.E of Bickel et al.
(1993, p. 455), condition (b) is implied by: (B) for some small �40,

sup
dEZflaðUt�1 þ ZDGðY t�1Þ;Ut þ ZDGðY tÞ; an þ ZDaÞg

dZ

���� �����
: kDak þ kDGkG;w2

p1; jZjp�


o1.
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By condition A3,

dEZflaðUt�1 þ ZDGðY t�1Þ;Ut þ ZDGðY tÞ; an þ ZDaÞg
dZ

���� ����
¼ EZ

dlaðUt�1 þ ZDGðY t�1Þ;Ut þ ZDGðY tÞ; an þ ZDaÞ
dZ

� ����� ����
pEZ

dlaðUt�1 þ ZDGðY t�1Þ;Ut þ ZDGðY tÞ; an þ ZDaÞ
dZ

���� ����� �
pEZðjla;aðUt�1 þ ZDGðY t�1Þ;Ut þ ZDGðY tÞ; an þ ZDaÞjÞ � kDak

þ EZðjla;1ðUt�1 þ ZDGðY t�1Þ;Ut þ ZDGðY tÞ,

an þ ZDaÞw2ðG
nðY t�1ÞÞjÞ � kDGkG;w2

þ EZðjla;2ðUt�1 þ ZDGðY t�1Þ;Ut þ ZDGðY tÞ,

an þ ZDaÞw2ðG
nðY tÞÞjÞ � kDGkG;w2

.

By Holder inequality,

EZðjla;1ðUt�1 þ ZDGðY t�1Þ;Ut þ ZDGðY tÞ; an þ ZDaÞw2ðG
nðY t�1ÞÞjÞ

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
EZfjla;1ðUt�1 þ ZDGðY t�1Þ;Ut þ ZDGðY tÞ; an þ ZDaÞwðUt�1Þjg

2

q
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E

w2ðUt�1Þ

wðUt�1Þ

� �2s
.

Hence (B) is satisfied given conditions A5 and A6. &

Proof of Proposition 4.3. Result (1) follows directly from Lemmas A.1, A.2 and A.3,
Lemma 4.1 and Proposition 4.2. Result (2) follows from result (1) and conditions A1
and A4 (or A40) and a standard central limit theorem for stationary beta-mixing
processes. &
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